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o (M, g) = pseudo-Riemannian manifold of even dimension d

o M =manifold diffeomorphic with R x M (on which we shall consider
the cylinder and cone metrics, respectively).

@ (p, g)=the signature type of the metric g on M,

@ dim M = d + 1; both cone and cylinder metric on M have signature
type (p +1,q).

@ Also assume that Clg(p + 1, q) is non-simple and that its Schur
algebra equals K, i.e.:

(A) K=C,
or
(B) K=Rand p—q=350.

Then Clk(p, q) is simple and its Schur algebra also equals K. We

further assume that M is oriented and on M we choose the
orientation compatible with that of M.
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On M, consider the cylinder metric gcy1 whose squared line element takes
the form:
ds?

cyl —

=dv® +ds* (veER) ,

where ds? is the squared line element of g. This is related by a conformal
transformation to the cone metric geone on M, whose squared line
element is given by:

s2 . =dr? +rids® = r2dsCyl (r def- gu ¢ (0, +00))

ds?
We have geone = r2gcy1 and Zeone = r—ggcyl, where we view v and r = e¥
as smooth functions defined on M, namely u € C>°(M,R) and
r e C>(M, (0, +00)) € C>°(M,R). The transformation u — r maps the
limit u — —oo to the limit r — 0. Unless M is a sphere, the cone metric
is not complete due to the conical singularity which arises when one
attempts to add the point at r = 0. For any vector field V' € r(M, Tg M)
and any one-form 1 € [(M, T M) = QL (M), we have V... = r’*Vy._,
and pffeone = Lp#ent where #cy1 and #cone are the musical
isomorphisms of the cylinder and cone, respectively.
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The ring C°(M, K)

We let M : M — M be the projection on the second factor. For later

reference, consider the following unital subring of the commutative ring
C>®(M,K):
C(M,K) < {f o M|f € C¥(M,K)} C C®(M,K) .

It coincides with the image M*(C°°(M,K)) through the pullback map M*,
which acts as follows on smooth functions defined on M:

M*(f) = foMeCP(MK) , VfeC®(MK) .
In fact, T* corestricts to a unital isomorphism of rings:

n*| € (M,K)

C*(M,K) ' —  C®(M,K) ,

which allows us to identify C3°(M, K) with (M, K).
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The canonical normalized one-forms

The one-form: )
Y =du= 7dr

has unit norm with respect to the cylinder metric, being dual to the unit
norm vector field Y#e1 = 9, = rd, with respect to the metric 8oyl

1# =0y 48cyl

Similarly, the one-form:
0=dr=ry

has unit norm with respect to the cone metric, being dual to the unit
norm vector field §#cone = 9, with respect to the metric Zeone:

0= ar—‘gcone
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The Euler operator

The Euler operator £ = @Zfék iko(,\;,) acts as follows on a general
- K
inhomogeneous form:

d+1 d+1
E(w) = Z ko) Y = Zw(k) € Qr(M) with w®) e Qk(M) .
k=0 k=0

The scaling operators A¥ (A > 0) act as:

d+1 d+1
M (w) = Z MNew®) -y = Zw(k) € Qr(M) with ) e Qk(M) .
k=0 k=0
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The Kahler-Atiyah algebra

Using the definition of generalized products, we find:

cone 1 cyl
Ap :IQ_PAPY y szOd—i—l
These identities imply:

1 1 N
EonV o AV o @rF) = (w a2 [T (w) 2V E )], Yo, € o (M),
P 2p TP 4 2P P

& cone
r< o Ap

1
£ o £ £ £ £ o
=% Ago“e o(r* ®@r%) == r(w Ago“e n) = rz—p[r (w) Ago“e S (n)], Yw,n € Qp(M) .

and

r50<>Cyl — <>coneo(r€®r£) — I’S(LUOCYIU) — rS(w)OconerS(n) , Vw,n c Q]K(/\A/I)
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The Kahler-Atiyah algebra

Proposition. The maps r® and r~¢ are mutually inverse
C*° (M, K)-linear unital isomorphisms of algebras between the
Kahler-Atiyah algebras of the cylinder and cone:

£

(Que(M), 091 == (Que (M), 0m)

Corollary. The maps r® and r—¢ restrict to mutually inverse unital
isomorphisms between the algebras (Q3 (M), o) and (Qg (M), 0c°n°):

r£|ﬂ§(ﬂh>
Qi (M), o) = (Qic(M), o)

r |nﬂé<m
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The special and vertical subalgebras

One can show that Ly, is an even C5°(M, K)-linear derivation of the
Kahler-Atiyah algebra (Qx (M), o):

Ly, o oVl = ¥l o (Lo, ® idQK(f\/l) + idQK(I\h) ®Lsy,) -

This implies that the operator L, — £ is a degree zero C7°(M, K)-linear
derivation of all generalized products of the cone:

(Lo, —E)oAL™ = ALneo [(Lau — &) @idg, (i + idg, (i @ (Lo, — 5)]
and hence of the Kihler-Atiyah algebra (QK(M),ocone):
(Lo, —E)00ne = oo, [(/:au — &) @idg, ) + g, iy @ (Lo, — 5)]
In particular, the following subspaces of Qi (M):

Q' (f1) < K(La,) , Q5"°(M) K (Lo, — €)

are unital Cf(/\A/I, K)-subalgebras of the K3hler-Atiyah algebras
(Qx (M), 091) and (Qi (M), o), which we shall call the special
subalgebras of the cylinder and cone, respectively.



The special and vertical subalgebras

Proposition. The appropriate restrictions of the maps r*¢ give mutually
inverse C3°(M, K)-linear unital isomorphisms of algebras between the
special subalgebras of the cylinder and cone:

rol
r ‘Qiyl(’w)
(Q?Kyl(/f/l), <>cyl) - (Q%one(l\h)7<>c011e)
r_g\n&onew)
The subspace:
Qi (M) < {w € Qg ()]0, aw = 0} = {w € Qx()[8, w = 0}

is a unital C>(M,K)-subalgebra of both (Qx (M), ") and
(Qk (M), o). Therefore, the intersections:

c def. c 0 ,cone def. cone/(
Qi () = Qe (M)NQRN (M), Qi (M) =" Qe (M)N Qe (M)

are unital C5°(M, K)-subalgebras (Qx (M), o) and (Qu (M), %)
respectively (the vertical subalgebras of the cylinder and cone). The
operator r¢ satisfies:

EraLl,cyl/ i, _ OLl,cone/
ro (@™ (M) = Q™ (M)



The special and vertical subalgebras

Proposition. The appropriate restrictions of the maps r*¢ give mutually
inverse C5°(M, K)-linear unital isomorphisms of algebras between the
vertical subalgebras of the cylinder and cone:
£
R r |Q]t.cyl(,\*ﬂ) A
(Qf(:’cyl(,\/l% <>cyl) —_— (Qﬂé,cone(M)’ <>cone)

’7£| L
,cone
o ()
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Special twisted (anti)selfdual forms

Definition. The subalgebras of special twisted (anti-)selfdual forms are
the following C5°(M, K)-subalgebras of the Kahler-Atiyah algebras of the
cylinder and of the cone:

c ~oy def. c Y ,cone def. cone/ f
Qi (M) = Qi A(MNQF' (M), Q" (M) S Qe (M)NQE™ (W)

These algebras have units p§ = 1(1 +v") and psone = (1 £ veome),
respectively. Combining the observations above gives:

Proposition. The appropriate restrictions of the maps r*¢ give mutually
inverse C5°(M, K)-linear unital isomorphisms of algebras between the
subalgebras of special twisted selfdual/anti-selfdual forms of the cylinder
and cone:

r£|Q:|:,cyl(M)
(Qi,cyl(M) <>Cyl) L (Q:I:,COI]E(,’\‘/’) Ocone)
K 9 - K )

—£&
r ~
|Qﬂf<c,cone(M)
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Recovering the Kahler-Atiyah algebra of M

The C°(M, K)-algebra (Q' (), %) can be identified with the
Kahler-Atiyah algebra (Qx (M), ) as follows. Let IM1: M — M be the
projection on the second factor.

Proposition. The pullback map M* : Qx(M) — Qg(M) has image equal
to Qi "'(M). Furthermore, its corestriction to this image (which we
again denote by M*) is a unital C°°(M, K)-linear isomorphism of algebras
from (Qx(M), ) to the vertical subalgebra (Qg "' (M), oY) of the
cylinder, provided that we identify C3°(M, K) ~ C®(M,K). The inverse
of this isomorphism is the pullback map j*, where j : M — M is the
embedding of M as the section r =1 of M. Thus, we have mutually
inverse unital isomorphisms of C>°(M,K) ~ C{°(M, K)-algebras:

|—|*|QHJ<"Cy1(M)
(Qx(M), o) — (g (M), o) -

3k
J g Lieyl g
lQK Y (1)
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Recovering the Kahler-Atiyah algebra of (M, g)
Proposition. We have mutually-inverse unital isomorphisms of
K-algebras:

rgo n*|QHJ<_,cone(M)

(Qx (M), ) — (M), 000me) -
j*O rislﬂﬂé_,cone(m)

Thus Qi (M) consists of those inhomogeneous forms on M which are
M-pullbacks of inhomogeneous forms w on M; this pullback will be called
the cylinder lift wey1 of w:

weyl L (W) € QLMY Yw € Qu(M)
Similarly, Q3°°"°(M) consists of cone lifts:
Weone = (M (W) € Q" (M), Yw € (M)
which are inhomogeneous forms of the type:
d d
Weone = r¥(M*(w)) = Z AWy vw = Zw(k) , Wk e Ql(m) .
k=0 k=0
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Isomorphic models of the Kahler-Atiyah algebra of (M, g)

The full collection of isomorphic models of the Kahler-Atiyah algebra of
(M, g) (viewed as a K-algebra) which arise from the cone and cylinder
constructions is summarized in the commutative diagram below:

P! R
(@), #2) (@ (M), o)
€ Al 2P< €
(Eciyl)7 H
N IE P:Lto 5
(Q< cone(M) ‘COHE) Qi (‘()n( M) Qcone Pil 2P,
2P
P =eyl
=4
v
(Eeme) | [ =X (Qk(M),o) = :::::: R s >(§2L YY), 0N
id
P2 ic.l ‘o n
(Qx(M), <) = (Qic (M) <>‘“"‘)
jfor”
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Pinors on metric cylinders and cones

Qi(f1) - Qi(M)
Yeyl Yeon
! r(™,End(3)) @
/ w0 rE
~ =3 ~
QL (M) Qi (M)

F(01, End(3)) 225 Qg 0, ()

—1
Yeyl
'Y*_l l/ T re
— s Q¢
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The Fierz Isomorphism of cylinders and cones
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The Fierz Isomorphism of cylinders and cones

e - Q. (1)
”*I [(M,End(5)) -
P S— - o)

\M,End(m/
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The pull-back of pinors

Qo1 (1)
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The supersymmetry conditions (CGK pinor equations)

1 P 1
<seyl geyl < cy cyl
(K5g ¢ (K5 5:°™)
2P b.Q
r ¢ A r€
(=) :: -
€ . peone r
scone  Jcone i < Kcone ,cone -yl
- cone o eyl | | 2p
Q ¥ T (ICD,Q ’ ) Pe L
P
i _Lyl Pgone
Y *
(zo0ne)~ 1| | =cone Ié SN B DL > (KA R <>cyl)
( D,Q7<>) B Rt ll ST R D&
T J
o €
2P
tol
£ * r
ron 9 X
(rf(lcb ©)7<>L()Il(-‘)
j¥o r ¢ ’
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(K<,conc(D7 O)7 QEOHC)

(Zeomey—t| [ Zcome
e

P

poyl

(K(D. Q).<)
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€
£
-
(KCO"C(ﬁ, o)‘ <>conc) pevi || 2P,
peone
n* v A A N
= (K(D, Q),o™)
—c
2P, "
£




