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The inverse scattering method

The inverse scattering method for the N-wave equations — Zakharov,
Shabat, Manakov (1973).
Lax representation:

L, M| =0,
L = ;¥ U AJ A) =0
lb:@%—I-( 1(337t)_ )w(ajata )_ ) (1)
My = zaa—zf + (Vi(z,t) — AK)Y(x,t, A) = 0,

where J, K — constant diagonal matrices.

\? a) J, K] =0,
A b) Uy, K]+ [J, V4] =0, (2)
AV c) iVie — iU+ [U, V1] = 0.

Eq. a) is satisfied identically.



Eq. b) is satisfied identically if:
Ul(xvt) — [Jle(xat)]a Vl(xat) — [Kan(ajvt)]a

Then eq. ¢) becomes the N-wave equation:

| 0@ . 0Q1 _
05| = KSR ik @i Qi) =
Simplest non-trivial case:

0 U1 uUus

N =3, g =~ sl(3), Qi(z,t) = uj 0 ug

us us 0

Then the 3-wave equations take the form:

% B al — ao 8u1

(9t bl — b2 633

8”&2 as — as (9’&2

875 bz — b3 (9513

8u3 a; — as 0u3

E_bl—bg ox

+ %6162’&;1@ = 0,

*
+ rkejujusz = 0,

* ok
+ Keaujuy = 0,



where

K = al(bg — bg) — ag(bl — bg) + ag(b1 — bg)

Solving Nonlinear Cauchy problems by the
Inverse scattering method

Find solution to the N-wave eqs. such that

Q1(z,t =0) = qo(x).

g — Lo Lliso — q(z,t)

Il TIII (3)

T(0,)) — T(t,\)

Step I: Given Q1 (x,t = 0) = go(x) construct the scattering matrix
T(),0).



Jost solutions:

Lo(x, \) =0, lim ¢z, \)e* =1,
T——00

Ly(x, \) =0, lim 9z, \)e* =1,
T—r 00

T(A0) =y z, No(x, ).

Step II: From the Lax representation there follows:

oT
— — AN K, T(\t)|=0
2L KT 0] =0
1.e. | |
T(\t) = e MU\ 0)e ML,

Step III: Given T'(\,t) construct the potential Q1 (x,t) for ¢t > 0.
For g ~ sl(2) — GLM eq. — Volterra type integral equations
For higher rank simple Lie algebras — GLM eq. become Fredholm type
integral equations, very complicated. But it can be reduced to Riemann-
Hilbert problem.



Important: All steps reduce to linear integral equations.
Thus the nonlinear Cauchy problem reduces to a sequence of three linear
Cauchy problems; each has unique solution!

The fundamental analytic solutions and Riemann-Hilbert
problem

Shabat (1974) — introduced the fundamental analytic solutions of L.
X' (@, A) = (e, 1, N)ST(A 1) = ¢z, t, VT (A HDF(N),  AeCy,

X (2,8, 0) = ¢z, £, \)S™ (N t) = Y(x,t, )T (N, ) D~ ()N, ANeC_,

where ST (A, t), T7(\,t) — upper-triangular matrices
ST (A1), T~ (A, t) — lower-triangular matrices

DT ()\), D~ ()) — diagonal matrices

Gauss decomposition of T'(\,t) :

T\t =T~ (AN t)DT(N)ST (A t) =T (N, 6)D~ (NS~ (A t).



Then
XT(@, 6, 0) = x (2,6, )Go(\, 1),  AeER,  Go(\t) =S5 (\t)ST(\ 1)
Introduce
EF(x,t, \) = x T (x,t, \)e, E (z, t,\) = x (., \)eM?,
Then ¢*(x,t,\) are FAS of the linear problem:

E n B + _
i+ Ui, 1)€7 (2,6, A) — AL, €5 (2,8, A)] = 0,

that satisfy RHP:
EX(x,t,\) =€ (2,8, \)G(x,t, N, A € R,

.0G 0G
i~ AJ, G(x,t, \)] =0, i~ MK, G(x,t,\)] =0,

Canonical normalization

lim & (x,t,\) = 1.

A— 00



Theorem 1 (Zakharov-Shabat). Let £¥(x,t,\) be solutions to the RHP
whose sewing function depends on the auxiliary variables x and t as

above. Then £*(x,t,\) are fundamental solutions of the following set of
differential operators:

_ +

Le* =i% 1 Ut NE* (2.0, 0) — AL EH (2,1, 0)] =0,
~pOEF n S _
M :’I,W —|— V(x,t, )\)5 (J?,t, )\) — )\K,S (ZU,t, )\)] = O

Proof. Introduce the functions:

&

= j—
ox
+

P01, 0) = i 5 0) A i, NEE (2,1,),

gt (z,t, ) EE (2,8, N) + AEE (3,8, \) JEF (3,8, ),

and using
.0G 0G
’L% — )\[J, G(Cl?,t, )\)] — O, ’LE — )\[K, G(I,t, )\)] = 0.



prove that
g (x, t,N) =g (x, t,N),  pT(x,t,N) =p (x,t,N),

which means that these functions are analytic functions of A in the whole
complex A-plane. Next we find that:

)\lim g (z,t,\) = \J, lim p*(x,t,\) = \K.
— 00

A— 00

and make use of Liouville theorem to get

g (z,t,\) =g (2, t,\) = N\J — Uy (z,t),
pH(x,t,\) =p (z,t,\) = A\K — Vi(z,1).

We shall see below that the coefficients Uy (x,t) and Vi(x,t) can be ex-
pressed in terms of the asymptotic coefficients @, of £¢*(x,t, \).
Now remember the definition of g™ (x,t, \)
+ -8€i St + ==
0 (0,1, 0) = 15— €5 (0, 0) + A (2,1, \) JEH (1,1,0)
T
= \J — Ul(ib,t),



Multiply both sides by £*(x,t, \) and move all the terms to the left:

E n B + _
i+ Ui, )67 (2,1, A) = Al £ (2,8, A) = 0,

ie. LEX(x,t,\) =0 or Lx*(x,t,\) =0. []

Zakharov-Shabat dressing method and soliton solu-
tions

Starting from a regular solution Xoi (z,t,A) of Lo(A) with potential Q¢ (x,?)
construct new singular solutions Xli (z,t,A) of L with a potential Q1)(x, )

with two pole singularities located at prescribed positions )\I—L € C4; the
reduction @Q = QT ensures that A\; = (A\])*. It is related to the regular
one by a dressing factor u(x,t, \)

Xli(a:,t,)\):u(aj,)\)xoi(a:,t,)\)u:l()\). u_(A) = lim wu(x,\) (4)

T——0O0

Note that u(x, A) must satisfy
10u + [J, Qy(x)]u — ulJ, Qo) (z)] — A[J,u(z, \)] =0, (5)



and the normalization condition limy_, . u(z, A) = 1.
The construction of u(x, \) is based on an appropriate anzats speci-
fying explicitly the form of its A-dependence:

A=

u(x,A) =1+ (¢(A) — 1)P(x,t), c(A) e

(6)
where P(z,t) is a projector

(e ) {nl (@, 8)
P = e im0

Taking the limit A — oo in eq. (5) we get that
Q(l)(ajat) - Q(O) (Qf,t) — (>‘1_ _ )‘T)[Jv P(CE,t)]

1 (z,)) = xg (2,1, A0)|noa). (7)

ISM as generalized Fourier transform

Based on the Wronskian relations
O

piij()‘?t) — [[Ql(wvt)vejii(x?tv )‘)ﬂ? [[X7 Yﬂ :/ tr (X,[J,Y]),

— OO



i (@, t,A) = myxT (@, t, ) EyX = (2,6,)),  w;X =ad]'ad ;X

But the ‘squared’ solutions satisty completeness relation! So
every function, including @Q(z,t) allows expansion

1
Ql(l‘,t) _/ dAZ 107,] z] CE t >\) IOJZ jz(aj ¢ A))
1<J

N (8)
—|—ZRes



Hamiltonian hierarchies of N-wave equations

The Lie bracket on g induces Poisson structure on the co-adjoint orbit
passing through J.

The functions D*()\) are t-independent and generate an infinite num-
ber of integrals of motion in involution.

Qo = [ad35Q1 pad 3150,

2, = [Jad ;16Q1 A APad 716Q1],
where A is the recursion operator:
- _ \ ot
Aeli(z, t, A) = dej(z, E, A).

see VSG, P. Kulish (1981) and VSG, Yanovski, Vilasi. Integrable Hamil-
tonian Hierarchies. Spectral and Geometric Methods Lecture Notes in
Physics 748, Springer Verlag, Berlin, Heidelberg, New York (2008).



Generalizations to polynomial Lax operators

L, M] =0,
Lip = @g—f + (Uz(,t) + AUL(2,t) = A T)p(2, 8, M) =0, (g
M1y = z% + (Vo(z,t) + AVi(z,t) — N K)(x,t,\) =0,

where J, K — constant diagonal matrices.

At a) J,K]=0, X b)) [U,K]+[J, W] =0,
oo U] = (U, K] —[J, Vo] =0.
Eqgs. a)—c) must be satisfied identically if

Ui(x,t) = [J,Q1(x,1)], Vi(z,t) = [K,Q1(x,1)],

1 1
Us = [J,Q2] — 5ad? o U =K Qo] - Sad o, K.



Thus we obtain NLEE the generalization of the N-wave equation:

Al d) iV1 e — iUy + U2, V1] + Uy, Vo] =0, (10)
= 0.

A e) iV1,e — iU + Uz, V1| + [Us, V3]

for the functions Q1(x,t) and Q2 (x,1).
Note: Going to higher powers \* makes more complicated
1. the problem of correct parametrizing

2. Wronskian relations, ‘squared’ solutions, recursion operators
3. The potential functions of L and M

U(z,t,\) = Us(z,t)+\Up (2, 1) — A2, V(z,t,\) = Va(x,t)+AVi (2, 1) —N*K,

can be viewed as elements of a Kac-Moody algebra gxu.
4. Hamiltonian properties are on the co-adjoint orbits of the gin.



RHP with canonical normalization

EF(x,t, \) = & (2,8, \)G(x,t, \), \eR, lim £T(z,t,\) =1,

A—00
X (x,t,\) €GB
Consider particular type of dependence G(x,t, \):
0G B 0G I
— — = — — MK = 0.
ZE):C N, Gz, t,\)] =0, i~ NK,G(x,t,\)] =0

where J € h C g.
The canonical normalization of the RHP:

E5 (2,1, ) = exp Q(a,t, M), (,t, ) ZQk T, 1)\

where all Q(x,t) € g and Q(x,t,\) € gkm- However,

Tz, t,\) = 5 (x, t, \)JE (2,8, ), Kz, t,\) = EF(z, t, VKE (2, t,\),



belong to the algebra g for any J and K from g. If in addition K also
belongs to the Cartan subalgebra §, then

[j(ilj, ta >‘)7 IC(QZ, t, >\)] — O
Generalized Zakharov-Shabat theorem

Theorem 2. Let £¥(x,t, \) be solutions to the RHP whose sewing func-
tion depends on the auxiliary variables x and t as above. Then £*(x,t, \)
are fundamental solutions of the following set of differential operators:

L& :zag—i + Uz, t, NEE (2,8, \) — N[, 65 (2,8, \)] = 0,
Me* zag—j + Vi(x, t, e (z,t, \) — MK, 65 (x,t,0)] = 0.
Proof. Introduce the functions:
g (z,t,\) = zﬁgi(x t,\) + NFET (@, t, N JEE (2, 8, ),
agi

pT(x,t,\) = z—fi(x tA) + NeeT (2, t, NV KET (2,8, \),



and using

G, ) G, B
’L% —>\ [J, G(le,t, )\)] —0, Za )\ [K,G(ﬂf,t, )\)] = 0.
prove that

gt (z, t,\) =g~ (z,t,N),  pT(z,t,\) =p (z,t,N),

which means that these functions are analytic functions of A in the whole
complex A-plane. Next we find that:

lim gt (z,t,\) = \*J, lim pt(z,t,\) = \°K.

A— 00 A— 00

and make use of Liouville theorem to get

k
g (. N) = g~ (z, 6, A) = XT =) Ui(z, t)A",

=1

k
pt (@, t,\) =p~ (x,t,A) = MK =) Vi(az, t)A"".
=1



We shall see below that the coefficients U;(x,t) and Vi(x,t) can be ex-
pressed in terms of the asymptotic coefficients @, of £¢*(x,t, \).
Now remember the definition of g™ (x, ¢, \)

:|: A A
01, 0) = i €5 (0,1, 0) + N (a1, 0)TE (1,0

k
= AT = Uz, )\,

=1
Multiply both sides by ¢ (z, ¢, A) and move all the terms to the left:

oc*

i +ZU; T N (2, 8, N) — NFT, €8 (2,8, 0)] = 0,

=1

ie. LEF(x,t,\) = 0and Lx™(x,t, \) = 0 where x*(z,t,\) = £ (x, t, )\)e_“‘k‘]x.
[]

Lemma 1. The operators L and M commute

[Lv M] =0,



i.e. the following set of equations hold:

oU oV I B
Y Sl — — A"K|=0.
ik + [U(x, t, ) = A, V(x,t, ) = A"K] =0
where
k k
Uz, t,A) =Y Up(z, t)AF! Ve, t,A) = Vi(z, )A*!

Jets of order k

How to parametrize U(z,t,\) and V(z,t, \)?
Use:

£ (2,1, A) = exp Q(x, 1, \), (2,, A) ZQk T, )\



and consider the jets of order k of Jy(x,A) and Ky (x, \):

j_|_(CC,t, )‘) = (Akfi(xata A)Jléi(xau)‘))_i_ — )\k‘] o U(iﬁ,t, >‘)7

Ko (2,6, \) = ()\kgi(az, ENKEE (2, t, A))+ — \K — V(x,t,\).

Express U(x) € g in terms of Q4(x):
T (@, t,A) == & (2,1, \) JE (2,1, A)
k=1
K(z,t,\) = &5 (2,6, VKEE (2,1, 0)
=K+ ) 784 oK,

k=1
adoZ =1[Q, 7], adjZ=[Q,[Q,7]),



and therefore for U; we get:

1
Ui(z,t) = —ad g, J, Us(z,t) = —ad g,J — iad 221*]

1 1
Us(x,t) = —ad g, J — 5( dg,ad g, +adQ1adQ2) J — gad?’ 1].

and similar expressions for Vj(x,t) with J replaced by K.

Reductions of polynomial bundles

Using J.(x,t,\) and K, (z,t,\) we end up with a set of NLEE for
the coefficients Q1 (x,t), Q2(x,t),...,Qr(x,t). Too many functions, too
complicated equations.

They can be simplified by using Mikhailov’s reduction group:
Zo-reductions (involutions):

a) At (@ t, e N)A =67 (2,8, ), AQM(x,t,eN)A = —Q(x,t, N\,
b)  B&N*(x,t,eN)B=¢£"(z,t,)), BQ*(z,t, eA*)B = Q(z,t,\),
C) Cf—i_’T(ZIZ, ta T )é — é (:Ea ta )‘>7 CQTCI% ta _)‘) — —Q(ﬂ? t >\)



where €2 = 1 and A, B and C are elements of the group ® such that
A*=B?*=C?=1.
Z,ny-reductions:

DEF (z,t,wA) D = £5(x, 1, \), DQ(z,t,wA)D = Q(x,t, \),

where w" =1 and D" = 1.

If D is the Coxeter element of g then Q(x,t,\) belongs to the corre-
sponding gin of height 1.

If D is the Coxeter element of g composed by V— an external automor-
phism of g then Q(x,t, \) belongs to the corresponding gxn of height 2
or 3.



On N-wave equations — £ =1

Lax representation involves two Lax operators linear in A:

L 06" + + _
L :Z%—i_[‘]:@(x?t)]f (xata >‘) _)‘[Jaf (:C7t7>‘)] _07
MeE =% K QUa e (.. — ALK €. t.0)] = 0.

The corresponding equations take the form:

ot ox

0 wur wus 7 — dine (ar 4o a
Q(xat): (Ul 0 ”LLQ>, 1 g( 1,62, 3)7

|0 52] - 52| - QLK Qo) =0

K = diag (b1, ba, b3),



Then the 3-wave equations take the form:

8’&1 _ aip — ao (9’&1
(9?5 bl — b2 8x
8?1,2 as — as 8u2
— = * =0
ot bg — b3 ox * et s ’
(’9u3 a1 — as (9’&3

W_bl—bg ox

+ repeaususg = 0,

* ok
+ Kequjuy = 0,

where

R = al(bz — bg) — ag(bl — bg) + ag(bl — bg)

New 3-wave equations — k > 2
Let g = sl(3) and

0 w1 us qi1 w1 ws
Ql(%t): —v; 0 w2 |, Qz(ﬂf,t): —Z1 (22 W2
—vg —vy 0 —Z3 —Z2 (33



Fix up k£ = 2. Then the Lax pair becomes

+
LEF = i% + Uz, t, NS (2, t, \) — N2 J, 65 (2, t, \)] = 0,
L 0¢F n 2 ot _
M :ZW—FV(QZ,@)\)&. (ZC,t,)\)—)\ K,f (:L’,t,)\)]—(),

where

U = Uy + AT, = ([J, Q2(0) — L(17.Q1). Q1(:v)]) FALQ1

V=V, + AV = ([K, Q2(2)] — =[[K, Q1] Ql(w)]> + ALK, Q1]

Impose a Zs-reduction of type a) with A = diag(1,¢,1), €2 = 1. Thus
21 and ()2 get reduced into:

0 u; O 0 0 ws
Qi=|eu; 0 ux |, Qo = 0O 0 O :
0 eus 0 ws 0 0



and we obtain new type of integrable 3-wave equations:

. ou . ou . k(ar — a

Z(CLl — CLZ)@—; — ’L(bl — b2)8—331 + ERUSUS + € (211_ a;)) ’U,1|u2|2 — 0,
, ou , ou . k(ae —a

i(ag — ag)c?—tQ — i(bg — b?’)a—; + ekujus — € ((af_ a33)) up [Pus = 0,
, ous . ous ik O(ujus)

a1 = ag)ﬁ (b - bg)% B a1 —as Ox

apr —a as — a
o (St 2222y + e [uaf?) =
a1 — as a; — as

where

200 — a1 — a
k= ay(by — b3) —as(by — b3) + az(by — b2), U3 = ws + 2 ! 3U1U2.
2(0,1 —CL3)

The diagonal terms in the Lax representation are A-independent.



Two of them read:

. O|u 2 ) O|u 2 * * %

i(a1 — az) |8i| — 1(by — ba) |8;:‘ — er(uruguy — ujusus) = 0,
O|u 2 ) O|u 2 * * ok

i(az — a3) |3§| — 1(by — b3) |(9:12:‘ — er(uruguy — ujusug) = 0,

These relations are satisfied identically as a consequence of the NLEE.

New types of 4-wave interactions

The Lax pair for these new equations will be provided by:

Ly = Z?;:ﬁ + (Us(z,t) + AU (2,1) — N2 T)(x,t,\) = 0,
My = ’iﬁw

o7 T (Va(@,t) + AVa(e, 6) = ME)p(w, ¢, 4) =0,



where Uj(x,t) and V;(x,t) are fast decaying smooth functions taking
values in the Lie algebra so(5)

Ui@.t) = [J.Qu@. )], Uslz.t) = [J,Qalz. )] — %adQ o,
Vl(xvt) — [K,Q1<£C,t)], ‘/2(33775) — [Ka QQ(CUat)] — %adQ 1K-

Here ad g, X = [Q1(z, 1), X].
Assume Q1 (x,t) and Q2(x,t) to be generic elements of so(5):

Ql(fC,t) — Z (qcleoz —I_p(lyE—Oé) + T%Hel + T%H627
(IEA+

QQ(ZC,t> — Z (C]iEa +p(2)4E—Oé) + T%Hel + TgHega
(XEA+
J = CLlHel + CLQHeQ — dlag (CLl, as, 07 —az, _a’l)7
K =0bH,, +byH,, = diag (b1,bs,0, —by, —by),



Next we impose on Q1 (x,t) and Qz(x,t) the natural reduction
BoU(z,t,eXN") Byt = Uz, t, \), By =diag(1,¢,1,e,1), € =1.
As a result:
Bo(xH (b, X)) By = (¢ (6, M), Bo(T(t, X)) Byt = (T(1, 1),

which provide p! = e(q¢l)*, p? = €(¢?)*. Then the Lax representation
will be a (rather complicated) system of 8 NLEE for the 8 independent
matrix elements ¢ and ¢2. Additional Zs reduction condition

DEx(z,t,—\)D = €% (z,t, \), DQ(z,t,—\)D = Q(z,t,\),
D = diag (1,-1,1,-1,1)



(0u10u30
U10UQOU3
O”UQOUQO ,
U30U20U1
\ 0 vs 0 v 0
(wlo ug 0 0\
0wy 0O 0 O
QQ(%t): wy 0 0 0 Uy ,
0 0 0 —wy, O
\ 00— 0 —uw)

J — alHel _|_ CLQH€2 — dlag (a'17 as, 07 —ag, _a1)7
K — blHel _I_ b2H62 — dlag (b17 b27 O) _b27 _b1)7

Ql(xvt)

Combining both reductions for the matrix elements of Q);(z,t) we have:

* * * *
U1 = €Uq, V2 = €Uy, U3 = €ug, Vg = Uy,



The commutativity condition for the Lax pair

_ 0V2 8V1 ) 8U2 aUl 2 2 _

must hold identically with respect to A\. The terms proportional to A\?,
A3 and \? vanish identically. The term proportional to A and the -
independent term vanish provided (); satisfy the NLEE:

v, U
za—; _ za—tl + [Us, V4] + [U1, V1] = 0,
Z% — Z% + [UQ, VQ] = 0.



In components the corresponding NLEE:

— 2i(ay — ag)% + 2i(by — bg)% + Keus (eususz — uits — 2uy) = 0,
— 22'0,2% — Qibg% — r(uge(Juz|* — Jui]®) + 2usu} + 2euiuy) = 0,

— 2i(ay + ag)% + 2i(b1 + bg)% + Kug(eusus — ugug + 2uyg) = 0,

— 22'0,1% + Qibl% -+ z% (—(2a2 — a1)uius + (2a2 + aq)eusug)

4 i(2by — bl)a(l(;;uz) (20 + bl)ea(%i“3) — ki (2eus(jur|? — Jus|?)

+ eulug(\ul\Q + 3\u3|2) — u3u§(3\u1\2 + \u3|2)) = 0.



NLS and MKdV-type equations with s/(n)-
series

Drinfeld, Sokolov (1981).

Ly = zg—z + Uz, t, N\ =0,
My = z%—f + V(z,t, )y = pC(N),

For the case of Zy-reduction (Mikhailov (1981)):
CrU(z, t, \)C7t =Ul(z,t,w)), C1V(z,t, \)C;7t =V(x,t,w)),

where C7¥ = 1 is a Coxeter automorphism of the algebra sl(/N,C) and
w = exp(2mi/N).

Let g ~ sl(/N,C) and the group of reduction is Zy. The class of
relevant NLEE may be considered as generalizations of the derivative



NLS equations

k=1,2,...,N —1, where v is a constant and the index k£ — p should be
understood modulus N and ¥y = Yy = 0.
The automorphism Ad ¢, (Ad ¢, (Y) = C,YC; ! for every Y from g)

defines a grading in the Lie algebra

N—-1
= @ g,

sl(N,C) )
=0

N
JE) = ZwkjEj,j—Fs; C gk C =wkgH),
j=1

where (E; s)qr = 0j40s-. Obviously

09, = (e — ity S



Examples of DNLS-type equations

If N =5 we can apply the involution: ¥y = 15 = 0, 11 = Y], Yo = V3,
i.e., we have only two independent complex-valued fields and

T 0%, 5
vl 7 9 *\2) _
7 5 +Wcotan = 5 W@ ( Yo + (1¥3) ) 0, "
i——2 + ~cotan 2m %92 +1 (29795 + (1)7) =0
ar ! 5 92 7a 12 T ’

For N =6 and 91 = ¥7, 12 = Y], ¥3 = 13, so we have a system for two
complex-valued fields 7)1 and 15 and the real field v3:

.0 T 0%y 0
’LW + ~ycotan — 6 g2 —+ 2’1/78 (V12 + VY3vh3) =

2
z% + ~ycotan Qg%% +wa (¢1 + 29 3 + (¥3) )— : (12)

ot
0
O 2y (s + i3 =




Examples of MKdV-type equations
Next choose U(z,t,A\) and V(x,t, \) as follows:

Ulz,t,\) = Q(z,t) = M, Q(z,t) = Zw]azt 7O g =asiV

Viz,t,\) = Vs(z,t) + \Va(x, t) + A Vi(z,t) — MK,

where
N
Z’Ué x,t) J(2) Va(x,t) = va(a:,t)Jl(l),
k=1 =1
N-1
=" vi(a, )1}, K =bJ8.
7=1

The constants a and b determine the dispersion law of the MKdV egs.
The next step is to request that [L, M] = 0 identically with respect
to .

b
v,i(a:,t)za(w%w’ﬂrl)wk, k=1,....N —1,



and vy, = C(t) with C(t) - arbitrary function of time. For

N-1 -
b w2l_|_w2]—|—k_wk_1
’Ul2(£C,t) = ? Z 1 — ijk:
k=l
b (W +t+1\ 0y, C,
' — — 1
T ( 1 — ! ) ox a(w L

for{=1,...,N —1 and

5 b = 277
VN = Z <COST—|— )%@DH—D()

Jj+1=0
with D(t) - another arbitrary function of time. And for

N-—-1

b C
= oo () 3 Z i)+ D (i)
k+l=j m—i—l:j
b N-1 COS 7T(k l) )
_'_ﬁ i j (wkzwl) - —%

k+1=j N



b N—-1 N-1 3b N — N\ 8
b S Y i) + o Z (%) B

a , 2a3 ox
[+m=j 1+k=I +m=y
N—1 N-1 .. _ . _
b sin % — sin 7T<‘7N m)
DS — (bathm)
ltm=j it+hk=I S Ry

N-—1
DI CE J JORS
k=1

where j is running from 1 to N-1. We choose C(t) = 0 and D(t)

= 0.



In the end we get the following system of mKdV equations:

- t - ) + o (W m
5 (o ) 9 2 B e

N—-1 N—-1 .. m(j—2k) . 7T(j— m)

S11 — S1n a

+ . D N o (Yitfm)

l+m=j i+k=l sin

N-1 N1

2tk 1\ O 3 T 52

— Z (cos A 5) a—(%%\f—k%) + 7 cot <N> Z W(%wl)

k=1 vl

35~ 0 ml\ 0y kY Oy

! k

+Zk+zl:j oz (COt <N) gy Ve T oot (N) oz m)

where o = a® /b.
In the case of s[(2,C) algebra we obtain the well-known MKdV equa-
tion
0Tt = 2OV 0 ().
ot 4 Ox 20z




In the case of s[(3,C) algebra we have the system of trivial equations
Oyip1 = 0 and Oyipo = 0. In the case of sl(4,C) algebra we find:

018 3
8t 2 Ox3 2 0x

0 3 0 0
( %wg) 5 5 (W1vE) + - (¥3),

&b 1 03 3 0?
oG =15+ 1 0D~ d ()

O 1 0
+ 3%(%%%) — 5%(@03)7 (13)

aﬁ_§0x3 2 Ox

If we apply case a) we get the same set of MKdV equations with 11,1
and 13 purely real functions.

3
s 10%Ys 36(%8%) (%%) x(¢%)'



In the case b) we put 1 = —¢5 = uw and ¥y = —1p5 = iv and get:

v 19%v 3 9% , , 0 . 9 10
“or = "xam Taige ) T35 (M 55,00,
ou 1% 38 [ 9w\ 39, . 9 ..
5 T 200  20m (“ %) " 290w T 5 (W)Y,

where u is a complex function, but v is a purely real function.
In the case c):

ou 10w 0, 4
“or 2008 8:c(u )
where u is a complex function, we recover the MKdV equation. In the
case of sl(6,C) algebra with Dg-reduction in the case c¢) we find

W24 28— - zf <u@> - 63(@“}2)

ot Ox3 Ox ox
Ov 0%, 0, 5
Qs = \/5@ (u?) —6%(21, v),

where u and v are complex functions.



MKdV and s0(8)

Normally with each simple Lie algebra one can associate just one MKdV
eq. The only exception is so(8) which allows a one-parameter family
of MKdV equations. The reason is that only so(8) has 3 as a double

exponent!

Orq1 = QCL[ 3q1 — V30, (C]1(93:Q2)] — \/§[(3CL + 0)02(q402q3) + (3a — b)0,(q30,q4)
— 30, [ql (2ag5 + (a — D)3 + (a + )q3) ] :

V3 V3
Orq2 = V3a02q; + - (a+0)03q5 + =~ (a—)dq;

— 30, [qz (2aq; + (a +b)g3 + (a — b)q3) ] ,



Orq3 = —(a +b) [82(13 — \/ga(%ax(lz)] — \/5[(3a +0)0,(q402q1) + 253:;;((113x94)]

+ 30, [q3 (Qaqi + (a—b)gi + (a+ b)q%) ] ;

Oiqs = —(a —b) [35,-’414 — \/§5’x(Q40xQ2)] — \/5[(3& —0)0:(930:q1) — 2bax(Q1axQS)]

+ 30, [q;l (2aq3 + (a — b)g5 + (a + b)g7) ] :



Conclusions and open questions

More classes of new integrable equations: i) higher rank simple Lie
algebras; ii) different types of grading; iii) different power k of the
polynomials U(x,t, A\) and V(x,t, \) and iv) different reductions of
U and V.

These new NLEE must be Hamiltonian. View the jets U(x,t, \)
and V (x,t, ) as elements of co-adjoint orbits of some Kac-Moody
algebra.

Apply Zakharov-Shabat dressing method for constructing their V-
soliton solutions and study their interactions.

‘Squared’ solutions, Recursion operators, Hamiltonian hierarchies

Apply the above methods to twisted Kac-Moody algebras — work
in progress



Thank you for your
attention!



