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Higher geometry of charged dynamics

Goal

To understand which geometric structures describe dynamics of charged
particles in non-contractible spacetime.
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Higher geometry of charged dynamics

What we did already

Initial data:
m ∈ R+, q ∈ R (mass and charge of particle)
Riemannian manifold (M, g) (spacetime and gravitational field)
Closed 2-form F (electromagnetic field)

What we seek for:
Action functional S such that principle of stationary action recover Lorentz
force formula:

mgλµ
(
ẍµ + Γµ

νρẋ
ν ẋρ
)
= qFλµẋ

µ
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Higher geometry of charged dynamics

What we did already

If global potential A ∈ Ω1(M): dA = F exists:

S[x] =
m

2

∫
[t0,t1]

x∗g(∂τ , ∂τ )dτ + q

∫
[t0,t1]

x∗A

or in coordinates:

S[x] =
m

2

∫
[t0,t1]

gµν ẋ
µẋνdτ + q

∫
[t0,t1]

Aµẋ
µdτ

what if such potential doesn’t exist, what might be the case if M is not
contractible
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Higher geometry of charged dynamics

What we did already

choose good cover {Oi} (intersections Oi1 ∩ . . . ∩ Oin are contractible)
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Higher geometry of charged dynamics

What we did already

choose good cover {Oi} (intersections Oi1 ∩ . . . ∩ Oin are contractible)
choose local potentials Ai ∈ Ω1(Oi): dAi = F ↾Oi

take loop x ∈ C∞(S1,M) and choose its tesselation ∆ = E ∪ V (edges +
vertices) subordinate to {Oi}
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Higher geometry of charged dynamics

What we did already
choose good cover {Oi} (intersections Oi1 ∩ . . . ∩ Oin are contractible)
choose local potentials Ai ∈ Ω1(Oi): dAi = F ↾Oi

take loop x ∈ C∞(S1,M) and choose its tesselation ∆ = E ∪ V (edges +
vertices) subordinate to {Oi}
choose functions fij ∈ C∞(Oi ∩ Oj) : dfij = (Aj −Ai) ↾Oi∩Oj and action
functional is:

S[x] =
m

2

∫
S1

x∗g(∂τ , ∂τ )dτ + q
∑
e∈E

(∫
e

(x ↾e)∗Aie +
∑
v∈∂e

εevfieiv ◦ x(v)

)
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Higher geometry of charged dynamics

What we did already

We went through
Dirac’s heuristic argument for link between quantum amplitude and e i

h̄S

Feynman’s heuristic derivation of path integral formulation

⟨x1| e−
it
h̄ Ĥ |x0⟩ =

∫
x(0)=x0

x(t)=x1

e i
h̄S[x]Dx
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Higher geometry of charged dynamics

What are we going to do

QM requirement of e i
h̄S to be well defined implies Dirac quantization

condition
circle/complex line bundle structure induced by additional term and
connection (F curvature)
geometric quantization
Čech-De-Rham bi-complex
characteristic classes
S for open curves
symmetry of S
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