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PLAN

Adiabatic N-soliton interactions of Bose-Einstein condensates in external
potentials

Derivation of generalized complex Toda chain (GCTC) for the MNLS
through the variational approach

Perturbed Manakov model and perturbed GCTC.

Modeling Soliton Interactions of the perturbed vector nonlinear Schrodinger
equation



We consider the dynamics of a train of matter - wave solitons in a
one-dimensional BEC confined to a parabolic trap and optical lattice, as
well as tilted periodic potentials. In the last case we demonstrate that
there exist critical values of the strength of the linear potential for which
one or more localized states can be extracted from a soliton train.

This is described by perturbed scalar NLS:
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i+ 552 tlulul@,t) = Viz)u(z, 1),

V(x) = Vox® + Vix + Vo + Aj cos(Qz + Qo).

Adiabatic approach to soliton interactions:
Karpman, Solov’ev, Maslov (1981) for two solitons
VSG, I. Uzunov, D. J. Kaup, ... (1995-1998) for N-soliton trains
E. Doktorov, J. Yang (2002)



The N-soliton train fixed up by the initial condition:

QI/keigbk

cosh 2z ’

N
u(x,t=0) = Zu,ﬁs(x,t = 0), u(z,t) =
k=1

2k (z,t) = 2ug(z — &k (t)), §x(t) = 2ppt + &k o

gbk(x,t) — 'Z—:Zk + 5k(t), 5k(t) = Wit + 5]{70,

Each soliton has: amplitude vy, velocity ug, center of mass position &
and phase 9y,.

The adiabatic approximation is valid provided the soliton parameters

satisfy

v —vo| Ko, |k — to| < o, vk — v0l|&k+1,0 — ko] > 1,
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where vg = < > 1 Vk, and po = « > k- T'wo different scales:
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For unperturbed NLS (i.e., for V(z) = 0) we get the Complex Toda
chain (CTC):

dQQj 2 (,Qj+1—Q; Q;i—Qj—1 ;
772 :161/0(6 JH1ITRI — e¥J 3—), 7=1,...,N.

The complex-valued ()i are expressed through the soliton parameters
by:
Qk(t) = 2@)\0€k(t) + 2k lIl(QV()) + ’L(kﬂ' — 5k(t) — 50),

where 0o = 1/N ij\;l 0 and Ao = ug+ivg. Besides we assume free-ends
conditions, i.e., e7Q0 = e¥N+1 = (),
For
Vi(z) = Vox? + Vix + Vo + Aq cos(Qz + Qo).



we get perturbed CTC A\ = pp + tvp:

dd—)\tk = —4y (er“_Q’f — er_Q’“—l) — Vol — % + Mj,,

dd%’“ — 4wy + i) — iDy — ]@éDj,
)
Dy = V1 (4;;2% — f/%) —Vi&x — Vo — Wf?y%% S(ZZEZZZ cos(£21&x + Qo),

where Zk = 7TQ1/(4Vk).

Switching on the self-consistent periodic potentials with the solitons
initially located at its minima it is natural to expect that for A > A,
the solitons will be stabilized into a bound state.



Use also that PCTC is a Hamiltonian system:
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Then the condition Hy = 0 gives:
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Figure 1: Harmonic oscillations of a N-soliton train initially shifted rela-
tive to the minimum of the quadratic potential V(z) = Vax?. Left panel:
9-soliton train, V5 = 0.00005. Right panel: 3-soliton train, V5 = 0.001,
ro = 8. Solid lines correspond to direct simulations of the NLS equation,
and dashed lines to numerical solution of the PCTC.



Derivation of CTC for the Manakov equa-
tion through the variational approach

o 1 1 IR
= Cao [paa) - garae], o= [ Ca (@) - @o)-m
Lagrange equations of motion:
d oL oL
— — =0, (1)
dt g out
coincide with the MNLS:
di 1d*u
. ot o o
o + 5 722 + (u', @)u(x,t) =0 (2)
The initial condition is:
N
iz, t=0) =) ig(z,t=0), (3)



where wy(x,t) is the 1-soliton solution:

. O ugelr L[ cos(fk)e B
Uk (Qf, t) = COSh(Zk;) ng, ng = ( Sin(ek)e—ifyk 3 2, = 2y (ZC — &k (t))a
Ee(t) = 2pt + &k o, P = 5—:213 + 0k (%), Ok (t) = 2(p + Vi)t + O 0.

After some calculations I obtained:
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We simplity Ly, neglecting terms of order e3/2. First we list several

typical integrals which arise in evaluating the Lagrangian.



K(a,A)

L(a,A)

L(a,A)

M(a, A)

>C dz e'%? (1 — e~ tB)
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In the adiabatic limit a ~ 0 and:

A
K(0,8) = sinh A’
~ 1 A cosh A
L©,a) = -L(0,A) = sinh A [1 ~ sinh A ] ’
M(0,A) = = 13 2cosh(A)sinh A — A sinh? A — 2A| .
sinh” A

Thus we get:



£k n o — ﬁk,n - 0(63/2)7 Ek,n — 16”86_Ak’n(Rk,n + RZ,n)?

Ry = €On 0(idlin), 0 =0k —2u0bk, Ak = 25k.000(Ek — &) > 1.
d,
> = 9
dt s
doy,
dvk —A : *
E — SVS) Zn: e k’n@(Rk,n — Rk:,n)’
djig 3 —Apon *
= —8u; ; e “Fn (R + R ),
dii (5.5 7 0n =007, + R}, 7
% _ 4V§i Z €_Ak’n [(62(5”_5k)ﬁn — kank) + (ez(5n 5k)nn + Rk,nnk)]
n=k=+t1
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The condition (ﬁ;;, nir,) = 1 holds provided C}y = —C7}.



Let us now rewrite these equations in terms of the variables ()i char-
acteristic for the CTC:

Qr = —200& +kIndvg — i(8k + 6o + km — 2p0&k),
] — 1 — 1 —
— X7 S — AT S 00 = — 58' 4
120 N 8:21 v 1o N Szzl H 0 N Szzl ( )
d + v b _ . . _
(Mkdt k) gy [(nl—c’nk_l)e@k Qv (7| ) et Qk} |
Besides, from (4) there follows
d
% = —4V()(,uk + in).
Therefore we get the generalized CTC for the MNLS:
d*Qy,

dt2 — 16”(2) (ﬁ2+17ﬁk)€Qk+l_Qk — (ﬁliaﬁk—l)er_Qk_l



Perturbed Manakov system

iug + (1/2ugs + (Jul® +v[*)u = iRy,
vy 4+ (1/2)v0 + (Ju)? + [v)*)v = iR,
where
Ri = (i(a+6) — p)u + (iy — k)v + iBug, — o|v]?u,
Ry = (i(ov = 0) + p)v + (i — K)u + iBvge — alul?v,
where

a — isotropic gain coefficient;

0,y — gain dichroism;

£ — dispersion

p — linear birefringence

x — linear coupling

o — differential cross-phase coeflicient
For birefringent fibers o = —1/3.



Hamiltonian form:

e 1 , 1 92
H = / dx {(5 — zﬁ) (|u:,;]2 - |vx|2) ~ 5 (|u|2 -+ |fu\2) — a\u|2\v|2
_I_

— o0

+ia (ful” + [of*) + (6 = p) (|uf = Jv])

Suppose that the N-soliton solution to the Manakov system (5) for
the soliton train is determined by the ordered sum of the tail-tail over-
lapping initial one-soliton pulses

al - (0) | (1) |
<u> (z,00=)_ 2vx o O eXp[/]f(Qﬂk%o) N 552) ) 21k (@=6 ) sechovy, (z—€ ).
v P sin 0 exp[i(2p1€," + 0,7)]

~ oA, e Bk

~  cosh zg cosh z,

e — | /_ O:O dol (2)un ()

Here n = k £+ 1, 1 is the mean value of the soliton amplitudes, vy =
(1/N) Y, v and A, = 200/ — &),



Zl = QVk(QZ—fk), R,S'_) = Rk COS 9k+Sk sin Hk, R,i_) = Rk sin Hk—Sk COS Qk,

Ri = riexp (—iﬁzk — ixg)> : SL = S exp (—i&zk — ’iX/(f)) :
Vg Vk

Insert the N-train anzats into the Hamiltonian

3

Hyert:r = —131603 (ui + ”3—k> + diawy, + 4(i6 — p)vy, cos(20;,)

8 3
+ (17 — k)4 sin(20y) cos(2vx) — %0 sin” (20, ).

For
Vi(z) = Voz? + Viz + Vy + Aq cos(Qz + Qo).



we get perturbed GCTC A\ = g + tv:

% — 4y [(ﬁ,1+1,ﬁk)e@k+l—@k - (ﬁ,ﬁ,ﬁk_l)ec?k—@k—l} — Valy — % + My,
dd%’“ = —duo(pk +ivg) —iDy — &ipj,

M, - ”?Vf% S+ ).

Dy = V1 (4;1% — f/%) —Vi&x — Vo — Wf?y%% S(jilzzzz cos(£21&x + Qo),

where Zk = 7TQ1/(4Vk).

Effects of the polarization vectors on the soli-
ton interaction
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Figure 2: The initial soliton parameters as like in (??7) with rg = 9. Left
panel: scalar soliton train; Right panel: vector soliton train with 79 =9

and

mos — 0.7.
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Figure 3: Left panel: vector soliton train with mgs = 0.8; Right panel:
vector soliton train with mg; = mg3 = mgs = 0.8 and mgy = 0.031.

However, if we choose mgs to be different we may encounter additional
problems, see figure 3. From this figure it is obvious that taking substan-
tially different values for mys we may encounter violation of adiabaticity.
That means that our approximation is valid only for such configurations
of polarization vectors for which mgs are of the same order of magnitude.



Effects of quadratic potentials



position

Figure 4: vy, = 0.5, pg = 0,0, = k, 0 = 255, V(z) = 0.0000252?
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Figure 5: v, = 0.5, g, = 0,05 = kmr, O = 252, V(z) = 0.000025(z — 25)?
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positions

Figure 6: v, = 0.5, pg = 0,0, = k, 0 = 255, V(z) = 0.00005(x — 25)?
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position

Figure 7: v, = 0.5, g, = 0,6, = kmr, O = 252, V(z) = 0.000055(z — 25)?
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positions

Figure 8: vj, = 0.5, py = 0,0 = km, O = 2%, V(x) = 0.00006(x — 25)?
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Figure 9: The periodic potential and a 7-soliton trains with rg = 7.

Effects of periodic potentials
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Figure 10: The effect of the periodic potential on 7-soliton trains with
ro = 7 and subcritical intensities. Left panel: A = 0.00075; Right panel:

A =0.0012
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Figure 11: periodic potential on 7-soliton trains with critical intensity:
A =0.0013.
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Figure 12: periodic potential on 5-soliton trains with rg = 8 with sub-
critical intensity: A = 0.001.



Effects of potentials wells and humps

1
cosh? (2o — ys)

V(SC) — ch%(xays)a Vts(xays) —

S

The potential —V (x,ys) (resp. Vis(z,ys)) is a well (resp. hump) with
width 1.7 at half-height /depth. Adjusting one or more terms in () with
different c¢s and ys we can describe wells and/or humps with different
widths/depths and positions.

The PCTC which takes into account such types of potentials is given
by:

d)\

d—tk = —4u (GQk—{—l_CIk: (ﬁk+1,ﬁk) _ 6Qk:_CIk:—1<’f):L,ﬁk_1)> + M, + 1N,
d a7

U o+ 20 + B~ X, = 0(0)



where A\, = e + e, X = 2up=k + Dy and

N
1
dr — —ZVO&C -+ k1ln 4V(2) — ’L((Sk + 50 + km — 2/L0£k), 50 = — st
N s=1
The coefficients N, M}, =, and D;. are given by:
1 [ dz » 1 [°° dzp sinh 2
g 2 /_OO cosh 2. H ( (e Jure )’ S /_oo cosh? 2. ¢ ( (e

1 >° de 2k

[1]

I

| 1 [ dzp, (1 — 2 tanh
Im (V(yx)uge '), Dy = % (1~ o tanh )

k= -
2k J_ oo cosh zp

)
dvi ) _ o coshzg

where yr = 21/(2v9) + &k. For our specific choice of V(x) we get:

My =) 2cP(Ars),  Ne=0, Ep=0, Dp=) c.R(Aky),

S



where Ay s = 21p&, — ys and

A+ 2A cosh?(A) — 3sinh(A) cosh(A)
B sinh*(A) 7
~ 6Asinh(A) cosh(A) — (2A2 + 3) sinh*(A) — 3A2

P(A)

R(A)

2sinh*(A)
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Figure 13: Left panel: Examples of potential hump with c¢g = 0.03, yo =
—12 and a potential well which is a superposition of four terms Vy(x, ys)
with ¢ = 0.02, s =1,2,3,4 and y; = 7.6,y = 8.8, y3 = 10.0,y4 = 11.2.
Right panel: The integrals R(A) (green line) and P(A) (red line).



As it is well known the 3-soliton systems allow for three types of
dynamical regimes for large times:

We use two types of initial phases configurations:

a) 51,0 = O, 52,0 = T, 5370 = 0, (5&)

™ ™
b) 5170 = O, 52,0 — 5 + 2/1()7“0, 53,0 = —§ + 2,u07“0. (5b)
AFR) asymptotically free regime when all 3 solitons move away with

different velocities. This regime takes place if the initial amplitudes
and phases are given by

AV < Vg = 2\/2 cos(61 — 02)vg exp (—1vgro)
010=0, d20=m, 030=0,

MAR) mixed asymptotic regime, when two of the solitons form bound
state and the third soliton goes away from them with different
velocity; Such regime takes place if the amplitudes and the phases



are chosen as

AV < Vg = 2\/2 cos(f; — 02)v exp (—vo70)
(6)

T 18
010=0, 090= 5 + 21070, 03,0 = D) + 2u070.

BSR) bound state regime when all solitons move asymptotically with

the same velocity. Such regime takes place for amplitudes and the
phases like

AV > Vg
_ _ B (7)
010=0, d29=m, 030=0.
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Figure 14: Left panel: Three solitons in AFR, V(x) = 0, Av = 0.01,
o = 0 and phases as in (baa). Right panel: Three solitons in MAR,
V(zr) = 0, Av = 0.01, gp = 0 and phases as in (5ab). Solid lines
correspond to MM, dashed — to PCTC.
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Figure 15: Left panel: Three solitons in MAR, V(z) =
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—0.01V4 (z, —12),

Av = 0.01, up = 0 and phases as in (5ab). Right panel: Three solitons
in MAR, V(z) = —0.01Vy(x,4), Av = 0.01, o = 0 and phases as in
(5ab). Solid lines correspond to MM, dashed — to PCTC.
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Figure 16: Left panel: Three solitons in MAR, V(z) = —0.01[V3(x, 12) +
Vi(xz,—12)], Av = 0.01, pg = 0 and phases as in (5ab). Right panel:
Three solitons in MAR, V(z) = —0.001(V; (z, —12)+Vi(z,4)], Av = 0.01,
to = 0 and phases as in (5ab). Solid lines correspond to MM, dashed —
to PCTC.
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Figure 17: Three solitons in MAR, V(z) = 0.1[Vi(x, —12) 4+ Vi (x, 12)],
Av = 0.01, pugp = 0 and phases as in (bab). Solid lines correspond to
MM, dashed — to PCTC.



To be continued

on the next seminar/conference !!!

Thank you for the attention!



