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Let (M, g) be a Riemannian manifold and let V denote the Levi-Civita
connection. As usual, we identify TM with T*M by using g.
A vector field £ € X(M) is a Killing vector field if and only if one of the
following equivalent conditions hold:

Egg =0.

g(Vx&, X) =0 for every X € X(M).

Vx€ = $X,d¢ for every X € X(M).
These conditions lead to generalizations in higher degree tensors:
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Let (M, g) be a Riemannian manifold and let V denote the Levi-Civita
connection. As usual, we identify TM with T*M by using g.
A vector field £ € X(M) is a Killing vector field if and only if one of the
following equivalent conditions hold:

Egg =0.

g(Vx&, X) =0 for every X € X(M).

Vx€ = $X,d¢ for every X € X(M).
These conditions lead to generalizations in higher degree tensors:

DEFINITION
Let S € Sym* TM C TM®" be a symmetric k-tensor, i.e.
Sp i ToMx g ToM — T,M for p € M symmetric w.r.t. g. S

is a symmetric Killing tensor if g((VxS)(X,...,X),X) =0, for
every X € X(M).
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Let (M, g) be a Riemannian manifold and let V denote the Levi-Civita
connection. As usual, we identify TM with T*M by using g.
A vector field £ € X(M) is a Killing vector field if and only if one of the
following equivalent conditions hold:

Egg =0.

g(Vx&, X) =0 for every X € X(M).

Vx€ = $X,d¢ for every X € X(M).
These conditions lead to generalizations in higher degree tensors:

DEFINITION

Let S € Sym* TM c TM®" be a symmetric k-tensor, i.e.

Sp i ToMx Ty ToM — T,M for p € M symmetric w.r.t. g. S
is a symmetric Killing tensor if g((VxS)(X,...,X),X) =0, for
every X € X(M).

Ex: T eSym" TM st. VT =0.

w € QK(M) is a Killing form if Vxw = ﬁXde, for every

X € X(M).
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Let (M, g) be a Riemannian manifold and let V denote the Levi-Civita
connection. As usual, we identify TM with T*M by using g.
A vector field £ € X(M) is a Killing vector field if and only if one of the
following equivalent conditions hold:

Egg =0.

g(Vx&, X) =0 for every X € X(M).

Vx€ = $X,d¢ for every X € X(M).
These conditions lead to generalizations in higher degree tensors:

DEFINITION

Let S € Sym* TM c TM®" be a symmetric k-tensor, i.e.

Sp i ToMx Ty ToM — T,M for p € M symmetric w.r.t. g. S
is a symmetric Killing tensor if g((VxS)(X,...,X),X) =0, for
every X € X(M).

Ex: T eSym" TM st. VT =0.

w € QK(M) is a Killing form if Vxw = ﬁXde, for every

X € X(M).

Ex: Killing vector fields.
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Killing tensors define first integrals of the geodesic flow in (M, g):

~+ Physical interest
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~> Physical interest

Killing tensors define first integrals of the geodesic flow in (M, g):

Indeed, given a Killing form w and a symmetric Killing tensor S, the func-
tions

f,: TM — R, f,(p,X) = || Xsw,l?
fs: TM — R, fs(p,X):=g(5(X,...,X),X)

are constant along geodesics.

Examples (Killing forms). Cf: [U. Semmelmann '03,'19]
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~> Physical interest

Killing tensors define first integrals of the geodesic flow in (M, g):

Indeed, given a Killing form w and a symmetric Killing tensor S, the func-
tions

f,: TM — R, f,(p,X) = || Xsw,l?
fs: TM — R, fs(p,X):=g(5(X,...,X),X)

are constant along geodesics.

Examples (Killing forms). Cf: [U. Semmelmann '03,'19]

~ In special geometries: the fundamental form of a nearly-Kahler manifold
is a Killing 2-form; the defining 3-form of a nearly-parallel G, structure,
Sasakian manifolds possess Killing forms of odd degree.
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~> Physical interest

Killing tensors define first integrals of the geodesic flow in (M, g):

Indeed, given a Killing form w and a symmetric Killing tensor S, the func-
tions

f,: TM — R, f,(p,X) = || Xsw,l?
fs: TM — R, fs(p,X):=g(5(X,...,X),X)

are constant along geodesics.

Examples (Killing forms). Cf: [U. Semmelmann '03,'19]

~ In special geometries: the fundamental form of a nearly-Kahler manifold
is a Killing 2-form; the defining 3-form of a nearly-parallel G, structure,
Sasakian manifolds possess Killing forms of odd degree.

~ The torsion form of the canonical connection in a naturally reductive
space is a Killing 3-form.
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Examples (symmetric Killing tensors). Cf: [C. Heil, A. Moroianu, U.
Semmelmann '16,'17]

Denote KK  Sym* TM the space of symmetric Killing k-tensors of (M, g).
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Examples (symmetric Killing tensors). Cf: [C. Heil, A. Moroianu, U.
Semmelmann '16,'17]

Denote KK  Sym* TM the space of symmetric Killing k-tensors of (M, g).

~ Vg = 0thus g € K2; more generally, if T € Sym* TM verifies VT = 0,
then T € KCK.
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Examples (symmetric Killing tensors). Cf: [C. Heil, A. Moroianu, U.
Semmelmann '16,'17]

Denote KK  Sym* TM the space of symmetric Killing k-tensors of (M, g).

~ Vg = 0thus g € K2; more generally, if T € Sym* TM verifies VT = 0,
then T € KCK.

~ Given &1, . .., & Killing vector fields (€ K1), then their symmetric prod-

uct & ... - & € KK, where the symmetric product is defined on vector

fields as

pEM= (& 8)p(Vay o Vi) = Y 8(&aps Vi) -+ - 8(Ekps Virtiy)-
ceBy

For instance (&1 - &)(V1, Vo) = g(&1, Vi)g(&2, Vo) + g(&1, V2)g (&2, Va)-
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Examples (symmetric Killing tensors). Cf: [C. Heil, A. Moroianu, U.
Semmelmann '16,'17]

Denote KK  Sym* TM the space of symmetric Killing k-tensors of (M, g).

~ Vg = 0thus g € K2; more generally, if T € Sym* TM verifies VT = 0,
then T € KCK.

~ Given &1, . .., & Killing vector fields (€ K1), then their symmetric prod-

uct & ... - & € KK, where the symmetric product is defined on vector

fields as

pEM= (& 8)p(Vay o Vi) = Y 8(&aps Vi) -+ - 8(Ekps Virtiy)-
ceBy

For instance (&1 - &)(V1, Vo) = g(&1, Vi)g(&2, Vo) + g(&1, V2)g (&2, Va)-

~> Any linear combination of the above:
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Examples (symmetric Killing tensors). Cf: [C. Heil, A. Moroianu, U.
Semmelmann '16,'17]

Denote KK  Sym* TM the space of symmetric Killing k-tensors of (M, g).

~ Vg = 0thus g € K2; more generally, if T € Sym* TM verifies VT = 0,
then T € KCK.

~ Given &1, . .., & Killing vector fields (€ K1), then their symmetric prod-

uct & ... - & € KK, where the symmetric product is defined on vector

fields as

pEM= (& 8)p(Vay o Vi) = Y 8(&aps Vi) -+ - 8(Ekps Virtiy)-
ceBy

For instance (&1 - &)(V1, Vo) = g(&1, Vi)g(&2, Vo) + g(&1, V2)g (&2, Va)-

~> Any linear combination of the above:

These are called decomposable symmetric Killing tensors.
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When does a Riemannian manifold admit symmetric Killing tensors which
are not decomposable i.e. indecomposable?
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When does a Riemannian manifold admit symmetric Killing tensors which
are not decomposable i.e. indecomposable?

Remarks:

Takeuchi, Thompson ('80): manifolds with constant sectional curvature
do not posses indecomposable Killing tensors.

Heil, Moroianu, Semmelmann ('17): They exhibit Riemannian metrics in
the torus T" possessing indecomposable symmetric Killing tensors.

There are no general results, though.

Together with A. Moroianu we studied this question in the context of 2-
step nilpotent Lie groups endowed with left-invariant Riemannian metric.
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We considered the question in the following context:
M = N is a simply connected 2-step nilpotent Lie group.
g: is a left-invariant Riemannian metric .

IC2 - space of left-invariant symmetric Killing 2-tensors.

mnv-:

Symmetric Killing tensors on Riemannian 2-step nilpotent Lie groups CONICET - UNR



We considered the question in the following context:

M = N is a simply connected 2-step nilpotent Lie group.

g: is a left-invariant Riemannian metric .

IC2 - space of left-invariant symmetric Killing 2-tensors.

When does (N, g) verifies K2, ¢ D??

mnv
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We considered the question in the following context:

M = N is a simply connected 2-step nilpotent Lie group.

g: is a left-invariant Riemannian metric .

K2 : space of left-invariant symmetric Killing 2-tensors.
When does (N, g) verifies K2, ¢ D??

mnv

Advantages of this context:
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We considered the question in the following context:
M = N is a simply connected 2-step nilpotent Lie group.
g: is a left-invariant Riemannian metric .

IC2 - space of left-invariant symmetric Killing 2-tensors.

When does (N, g) verifies K2, ¢ D??

mnv
Advantages of this context:
K2, can be described algebraically as a subset of Sym®n, n the Lie
algebra of N. ~~ Pb.A
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We considered the question in the following context:
M = N is a simply connected 2-step nilpotent Lie group.
g: is a left-invariant Riemannian metric .

IC2 - space of left-invariant symmetric Killing 2-tensors.

mnv-:

When does (N, g) verifies K2, ¢ D??

Advantages of this context:

K2, can be described algebraically as a subset of Sym®n, n the Lie

algebra of N. ~~ Pb.A

The set K- K1 € D? is known after Wolf's result stating that X! is
spanned by right-invariant vector fields &, x € n and by £p, where
D € Dernnso(n).
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We considered the question in the following context:
M = N is a simply connected 2-step nilpotent Lie group.
g: is a left-invariant Riemannian metric .

IC2 - space of left-invariant symmetric Killing 2-tensors.

When does (N, g) verifies K2, ¢ D??

mv
Advantages of this context:
iC2

2 can be described algebraically as a subset of Sym”n, n the Lie
algebra of N. ~~ Pb.A

The set K- K1 € D? is known after Wolf's result stating that X! is
spanned by right-invariant vector fields &, x € n and by £p, where
D € Dernnso(n).

Also, if (N, g) is de Rham irreducible every parallel symmetric
2-tensors is necessarily left-invariant, and a multiple of the metric.

Symmetric Killing tensors on Riemannian 2-step nilpotent Lie groups CONICET - UNR



We considered the question in the following context:
M = N is a simply connected 2-step nilpotent Lie group.
g: is a left-invariant Riemannian metric .

IC2 - space of left-invariant symmetric Killing 2-tensors.

When does (N, g) verifies K2, ¢ D??

mv
Advantages of this context:
iC2

2 can be described algebraically as a subset of Sym”n, n the Lie
algebra of N. ~~ Pb.A

The set K- K1 € D? is known after Wolf's result stating that X! is
spanned by right-invariant vector fields &, x € n and by £p, where
D € Dernnso(n).

Also, if (N, g) is de Rham irreducible every parallel symmetric
2-tensors is necessarily left-invariant, and a multiple of the metric.

Hence, in the irreducible case, we have
D2 = {A\g+ Y. cj&i - & : & € K} which we compare with K2
~ Pb.B
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Pb.A. Description of K2

mnv
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PB.A.

(N, g) ~ (n, g) its Lie algebra with an inner product.
SeSym?, TN «» S eEnd(n):g(Sx,y)=g(x,Sy),x,y €n.

inv

We denote Sym? n the set of symmetric endomorphisms of n.
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PB.A.

(N, g) ~ (n, g) its Lie algebra with an inner product.
SeSymiz, TN «~ ScEnd(n):g(Sx,y) = g(x,Sy),¥x,y € n.

We denote Sym? n the set of symmetric endomorphisms of n.

Being n 2-step nilpotent, the center of n, 3 ={z €n: [u,z] =0Vu € n},
verifies 0 # 3 O [n,n]. Let b = 31 so that n = v &1 3 and we obtain
[b,0] = [n,n].
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PB.A.

(N, g) ~ (n, g) its Lie algebra with an inner product.
SeSymiz, TN «~ ScEnd(n):g(Sx,y) = g(x,Sy),¥x,y € n.

We denote Sym? n the set of symmetric endomorphisms of n.

Being n 2-step nilpotent, the center of n, 3 ={z €n: [u,z] =0Vu € n},
verifies 0 # 3 O [n,n]. Let b = 31 so that n = v &1 3 and we obtain
[b,0] = [n,n].

The decomposition gives
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PB.A.

(N,g) ~ (n, g) its Lie algebra with an inner product.

SeSymiz, TN «~ ScEnd(n):g(Sx,y) = g(x,Sy),¥x,y € n.

We denote Sym? n the set of symmetric endomorphisms of n.

Being n 2-step nilpotent, the center of n, 3 ={z €n: [u,z] =0Vu € n},
verifies 0 # 3 O [n,n]. Let b = 31 so that n = v &1 3 and we obtain
[b,0] = [n,n].

The decomposition gives
Sym?n = Sym? v @ (3 v) ® Sym?3

and, accordingly, we write S = S® + S™ + S3 for S € Sym?n.
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PB.A. S € Sym?n 1s KILLING IFF ...
«O» «F» 4 > > A20N &4
~ Symmetric Killing tensors on Riemannian 2-step nilpotent Liegrosps ~ CONICET- UNR
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PB.A. S € Sym?n 1S KILLING IFF ...
PROPOSITION

S e Sym?n is a symmetric Killing tensor if and only if
[Sx,x] =0 and

ad, oS|; € s0(3), for every x € v.
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PB.A. S € Sym?n 1S KILLING IFF ...

PROPOSITION

S € Sym®n is a symmetric Killing tensor if and only if
[Sx,x] =0 and ad,oS|; € so(3), for every x € v.

IfS =S°+S™+ S, then S € K3, < S°, 5™, 5% € K7,

Moreover, 53 € K2, S® € K2, < [S°x,x] =0, Vx € v and
Sm e K2, < ad, oS™|; € 50(3), Vx € v.
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PB.A. S € Sym?n 15 KILLING IFF ...

PROPOSITION
S € Sym®n is a symmetric Killing tensor if and only if

[Sx,x] =0 and ad,oS|; € so(3), for every x € v.
IfS=S"+S™+ S35 then S € K2, < S°, 5™, Ss € K2,
Moreover, 53 € K2, S® € K2, < [S°x,x] =0, Vx € v and
Sm e K2, < ad, oS™|; € 50(3), Vx € v.

Proof. S € Sym?(n) is a Killing tensor if and only if g((V,S)y,y) =0
for all y € n. By Koszul, g((V,S)y,y) = 2g([y, Syl y).
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PB.A. S € Sym?n 15 KILLING IFF ...

PROPOSITION
S € Sym®n is a symmetric Killing tensor if and only if

[Sx,x] =0 and ad,oS|; € so(3), for every x € v.
IfS=S"+S™+ S35 then S € K2, < S°, 5™, Ss € K2,
Moreover, 53 € K2, S® € K2, < [S°x,x] =0, Vx € v and
Sm e K2, < ad, oS™|; € 50(3), Vx € v.
Proof. S € Sym?(n) is a Killing tensor if and only if g((V,S)y,y) =0
for all y € n. By Koszul, g((V,S)y,y) = 2g([y, Syl y).
Write y = x + z with x € v and z € 3, then g([y, Sy],y) =0 forally € n
if and only if

g(z,[5z,x]) + g(z,[Sx,x]) =0, forall x € v, z € 3.
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PB.A. S € Sym?n 15 KILLING IFF ...

PROPOSITION
S € Sym®n is a symmetric Killing tensor if and only if

[Sx,x] =0 and ad,oS|; € so(3), for every x € v.

IfS ="+ 5™+ 83, then S € K, < S°, 5™, S € KF,,.

Moreover, 53 € K2, S® € K2, < [S°x,x] =0, Vx € v and

Sm e K2, < ad, oS™|; € 50(3), Vx € v.

Proof. S € Sym?(n) is a Killing tensor if and only if g((V,S)y,y) =0
for all y € n. By Koszul, g((V,S)y,y) = 2g([y, Syl y).

Write y = x + z with x € v and z € 3, then g([y, Sy],y) =0 forally € n
if and only if

g(z,[5z,x]) + g(z,[Sx,x]) =0, forall x € v, z € 3.
Hence

Ko ={S€Sym’v: [Sx,x] =0} ® {S €3 -v: adioS € s0(3)} ® Sym’ 3.
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Examples: (Elements in 3, )
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PB.A.
Examples: (Elements in K

2

InV)

AeR.

* Given n =0 @ 3, define S = S° € Sym?(v) as S|, = Ald, for some
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PB.A.
Examples: (Elements in K2, )
Given n = v @ 3, define S = S € Sym?(v) as S|, = AId, for some
A € R. Then [Sx,x] =0 for every x v so S € K2

mv-:
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PB.A.

Examples: (Elements in K2, )
Given n = v @ 3, define S = S € Sym?(v) as S|, = AId, for some
A €R. Then [Sx,x] =0 for every x e b so S € K2,,.
Let b, be the Heisenberg Lie algebra of dimension 2n + 1, then
K2 = {S € Sym?R?":[J,S] = 0} where J is the canonical
complex structure of R2".
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PB.A.

Examples: (Elements in K2, )

mnv
Given n = v @ 3, define S = S € Sym?(v) as S|, = AId, for some
A €R. Then [Sx,x] =0 for every x € b so S € K2

mv-:

Let b, be the Heisenberg Lie algebra of dimension 2n + 1, then
K2 ={S € Sym?R?" :[J,S] = 0} where J is the canonical
complex structure of R2".

Let n = span{ey, ..., e} with non-zero brackets given by

[e1, €] = e4, [e1, €3] = €5, [e2, €3] = €5 and the inner product
making this an orthonormal basis.
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PB.A.

Examples: (Elements in K2, )

Given n = v @ 3, define S = S € Sym?(v) as S|, = AId, for some
A €R. Then [Sx,x] =0 for every x e b so S € K2,,.

Let b, be the Heisenberg Lie algebra of dimension 2n + 1, then
K2 = {S € Sym?R?":[J,S] = 0} where J is the canonical
complex structure of R2".

Let n = span{ey, ..., e} with non-zero brackets given by

[e1, €] = e4, [e1, €3] = €5, [e2, €3] = €5 and the inner product
making this an orthonormal basis. Then

a 0 0 0 a
0 ar 0 0 —a 0
2 0 0 ap & 0 0 )
Kiny = 0 0 a a3 as as aeR
0 —a 0 a ar a6
a 0 0 as ag ag
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PB.A.

Examples: (Elements in K2, )

Given n = v @ 3, define S = S € Sym?(v) as S|, = AId, for some
A €R. Then [Sx,x] =0 for every x € b so S € K2

mv-:

Let b, be the Heisenberg Lie algebra of dimension 2n + 1, then
K2 ={S € Sym?R?" :[J,S] = 0} where J is the canonical
complex structure of R2".

Let n = span{ey, ..., e} with non-zero brackets given by

[e1, €] = e4, [e1, €3] = €5, [e2, €3] = €5 and the inner product
making this an orthonormal basis. Then

a 0 0 0 ar
0 ar 0 0 —a 0
2 0 0 ap & 0 0 )
Kine = 0 0 a a3 a4 as ai €R
0 —a 0 a ar a6
a 0 0 as ag ag

~> When N admits a co-compact discrete subgroup I, every element in
K2, defines a first integral in (T\N, g).
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Pb.B. When does K2

mnv

fit inside D??
(assuming (N, g) is de Rham irreducible)
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Pb.B. When does K2 fit inside D??

inv
(assuming (N, g) is de Rham irreducible)

Where :
D' = Mg+ b &G ER &eK
Ki, = {SeSym’v:[Sx,x]=0}@®{S €3 v: adcoS € s0(3)} P Sym’;.
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PB.B.

D’ = {Mg+ ) c&- &G ER &K
Ki, = {SeSym’v: [Sx,x] =0} ®{S €3 v: adcoS € s0(3)} ® Sym”3.
PROPOSITION

{AMdy : AeRY® {S €3 -v: ad,0S € 50(3)} ® Sym? 3 C D2.
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PB.B.

D' = {Mg+) &G ER &K
Ki, = {SeSym’v: [Sx,x] =0} ®{S €3 v: adcoS € s0(3)} ® Sym”3.
PROPOSITION

{AMdy : AeRY® {S €3 -v: ad,0S € 50(3)} ® Sym? 3 C D2.
Proof. Let S € Sym?3 and T € 3-v such that ad,oT € so(3) for all

X en.
We use the right-invariant Killing vector fields to write S, T and Ald, as
elements in K!- K C D?: let {z,...,2,} be an orthonormal basis of 3.
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PB.B.

D' = {Mg+) &G ER &K
Ki, = {SeSym’v: [Sx,x] =0} ®{S €3 v: adcoS € s0(3)} ® Sym”3.
PROPOSITION

{AMdy : AeRY® {S €3 -v: ad,0S € 50(3)} ® Sym? 3 C D2.
Proof. Let S € Sym?3 and T € 3-v such that ad,oT € so(3) for all

X en.
We use the right-invariant Killing vector fields to write S, T and Ald, as
elements in K!- K C D?: let {z,...,2,} be an orthonormal basis of 3.

S= %Zlgugn g(5zi,7) &, - &, € D?,
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PB.B.

D' = {Mg+) &G ER &K
Ki, = {SeSym’v: [Sx,x] =0} ®{S €3 v: adcoS € s0(3)} ® Sym”3.
PROPOSITION

{AMdy : AeRY® {S €3 -v: ad,0S € 50(3)} ® Sym? 3 C D2.
Proof. Let S € Sym?3 and T € 3-v such that ad,oT € so(3) for all

X en.
We use the right-invariant Killing vector fields to write S, T and Ald, as
elements in K!- K C D?: let {z,...,2,} be an orthonormal basis of 3.

5 = % Zlgi,jgn g(52i7 Zj)EZ; ° Ezj S D2,
T = 27:1 gz,- : £Tz,- S Dz
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PB.B.

D' = {Mg+) &G ER &K
Ki, = {SeSym’v: [Sx,x] =0} ®{S €3 v: adcoS € s0(3)} ® Sym”3.
PROPOSITION

{AMdy : AeRY® {S €3 -v: ad,0S € 50(3)} ® Sym? 3 C D2.
Proof. Let S € Sym?3 and T € 3-v such that ad,oT € so(3) for all

X en.
We use the right-invariant Killing vector fields to write S, T and Ald, as
elements in K!- K C D?: let {z,...,2,} be an orthonormal basis of 3.

S= %Zlgugn g(5zi,7) &, - &, € D?,
T=3118 & €D
Ald, =g —Ald; € D2
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PB.B.

D' = {Mg+) &G ER &K
Ki, = {SeSym’v: [Sx,x] =0} ®{S €3 v: adcoS € s0(3)} ® Sym”3.
PROPOSITION

{AMdy : AeRY® {S €3 -v: ad,0S € 50(3)} ® Sym? 3 C D2.
Proof. Let S € Sym?3 and T € 3-v such that ad,oT € so(3) for all

X en.
We use the right-invariant Killing vector fields to write S, T and Ald, as
elements in K!- K C D?: let {z,...,2,} be an orthonormal basis of 3.

S=320<ij<n8(52,2) & & €D?
T = 27:1 gz,- : £Tz,- S Dz
Ady, =g —Ald; € D2
~ When does a symmetric Killing tensor in Sym2 0
is decomposable?
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PB.B. S € Sym? b DECOMPOSABLE IFF ...
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PB.B. S € Sym? b DECOMPOSABLE IFF ...

Fix S € Sym® v such that [Sx,x] = 0 forall x € v (i.e. S € K2,,). Denote

A1, ..., Ak its eigenvalues and let v; € v the corresponding eigenspaces.

Symmetric Killing tensors on Riemannian 2-step nilpotent Lie groups CONICET - UNR



PB.B. S € Sym? b DECOMPOSABLE IFF ...

Fix S € Sym® v such that [Sx,x] = 0 forall x € v (i.e. S € K2,,). Denote
A1, ..., Ak its eigenvalues and let v; € v the corresponding eigenspaces.
Then v =1 & ... @ vy is an orthogonal direct sum and [v;, v;] = 0 for all
i # j, because of the Killing condition [Sx, x] = 0.
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PB.B. S € Sym? b DECOMPOSABLE IFF ...

Fix S € Sym® v such that [Sx,x] = 0 forall x € v (i.e. S € K2,,). Denote

A1, ..., Ak its eigenvalues and let v; € v the corresponding eigenspaces.
Then v =1 & ... @ vy is an orthogonal direct sum and [v;, v;] = 0 for all
i # j, because of the Killing condition [Sx, x] = 0.

Define j : 3 — s0(v) satisfying
gli(2)x,y) = g(z,[x,y]), z€5 x,y €v.

Then j is injective, because of de Rham irreducibility.
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PB.B. S € Sym? b DECOMPOSABLE IFF ...

Fix S € Sym® v such that [Sx,x] = 0 forall x € v (i.e. S € K2,,). Denote
A1, ..., Ak its eigenvalues and let v; € v the corresponding eigenspaces.
Then v =1 & ... @ vy is an orthogonal direct sum and [v;, v;] = 0 for all
i # j, because of the Killing condition [Sx, x] = 0.

Define j : 3 — s0(v) satisfying
gli(2)x,y) = g(z,[x,y]), z€5 x,y €v.

Then j is injective, because of de Rham irreducibility.
[vi,0j] =0 for i # j = j(z) preserves v; for all i =1,..., k, that is,
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PB.B. S € Sym? b DECOMPOSABLE IFF ...

Fix S € Sym® v such that [Sx,x] = 0 forall x € v (i.e. S € K2,,). Denote
A1, ..., Ak its eigenvalues and let v; € v the corresponding eigenspaces.
Then v =1 & ... @ vy is an orthogonal direct sum and [v;, v;] = 0 for all
i # j, because of the Killing condition [Sx, x] = 0.

Define j : 3 — s0(v) satisfying
gli(2)x,y) = g(z,[x,y]), z€5 x,y €v.

Then j is injective, because of de Rham irreducibility.

[vi,0j] =0 for i # j = j(z) preserves v; for all i =1,..., k, that is,
i@, 0 o0
0 Jj@, -~ 0
i(z) = : .
0
0 0 0 Jj(2)]e,
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PB.B. S € Sym? b DECOMPOSABLE IFF ...
S, A, v and j : 3 —> so(v) as before.

For each z € 3 and a € R define the following element in so(v):
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PB.B. S € Sym? b DECOMPOSABLE IFF ...

S, X\, vjand j : 3 —> so(v) as before.
For each z € 3 and a € R define the following element in so(v):

(A1 — a)j(2)]v, 0 0
e 0 (e~ 2)i(Dlen - 0
0 0 0 (w2l
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PB.B. S € Sym? b DECOMPOSABLE IFF ...

S, X\, vjand j : 3 —> so(v) as before.
For each z € 3 and a € R define the following element in so(v):

(M = a)J(2)o 0 0
— 0 (A2 —a)j(D)o, -+ 0
z : 0
0 0 0 (A —a)j(2)lo,
THEOREM

S is decomposable if and only if there exists some a € R such that for
every z € 3, T)~? extends to a skew-symmetric derivation of n.
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PB.B. S € Sym? b DECOMPOSABLE IFF ...

S, X\, vjand j : 3 —> so(v) as before.
For each z € 3 and a € R define the following element in so(v):

(A1 — a)j(2)]v, 0
— 0 (A2 —a)j(D)o, -+ 0
2 : 0
0 0 0 (M —a)j(2)lo,
THEOREM

S is decomposable if and only if there exists some a € R such that for
every z € 3, T)~? extends to a skew-symmetric derivation of n.

~> Very vague idea of the proof: In order for S to be decomposable, we
need to use the Killing vector fields of the form {p, D € Der(n) N so(v).
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PB.B. S € Sym? b DECOMPOSABLE IFF ...

S, X\, vjand j : 3 —> so(v) as before.
For each z € 3 and a € R define the following element in so(v):

(M = a)J(2)o 0 0
— 0 (A2 —a)j(D)o, -+ 0
2 : 0
0 0 0 (M —a)j(2)lo,
THEOREM

S is decomposable if and only if there exists some a € R such that for
every z € 3, T)~? extends to a skew-symmetric derivation of n.

~> Very vague idea of the proof: In order for S to be decomposable, we
need to use the Killing vector fields of the form {p, D € Der(n) N so(v).

In this case, Siis a l.c. of g, £ -&e;, & & and &p, - & where {e;};, {z};
are orthonormal basis of v and 3, resp. and {D;}s a basis of Der(n)Nso(n).
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Qutline:

Symmetric Killing tensors on Riemannian manifolds.

Left-invariant Symmetric 2-tensors on 2-step nilpotent Lie groups.

PbA. Description of left-invariant symmetric Killing 2-tensors.
PbB. (In)decomposability of left-invariant symmetric Killing
2-tensors.

Results by dimension.
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PB.B. S € Sym?b DECOMPOSABLE IFF Ja € R S.T. Vz € 3,
S, A\, v;and j : 3 —> so(b) as before.

z

T2A—2 EXTENDS...
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PB.B. S € Sym?b DECOMPOSABLE IFF Ja € R S.T. Vz € 3, T2~2 EXTENDS...

S, \i, v; and j : 3 — so(v) as before.

Given z € 3, T2 € so(v) extends to a skew-symmetric derivation of n if
and only if 3B, € s0(3) such that for each i =1,..., k one has

J(B22)|o; = (Ni = a)li(2),i()lo,  forevery 2 €5 ()
In this case, j(3)|o; is necessarily a subalgebra of s0(v;) whenever \; # a.

THEOREM
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PB.B. S € Sym?b DECOMPOSABLE IFF Ja € R S.T. Vz € 3, T2~2 EXTENDS...

S, \i, v; and j : 3 — so(v) as before.

Given z € 3, T2 € so(v) extends to a skew-symmetric derivation of n if
and only if 3B, € s0(3) such that for each i =1,..., k one has

J(B22')]o; = (i = a)li(2),4(2)]

In this case, j(3)|o; is necessarily a subalgebra of s0(v;) whenever \; # a.

v;, forevery z' € 3. (%)

THEOREM

Every left-invariant symmetric Killing tensor defined on a simply
connected 2-step nilpotent Lie group (N, g) of dimension <7 is
decomposable.
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PB.B. S € Sym2 v DECOMPOSABLE IFF Ja € R S.T. Vz € 3, T)~? EXTENDS...

S, \i, v; and j : 3 — so(v) as before.

Given z € 3, T2 € so(v) extends to a skew-symmetric derivation of n if
and only if 3B, € s0(3) such that for each i =1,..., k one has

J(B22')]o; = (i = a)li(2),4(2)]

In this case, j(3)|o; is necessarily a subalgebra of s0(v;) whenever \; # a.

v;, forevery z' € 3. (%)

THEOREM

Every left-invariant symmetric Killing tensor defined on a simply
connected 2-step nilpotent Lie group (N, g) of dimension <7 is
decomposable.

Proof. If dim3 = 1 then the right side of (%) is zero, for any a ~ choose
B =0, for any tensor S.
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PB.B. S € Sym2 v DECOMPOSABLE IFF Ja € R S.T. Vz € 3, T)~? EXTENDS...

S, \i, v; and j : 3 — so(v) as before.

Given z € 3, T2 € so(v) extends to a skew-symmetric derivation of n if
and only if 3B, € s0(3) such that for each i =1,..., k one has

J(B22')]o; = (i = a)li(2),4(2)]

In this case, j(3)|o; is necessarily a subalgebra of s0(v;) whenever \; # a.

v;, forevery z' € 3. (%)

THEOREM

Every left-invariant symmetric Killing tensor defined on a simply
connected 2-step nilpotent Lie group (N, g) of dimension <7 is
decomposable.

Proof. If dim3 = 1 then the right side of (%) is zero, for any a ~ choose
B =0, for any tensor S.

If dim3 > 2 and S has 2 or more eigenvalues, then bt =01 Py B --- D vy
and dimyp; <2 fori=2,... k.

Symmetric Killing tensors on Riemannian 2-step nilpotent Lie groups CONICET - UNR



PB.B. S € Sym2 v DECOMPOSABLE IFF Ja € R S.T. Vz € 3, T)~? EXTENDS...

S, \i, v; and j : 3 — so(v) as before.

Given z € 3, T2 € so(v) extends to a skew-symmetric derivation of n if
and only if 3B, € s0(3) such that for each i =1,..., k one has

J(B22')]o; = (i = a)li(2),4(2)]

In this case, j(3)|o; is necessarily a subalgebra of s0(v;) whenever \; # a.

v;, forevery z' € 3. (%)

THEOREM

Every left-invariant symmetric Killing tensor defined on a simply
connected 2-step nilpotent Lie group (N, g) of dimension <7 is
decomposable.

Proof. If dim3 = 1 then the right side of (%) is zero, for any a ~ choose
B =0, for any tensor S.

If dim3 > 2 and S has 2 or more eigenvalues, then bt =01 Py B --- D vy
and dimv; < 2 for i = 2,..., k. Hence the right hand side of (x) is zero
for i = 2,...,k and choosing A\; = a it is also zero for i = 1~ choose
B=0.
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z

T2A—2 EXTENDS...
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PB.B. S € Sym?b DECOMPOSABLE IFF Ja € R S.T. Vz € 3,
S, A\i, v; and j 1 3 — so(b) as before.
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PB.B. S € Sym?b DECOMPOSABLE IFF Ja € R S.T. Vz € 3, T2~2 EXTENDS...

S, Ai, v; and j : 3 — so(v) as before.

Given z € 3, T2 € so(v) extends to a skew-symmetric derivation of n if
and only if 3B, € so0(3) such that for each i = 1,..., k one has

J(BZ o, = (i — (@) (les forevery 7 €5 ()
In this case, j(3)|v; is necessarily a subalgebra of so(v;) whenever \; # a.

COROLARY
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PB.B. S € Sym?b DECOMPOSABLE IFF Ja € R S.T. Vz € 3, T2~2 EXTENDS...

S, Ai, v; and j : 3 — so(v) as before.

Given z € 3, T2 € so(v) extends to a skew-symmetric derivation of n if
and only if 3B, € so0(3) such that for each i = 1,..., k one has

J(BZ o, = (i — (@) (les forevery 7 €5 ()
In this case, j(3)|v; is necessarily a subalgebra of so(v;) whenever \; # a.

COROLARY

Let S € Sym?v be a Killing tensor and assume there are i # j such that
J(3)lo; and j(3)|o; are not Lie subalgebras of so(v;) and so(v;),
respectively. Then S is indecomposable.
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PB.B. S € Sym2 v DECOMPOSABLE IFF Ja € R S.T. Vz € 3, T)~? EXTENDS...

S, Ai, v; and j : 3 — so(v) as before.

Given z € 3, T2 € so(v) extends to a skew-symmetric derivation of n if
and only if 3B, € so0(3) such that for each i = 1,..., k one has

J(BZ o, = (i — (@) (les forevery 7 €5 ()
In this case, j(3)|v; is necessarily a subalgebra of so(v;) whenever \; # a.

COROLARY

Let S € Sym?v be a Killing tensor and assume there are i # j such that
J(3)lo; and j(3)|o; are not Lie subalgebras of so(v;) and so(v;),
respectively. Then S is indecomposable.

~~ This can be obtain in any dimension > 8.

Symmetric Killing tensors on Riemannian 2-step nilpotent Lie groups CONICET - UNR



Example (Lie algebra with indecomposable Killing tensors).
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Example (Lie algebra with indecomposable Killing tensors).
Let n with basis ey, ..., €5, 21, Zo with non-zero bracket relations

[e1, €2] = z1 = [es, es], [e2, €3] = 22 = [es5, 5]
Let S € Sym? v defined as
S =ldy, + 2Idy,,

with by = span{e;, e, e3} and v, = span{ey, es,e5}. One has S € IC,?,,V

because [Sx,x] =0 for all x € v.
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Example (Lie algebra with indecomposable Killing tensors).
Let n with basis ey, ..., €5, 21, Zo with non-zero bracket relations

[e1, €2] = z1 = [es, es], [e2, €3] = 22 = [es5, 5]
Let S € Sym? v defined as

S = Idy, + 2ldy,,

with by = span{e;, e, e3} and v, = span{ey, es,e5}. One has S € IC,?,,V
because [Sx,x] =0 for all x € v.

Also v = v; vy and for i = 1,2

0 —s -t
J@)]e, = s 0 0 |:s,teR}p Cso(3),
t 0 0

which is not a subalgebra. Therefore S is indecomposable.

Symmetric Killing tensors on Riemannian 2-step nilpotent Lie groups CONICET - UNR



Example (Lie algebra with indecomposable Killing tensors).
Let n with basis ey, ..., €5, 21, Zo with non-zero bracket relations

[e1, €2] = z1 = [es, es], [e2, €3] = 22 = [es5, 5]

Let S € Sym? v defined as

S = Idy, + 2ldy,,

with by = span{e;, e, e3} and v, = span{ey, es,e5}. One has S € IC,?,,V
because [Sx,x] =0 for all x € v.

Also v = v; vy and for i = 1,2

0 —s -t
J@)]e, = s 0 0 |:s,teR}p Cso(3),
t 0 0

which is not a subalgebra. Therefore S is indecomposable.

~ If N admits a co-compact discrete subgroup I', any left-invariant Killing
tensor on (N, g) is induced to the compact manifold (M'\N, g).
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