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Abstract

The Jacobi group G J
n (R) is an intersting object in Math, with many

applications in Phys. I have investigated the Jacobi gr. with the methods
of coherent states based on homogeneous Kähler manifolds attached to
G J
n (R), determining the balanced metric. Here I consider G J

n (R)
embedded in Sp(n + 1,R). I obtain an invariant metric on an odd
dimensional homogeneous manifold attached to G J

n (R). More formulae are
presented in the case of G J

1 (R).
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Introduction

Notation

Table: Manifolds
Notation Definition Dimension
Sp(n,R) real symplectic group 2n2 + n
Hn(R) real Heisenberg group 2n + 1

G J
n (R) = Hn(R) o Sp(n,R) real Jacobi group (2n+1)(n+1)

XJ
n =

G J
n (R)

U(n)×R ≈ Xn × R2n Siegel-J. upper half space n(n + 3)

X̃J
n =

G J
n (R)
U(n) ≈ XJ

n × R extended Sgl-J. upp. h. space n(n+3)+1

Xn = Sp(n,R)
U(n) ≈ Siegel upper half plane n(n + 1)

{M(n,C)3v |v =s+ir ,v =v t,r > 0} Hermitian symm. sp.
U(n) unitary group n2

Sp(n,R)C =Sp(n,C) ∩U(n,n) iso Sp(n,R) 2n2 + n
G J
n = Hn o Sp(n,R)C complex Jacobi group iso G J

n (R)
DJ

n = Cn ×Dn Siegel-Jacobi ball iso XJ
n

Dn = Sp(n,R)C/U(n) ≈ Siegel ball iso Xn

{M(n,C)3w =w t |11n−ww̄>0} Hermitian symm. sp.
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Introduction

G J
n (R) embedded in Sp(n + 1,R)

g = (M,X , κ) ∈ G J
n (R), X = (λ, µ) ∈ M(1, 2n,R), κ ∈ R,(p, q) = XM−1,

Sp(n + 1,R) 3 g =


a 0 b qt

λ 1 µ κ
c 0 d −pt
0 0 0 1

 , M =

(
a b
c d

)
∈ Sp(n,R).
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Introduction

Relevance:

Math: M. Eichler & D. Zagier 1985; R. Berndt & R. Schmidt 1998; E.
Kähler 1983, ..., 1992, K. Takase, J.-H. Yang...+ :
G J
n : non-reductive, algebraic gr of Harish-Chandra type, CS-type gr ...

Applications: Jacobi forms, automorphic forms, theta functions, Hecke
operators,...
DJ

n: partially bounded domain, non-symmetric, Lu Qi-Keng manifold,
quantizable manifold, projectively induced...

Physics: U. Niederer 1972, C. R. Hagen 1972, K. B. Wolf ...
Applications: quantum mechanics, geometric quantization, nuclear
structure, signal processing, quantum optics: Squeezed states, quantum
teleportation ...

Applications of the present paper: Berry phase? ...??
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GJ
n (R) The Heisenberg group

Hn(R) = (λ, µ, κ), λ, µ ∈ M(1, n,R), κ ∈ R. Composition law:

(λ, µ, κ) ◦ (λ′, µ′, κ′) = (λ+ λ′, µ+ µ′, κ+ κ′ + λµ′t − µλ′t).

g ∈ Hn(R) embedded in Sp(n + 1,R):

g =


1 0 0 µt

λ 1 µ κ
0 0 1 −λt
0 0 0 1

 , g−1 =


1 0 0 −µt
−λ 1− µ −κ
0 0 1 λt

0 0 0 1

 .

g−1 d g = Pλp + Qλq + Rλr .

λp = dλ, λq = dµ, λr = dκ− λ dµt + µ dλt .

Left action of the Heisenberg group on itself:

exp(λP + µtQ + κR)(λ0, µ0, κ0) = (λ+ λ0, µ+ µ0, κ+ κ0 + λµt0 − µλt0).

Left invariant metric: gL(λ, µ, κ) = dλ2 + dµ2 + (dκ− λ dµt + µ dλt)2.
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GJ
n (R) The symplectic group Sp(n,R)

Sp(n,K) -matrices M ∈ M(2n,K), K is R or C,

MtJnM = Jn; Jn =

(
0 11n
−11n 0

)
,

M =

(
a b
c d

)
∈ M(2n,R),

Remark

If M ∈ Sp(n,R), then M is similar with Mt and M−1 and detM = 1.

abt − bat = 0, ad t − bct = 11n, cd
t − dct = 0; (2.1a)

atc − cta = 0, atd − ctb = 11n, b
td − d tb = 0. (2.1b)

M−1 =

(
d t −bt
−ct at

)
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GJ
n (R) The symplectic group Sp(n,R)

M ∈ Sp(n,R) ∩O2n has the expression

M =

(
a b
−b a

)
, ata+btb = aat+bbt = 11n, atb = bta, bat = abt .

M ′ := a + ib ∈ M(n,C). The correspondence M → M ′- group
isomorphism and Sp(n,R) ∩O2n ≈ U(n).
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GJ
n (R) The symplectic group Sp(n,R)

g = sp(n,R) = a real form of the simple Lie algebra sp(n,C) of type cn .
X ∈ sp(n,R) ↔ X tJ + JX = 0 ↔

X =

(
a b
c −at

)
, b = bt , c = ct , a, b, c ∈ M(n,R)

X =
∑
ij

aijHij + 2
∑
i<j

(bijFij + cijGij) +
∑
i=j

(bijFij + cijGij),

Hij =

(
eij 0
0 −eji

)
, 2Fij =

(
0 eij + eji
0 0

)
; 2Gij =

(
0 0

eij + eji 0

)
.

sp(n,R) has the 2n2 + n generators: Hij , ;Fij ,Gij , 1 ≤ i ≤ j ≤ n.
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GJ
n (R) The symplectic group Sp(n,R)

Remark

Transitive action Sp(n,R) y Xn

v1 = (av + b)(cv + d)−1 = (vct + d t)−1(vat + bt),

Xn := {v ∈ M(n,C)|v = s + ir , s,∈ M(n,R), r > 0, st = s; r t = r}.

The correspondence
η : Xn → Xn = Sp(n,R)/K ,K = Sp(n,R) ∩O2n; v 7→ Mx+iyK ,

Mx+iy =

(
11n x
0 11n

)( √
y 0

0
√

y−1

)
=

( √
y x

√
y−1

0
√
y−1

)
.

is a 1-1 map; realizes Xn as homogenous manifold Xn = Sp(n,R)/U(n).
The subgroup of Sp(n,R) that stabilizes i11n ∈ Xn is the subgroup of
orthogonal symplectic matrices.
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GJ
n (R) The symplectic group Sp(n,R)

Remark

Unique decomposition, x , y, – symmetric, y > 0 , x := ty , X + iY ∈ U(n):

Sp(n,R) 3 M =

(
a b
c d

)
=

(
11n x
0n 11n

)(
y 0n
0n y−1

)(
X Y
−Y X

)
,

XX t + YY t = X tX + Y tY = 11n, X
tY = Y tX , XY t = YX t .

y =(dd t +cct)−
1
2 ,X − iY =y(d+ic), t=y2(dbt +cat)y−1=(bd t +act)y ,

x = (dd t + cct)−1(dbt + cat) = (bd t + act)(dd t + cct)−1.

The inverse transform:
a=yX−xy−1Y , b=yY +xy−1X , c =−y−1Y , d =y−1X .

For SL(2,R): y → y1/2, X = cos θ, Y = sin θ. The first factor - “free
propagation subgroup”.
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GJ
n (R) The symplectic group Sp(n,R)

Lemma

Action of M ∈ Sp(n,R) on Xn ≈ Sp(n,R)
U(n) , with Pre-Iwasawa dec.:

(a, b, c , d) ◦ (x ′, y ′,X ′,Y ′)→ (x1, y1,X1,Y1),
x ′, y ′ ∈ M(n,R), x ′ = (x ′)t , y ′ = (y ′)t , y ′ > 0,

a = y1/2X−xy−1/2Y , b = y1/2Y +xy−1/2X , c = −y−1/2Y , d = y−1/2X ,

x1+iy1 =[c(y ′ + x ′y ′
−1

x ′)ct + d(y ′)−1d t + cx ′(y ′)−1d t + d(y ′)−1x ′ct ]−1

× [c(y ′+x ′(y ′)−1x ′)at +cx ′(y ′)−1bt +d(y ′)−1x ′at +d(y ′)−1bt + i],

X1 − iY1 = (y1)1/2{(cx ′ +d)(y ′)−1/2X ′ + c(y ′)1/2Y ′

− i[c(y ′)1/2X ′ − (cx ′ + d)(y ′)−1/2Y ′]}.

Pre-Iwasawa dec. ≡ Möbius transf.: M ◦ v ′ → v1 = x1 + iy1

x1 + iy1 = (v̄ ′ct + d t)−1(
B

2
+ iy ′)(cv ′ + d)−1,

B = 2v̄ ′atcv ′ + v̄ ′(ctb + atd) + (btc + d ta)v ′ + 2btd .
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GJ
n (R) GJ

n (R) embedded in Sp(n + 1,R)

Composition law

G J
n (R) = Hn(R) o Sp(n,R), with the composition law:

(M, (λ, µ, κ))◦(M ′, (λ′, µ′, κ′)) = (MM ′, (λ̃+λ′, µ̃+µ′, κ+κ′+λ̃µ′t−µ̃λ′t),

M,M ′ ∈ Sp(n,R), (λ, µ, κ), (λ′, µ′, κ′) ∈ Hn(R), (λ̃, µ̃) = (λ, µ)M ′.
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GJ
n (R) GJ

n (R) embedded in Sp(n + 1,R)

Restricted real group G J
n (R)0, g = (M,X ), X = (λ, µ).

u = pv + q, v = x + iy , v = v t , y > 0, p, q ∈ M(1, n,R).

Lemma

a) Xn 3 v = x + iy, G J
n (R)0 y XJ

n: (M,X )× (v ′, u′)→ (v1, u1)

v1 = (av ′ + b)(cv ′ + d)−1 = (v ′ct + d t)−1(v ′at + bt),

u1 = (u′ + λv ′ + µ)(cv ′ + d)−1.

For λ, µ ∈ M(1, n,R), (p, q) s. t.:

(p, q) = (λ, µ)M−1 = (λd t − µct ,−λbt + µat),

(λ, µ) = (p, q)M = (pa + qc , pb + qd), p, q, λ, µ ∈ M(1, n,R).
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GJ
n (R) GJ

n (R) embedded in Sp(n + 1,R)

Action Lemma - continuation

b) G J
n (R)0 y XJ

n: (M,X )× (x ′, y ′, p′, q′)→ (x1, y1, p1, q1), v = x + iy ,

(p1, q1) = (p, q) + (p′, q′)

(
a b
c d

)−1
= (p+p′d t−q′ct , q−p′bt +q′at).

c) G J
n (R) y X̃J

n ≈ XJ
n × R:

(M, (λ, µ), κ)× (x ′, y ′, p′, q′, κ′)→ (x1, y1, p1, q1, κ1),

κ1 = κ+ κ′ + λq′t − µp′t .

d) The 1-form -invariant G J
n (R) y X̃J

n:

λR = dκ− p d qt + q d pt
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GJ
n (R) GJ

n (R) embedded in Sp(n + 1,R)

Let M ∈ Sp(n,R). We introduce the matrix

g =

(
A B
C D

)
∈ M(2n + 2,R),

A=

(
ann On1

λ1n 111

)
,B =

(
bnn qtn1
µ1n κ11

)
,C =

(
cnn On1

O1n O11

)
,D =

(
dnn −ptn1
O1n 111

)
,

Remark

The matrix g is in Sp(n + 1,R).
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GJ
n (R) GJ

n (R) embedded in Sp(n + 1,R)

2Fij =


0 0 Eij +Eji 0
0 0 0 0
0 0 0 0
0 0 0 0

,

2Gij =


0 0 0 0
0 0 0 0

Eij +Eji 0 0 0
0 0 0 0

 ,

Hij =


Eij 0 0 0
0 0 0 0
0 0 −Eji 0
0 0 0 0

 ,
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GJ
n (R) GJ

n (R) embedded in Sp(n + 1,R)

Pp =


0 0 0 0
E1p 0 0 0

0 0 0 −Ep1

0 0 0 0

 ,

Qq =


0 0 0 Eq1

0 0 E1q 0
0 0 0 0
0 0 0 0

 ,

R =


0 0 0 0
0 0 0 111
0 0 0 0
0 0 0 0

 .
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GJ
n (R) GJ

n (R) embedded in Sp(n + 1,R)

X ∈ gJn(R) as submatrix of Sp(n + 1,R):

X =
n∑

i ,j=1

aijHij + 2
∑

1≤i<j≤n
(bijFij + cijGij)

+
∑

1≤i=j≤n
(bijFij + cijGij) +

n∑
i=1

(piPi + qiQi ) + rR, b = bt , c = ct .

[Hkl ,Fij ] = δljFik + δliFkj ,

[Gij ,Hkl ] = δkiGlj + δkjGli ,

4[Fij ,Gkl ] = δliHkj + δjlHik + δjkHil + δikHjl ,

[Pp,Qq] = 2δpqR,

2[Pp,Fij ] = δpiQj + δpjQi ,

2[Qq,Gij ] = δiqPj + δjqPi ,

[Pp,Hij ] = δpiPj ,

[Hij ,Qq] = δjqQi .
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GJ
n (R) GJ

n (R) embedded in Sp(n + 1,R)

g = (M,X , κ) ∈ G J
n (R),

g =


a 0 b qt

λ 1 µ κ
c 0 d −pt
0 0 0 1

 , g−1 =


d t 0 −bt −µt
−p 1 −q −κ
−ct 0 at λt

0 0 0 1

 .
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GJ
n (R) GJ

n (R) embedded in Sp(n + 1,R)

g−1 d g =
n∑

i ,j=1

(λH)ijHij +
∑

1≤i≤j≤n
[(λF )ijFij + (λG )ijGij ]

+
n∑
1

[(λP)iPi + (λQ)iQi ] + λRR,

λF = d t d b − bt d d = (λF )t ,

λG = −ct d a + at d c = (λG )t ,

λH = d t d a− bt d c = d btc − d d ta = (λH)t ,

λP = dλ− p d a− q d c = d pa + d qc = λp − λλH − µλG ,
λQ = d qd + d pb = dµ− p d b − q d d = λq − λλF + µλH ,

λR = dκ− p d qt + q d pt = λr + λλFλt − µλGµt − 2λλHµt .
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GJ
n (R) GJ

n (R) embedded in Sp(n + 1,R)

λF = X t dY − Y t dX + X ty−1 d yY + (X ty−1 d x + Y t d y)y−1X ,

λG = −X t dY + Y t dX + Y ty−1 d yX + (−Y ty−1 d x + X t d y)y−1Y ,

λH = X t dX + Y t dY + X ty−1 d yX − (X ty−1 d x + Y t d y)y−1Y .

λF + λG =X t(y−1 d y+d yy−1)Y +Y t(y−1 d y+d yy−1)X

+X ty−1 d xyy−1X−Y ty−1 d xy−1Y ,

λF−λG =2(X t dY−Y t dX )+2X t(y−1 d y−d yy−1)Y

+X ty−1 d xy−1X +Y ty−1 d xy−1Y .

λF =
d x

y
cos2 θ +

d y

2y
sin 2θ + d θ,

λG = −d x

y
sin2 θ +

d y

2y
sin 2θ − d θ,

λH = −d x

2y
sin 2θ +

d y

2y
cos 2θ.
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GJ
n (R) GJ

n (R) embedded in Sp(n + 1,R)

Differences G J
n (R), n > 1, n = 1

For G J
n (R), ∀N 3 n > 1:

λF + λG does not depend on dX , dY , but λH does.

For G J
1 (R):

X = cos θ,Y = sin θ, and λF + λG , λH does not depend on d θ.
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GJ
n (R) Invariant metrics on XJ

n and X̃J
n

k indexes the holomorphic discrete series of Sp(n,R), ν representations of
the Heisenberg group:

Lemma

The Kähler two-form on XJ
n ≈ Xn × Cn, invariant to the action G J

n (R)0:

−iωXJ
n
(v , u) =

k

2
Tr(H ∧ H̄) +

2ν

i
Tr(G tD ∧ Ḡ ),

D = (v̄ − v)−1, H = D d v , G = d ut − d vD(ūt − ut).

We get for G , G = v d pt + d qt . if α = k
4 , γ = ν
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GJ
n (R) Invariant metrics on XJ

n and X̃J
n

Result

Proposition

The metric on XJ
n, invariant to the action of G J

n (R)0:

d s2XJ
n
(x , y , p, q) = α[Tr(y−1 d x)2 + (y−1 d y)2]

+ γTr[d p(xy−1x + yy−1y) d pt + d qy−1 d qt + 2 d pxy−1 d qt ].

The three parameter metric on X̃J
n, invariant to the action of G J

n (R):

d s2
X̃J
n
(x , y , p, q, κ)=d s2XJ

n
(x , y , p, q)+δ(λR)2

=α[Tr(y−1 d x)2 + (y−1 d y)2]

+γTr[d p(xy−1x+yy−1y) d pt+d qy−1 d qt +2 d pxy−1dqt]

+δ(dκ− p d qt + q d pt)2.
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The particular case GJ
1 (R)

Jacobi group - ”in Math” - 1998

The real Jacobi group G J
1 (R) - subgroup of Sp(2,R): 4× 4 real matrices

g = ((λ, µ, κ) ,M), (λ, µ, κ) ∈ H1(R), M ∈ SL(2,R)

H1 3 g =


1 0 0 µ
λ 1 µ κ
0 0 1 −λ
0 0 0 1

 , g−1 =


1 0 0 −µ
−λ 1 −µ −κ
0 0 1 λ
0 0 0 1

 .

M =

(
a b
c d

)
, ad − bc = 1,

Y = (p, q) := XM−1 = (λd − µc , µa− λb), X = (λ, µ)

gJ1(R) := 〈P,Q,R,F,G,H〉R, h = 〈P,Q,R〉R, sl(2,R) = 〈F,G,H〉R. P, Q,
R, F, G, H are 4× 4 matrices of coefficients

[P,Q] = 2R, [F,G] = H, [H,F] = 2F, [G,H] = 2G,

[P,F] = Q, [Q,G] = P, [P,H] = P, [H,Q] = Q,
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The particular case GJ
1 (R)

Parametrization of the real Jacobi group

G J
1 (R):

EZ-coordinates: (x , y , θ, λ, µ, κ)
S-coordinates: (x , y , θ, p, q, κ), x + iy ∈ XJ

1

(x , y , θ)- from Iwasawa (=pre-Iwasawa) decomposition of SL(2,R)
Action of SL(2,R) on XJ

1 compatible with linear fractional transf.

G J
n (R), N 3 n > 1:

(x , y ,X ,Y ), x + iy ∈ XJ
n, X − iY ∈ U(n) from pre-Iwasawa decomposition

of Sp(n,R)
Action of Sp(n,R) on XJ

n compatible with linear fractional transf.
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The particular case GJ
1 (R) The Heisenberg subgroup of Sp(2,R)

The composition law of the 3-dimensional Heisenberg group H1(R)

(λ, µ, κ)(λ′, µ′, κ′) = (λ+ λ′, µ+ µ′, κ+ κ′ + λµ′ − λ′µ).

The Lie algebra of H1 in the space M(4,R)

P =


0 0 0 0
1 0 0 0
0 0 0 −1
0 0 0 0

 , Q =


0 0 0 1
0 0 1 0
0 0 0 0
0 0 0 0

 , R =


0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0

 ,
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The particular case GJ
1 (R) The Heisenberg subgroup of Sp(2,R)

g−1 d g = Pλp + Qλq + Rλr , d gg−1 = Pρp + Qρq + Rρr ,
λp = dλ,
λq = dµ,
λr = dκ− λ dµ+ µ dλ

;


Lp = ∂λ − µ∂κ,
Lq = ∂µ + λ∂κ,
Lr = ∂κ

,


ρp = dλ,
ρq = dµ,
ρr = dκ− µ dλ+ λ dµ

;


Rp = ∂λ + µ∂κ,
Rq = ∂µ − λ∂κ
R r = ∂κ

gL
H1

(λ, µ, κ) = (λp)2 + (λq)2 + (λr )2 = dλ2 + dµ2 + (dκ− λ dµ+ µ dλ)2

exp(λP + µQ + κR)(λ0, µ0, κ0) = (λ+ λ0, µ+ µ0, κ+ κ0 + λµ0 − µλ0).

P∗ = ∂λ + µ∂κ, Q
∗ = ∂µ − λ∂κ, R∗ = ∂κ.

Boyer & Galicki, 2008; Boyer 2009: Sasakian Geometry of Heisenberg
group.
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The particular case GJ
1 (R) The SL(2,R) subgroup of Sp(2,R)

SL(2,R)3
(

a b
c d

)
→g =


a 0 b 0
0 1 0 0
c 0 d 0
0 0 0 1

∈ G J
1 (R), g−1 =


d 0 −b 0
0 1 0 0
−c 0 a 0
0 0 0 1

 .

sl(2,R) =< F ,G ,H >R matrices in M(4,R)

F =


0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0

 , G =


0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0

 , H =


1 0 0 0
0 0 0 0
0 0 −1 0
0 0 0 0

 .

sl(2,R) =< F ,G ,H >R matrices in M(2,R)

F =

(
0 1
0 0

)
, G =

(
0 0
1 0

)
, H =

(
1 0
0 −1

)
.
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The particular case GJ
1 (R) The SL(2,R) subgroup of Sp(2,R)

g−1 d g = Fλf + Gλg + Hλh, d gg−1 = Fρf + Gρg + Hρh.
λf = d d b − b d d ,
λg = −c d a + a d c ,
λh = d d a− b d c = c d b − a d d

;


ρf = −b d a + a d b,
ρg = d d c − c d d ,
ρh = d d a− c d b

.

Iwasawa decomposition M = NAK

M =

(
1 x
0 1

)(
y

1
2 0

0 y−
1
2

)(
cos θ sin θ
− sin θ cos θ

)
, y > 0.

a = y1/2 cos θ − xy−1/2 sin θ,

b = y1/2 sin θ + xy−1/2 cos θ,

c = −y−1/2 sin θ,

d = y−1/2 cos θ,
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The particular case GJ
1 (R) The SL(2,R) subgroup of Sp(2,R)

x =
ac + bd

d2 + c2
; y =

1

d2 + c2
, sin θ = − c√

c2 + d2
, cos θ =

d√
c2 + d2

.

M, M ′, M1 ∈ SL(2,R), MM ′ = M1. Action of M ∈ SL(2,R) on (x ′, y ′, θ′)

x1 + i y1 =
(ax ′ + b)(cx ′ + d) + acy ′2 + i y ′

Λ
,Λ = (cx ′ + d)2 + (cy ′)2,

sin θ∗ =
(cx ′ + d) sin θ′ − cy ′ cos θ′√

Λ
, cos θ∗ =

cy ′ sin θ′ + (cx ′ + d) cos θ′√
Λ

Left (right)-invariant one-forms λ-s w. r. action (respectively ρ-s)
λf = d x

y cos2 θ + d y
2y sin 2θ + d θ,

λg = −d x
y sin2 θ + d y

2y sin 2θ − d θ,

λh = −d x
2y sin 2θ + d y

2y cos 2θ

;


ρf = d x − x

y d y + x2+y2

y d θ,

ρg = −d θ
y ,

ρh = d y
2y −

x
y d θ.

.
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The particular case GJ
1 (R) The SL(2,R) subgroup of Sp(2,R)

Lf = y cos 2θ
∂

∂x
+ y sin 2θ

∂

∂y
+ sin2 θ

∂

∂θ
,

Lg = y cos 2θ
∂

∂x
+ y sin 2θ

∂

∂y
− cos2 θ

∂

∂θ
,

Lh = −2y sin 2θ
∂

∂x
+ 2y cos 2θ

∂

∂y
+ sin 2θ

∂

∂θ
,

λ1 =
√
α(λf + λg ) =

√
α

y
(cos 2θ d x + sin 2θ d y),

λ2 = 2
√
αλh =

√
α

y
(− sin 2θ d x + cos 2θ d y),

λ3 =
√
β(λf − λg ) =

√
β(

d x

y
+ 2 d θ).

< λi |Lj >= δij , i , j = 1, 2, 3.

[λ1, λ2] = −4
α√
β
λ3, [λ2, λ3] = 4

√
βλ1, [λ3, λ1] =

√
βλ2,
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The particular case GJ
1 (R) The SL(2,R) subgroup of Sp(2,R)

L1 =
1

2
√
α

(Lf + Lg ) =
1√
α

(y cos 2θ
∂

∂x
+ y sin 2θ

∂

∂y
− 1

2
cos 2θ

∂

∂θ
),

L2 =
1

2
√
α
Lh =

1√
α

(−y sin 2θ
∂

∂x
+ y cos 2θ

∂

∂y
+

1

2
sin 2θ

∂

∂θ
),

L3 =
1

2
√
β

(Lf − Lg ) =
1

2
√
β

∂

∂θ
.

f ∗ = F ∗1 =
∂

∂x
, h∗ = H∗1 = 2(x

∂

∂x
+ y

∂

∂y
),

g∗ = G ∗1 − y
∂

∂θ
= (y2 − x2)

∂

∂x
− 2xy

∂

∂y
− y

∂

∂θ
,

v =
√
α(F + G ), h1 = 2

√
αH, w =

√
β(F − G ),

v∗ =
√
α[(1− x2 + y2)

∂

∂x
− 2xy

∂

∂y
− y

∂

∂θ
],

h1∗ = 4
√
α(x

∂

∂x
+ y

∂

∂y
), w∗ =

√
β[(1 + x2 − y2)

∂

∂x
+ 2xy

∂

∂y
+ y

∂

∂θ
].

Stefan (IFIN-HH, Bucharest) GJ
n (R) revisited 35/62 Bucharest, 2019 35 / 62



The particular case GJ
1 (R) The SL(2,R) subgroup of Sp(2,R)

Invariant metric on SL(2,R)

Proposition

d s2SL(2,R)(x , y , θ) = λ21 + λ22 + λ23

= α
d x2 + d y2

y2
+ β(

d x

y
+ 2 d θ)2

=
(α + β) d x2 + α d y2

y2
+ 4β d θ2 + 4

β

y
d x d θ.

gSL(2,R)(x , y , θ) =

 gxx 0 gxθ
0 gyy 0
gθx 0 gθθ

 ,
gxx = α+β

y2 , gyy = α
y2 ,

gθθ = 4β, gxθ = 2βy .

L1, L2, L3 are orthonormal with respect to the metric. The vector fields
v∗, h1∗,w∗ are Killing vectors of the invariant metric on SL(2,R)
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The particular case GJ
1 (R) The SL(2,R) subgroup of Sp(2,R)

Proposition - continuation

− 2(α + β)X 2 + 2(α + β)y∂xX
1 + 4βy2∂xX

3 = 0,

α∂xX
2 + (α + β)∂yX

1 + 2βy∂yX
3 = 0,

− 2βX 2 + 2βy∂xX
1 + (α + β)∂θX

1 + 2βy∂θX
3 = 0,

− X 2 + y∂yX
2 = 0,

2βy∂yX
1 + 4βy2∂yX

3 + α∂θX
2 = 0,

β∂θX
1 + 2βy∂θX

3 + ∂θX
1 + 2βy∂θX

3 = 0.
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The particular case GJ
1 (R) The SL(2,R) subgroup of Sp(2,R)

Proposition - continuation

(L3, λ3,Φ
′)- almost contact structure on SL(2,R)

Φ′ =

 0 1 0
−1 0 0
0 − 1

2y 0


Contact distribution D := Ker(η) =< V1,V2 >=<

∂

∂x
− 1

2y

∂

∂θ
,
∂

∂y
>,

(SL(2,R)(x , y , θ),X1, d s
2
D) is a sub-Riemannian manifold and

d s2SL(2,R)(x , y , θ) = d s2X1
+ λ23,

d s2X1
is the (Beltrami) Kähler metric

d s2X1
= λ21 + λ22 = α

d x2 + d y2

y2

The invariant vectors orthonormal orthonormal w.r.t. the metric

l10 =
y√
α

∂

∂x
, l20 =

y√
α

∂

∂y
.
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The particular case GJ
1 (R) The SL(2,R) subgroup of Sp(2,R)

Proposition - continuation & end

The manifold SL(2,R) admits the homogenous contact metric structure
(λ3, L

3,Φ′,gSL(2,R)). The group SL(2,R) has a K-contact structure
associated with ξ = L3, and is a Sasaki manifold with the Riemann cone
(C (SL(2,R)), ω, ḡ) with respect to the metric

ḡ(r , x , y , θ) := d r2 + r2gSL(2,R)(x , y , θ), ω := d(r2λ3).

Comment Explicit invariant metrics on SL(2,R) in coordinates different of
(x , y , θ) appears in in Kowalski 1983. A different form of the invariant
metric on SL(2,R) appears in the context of BCV spaces (1898, 1928,
1962, ...). See Patrangenaru 1996 in the context of Milnor approach to
invariant metrics on 3-dimensional groups.
Remark The Siegel upper half-plane X1 admits a realization as
noncompact Hermitian symmetric space

X1 =
SL(2,R)

SO(2)
≈ SU(1, 1)

U(1)
.

X1 is a symmetric, naturally reductive space.
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The particular case GJ
1 (R) The Jacobi group GJ

1 (R) subgroup of Sp(2,R)

Left-invariant one forms on G J
1 (R) in (x , y , θ, p, q, κ)

g−1 d g = λFF + λGG + λHH + λPP + λQQ + λRR.

λF = λf , λG = λg , λH = λh,

λP = dλ− p d a− q d c = c d q + a d p = λp − λλh − µλg ,

= −y−
1
2 sin θ d q + (y

1
2 cos θ − xy−

1
2 sin θ) d p,

λQ = d d q + b d p = λq − p d b − q d d ,

= y−
1
2 cos θ d q + (y

1
2 sin θ + xy−

1
2 cos θ) d p,

λR = dκ− p d q + q d p = λr + λ2λf − µ2λg − 2λµλh,
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The particular case GJ
1 (R) The Jacobi group GJ

1 (R) subgroup of Sp(2,R)

Left-invariant vector fields Lα, < λβ|Lα >= δα,β

Proposition

LF = Lf , LG = Lg , LH = Lh, LP = LP0 + LP+, L
Q = LQ0 + LQ+,

LP0 = d
∂

∂p
− b

∂

∂q
=

cos θ

y
1
2

∂

∂p
− x cos θ + y sin θ

y
1
2

∂

∂q
,

LP+ = −(pb + qd)
∂

∂κ
= − 1

y1/2
[p(x cos θ + y sin θ) + q cos θ]

∂

∂κ
,

LQ0 = −c ∂
∂p

+ a
∂

∂q
=

sin θ

y
1
2

∂

∂p
+

y cos θ − x sin θ

y
1
2

∂

∂q
,

LQ+ = (pa + qc)
∂

∂κ
=

1

y1/2
[p(y cos θ − x sin θ)− q sin θ]

∂

∂κ
,

LR =
∂

∂κ

LF − LR - same comm. relations as F − R ∈ gJ1(R).
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The particular case GJ
1 (R) The Jacobi group GJ

1 (R) subgroup of Sp(2,R)

Notation

λ4 :=
√
γλP , λ5 :=

√
γλQ , λ6 :=

√
δλR ,

L4 :=
1
√
γ
LP , L5 :=

1
√
γ
LQ , L6 :=

1√
δ
LR ,

L10 :=
y√
α

(cos 2θ
∂

∂x
+ sin 2θ

∂

∂y
), L20 :=

y√
α

(− sin 2θ
∂

∂x
+ cos 2θ

∂

∂y
),

L40 :=
1
√
γ
LP0 , L

5
0 :=

1
√
γ
LQ0 L60 :=

1√
δ
LR .
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The particular case GJ
1 (R) The Jacobi group GJ

1 (R) subgroup of Sp(2,R)

Commutation relations

The vector fields Li , i = 1, . . . , 6 verify the commutations relations

[L1, L2] = −
√
β

α
L3 [L2, L3] =

1

2
√
β
L1 [L3, L1] =

1√
β
L2

[L1, L4] = − 1

2
√
α
L5 [L1, L5] = − 1

2
√
α
L4 [L1, L6] = 0

[L2, L4] = − 1

2
√
α
L4 [L2, L5] =

1

2
√
α
L5 [L2, L6] = 0

[L3, L4] = − 1

2
√
α
L5 [L3, L5] =

1

2
√
β
L4 [L3, L6] = 0

[L4, L5] =
2
√
δ

γ
L6 [L4, L6] = 0 [L5, L6] = 0
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The particular case GJ
1 (R) Invariant metrics on XJ

1 , X̃J
1 , GJ

1 (R)

Invariant metric on XJ
1

Proposition

Kähler balanced metric, invariant to G J
0 (R)

d s2
XJ
1
(τ, z) = −c1

d τ d τ̄

(τ − τ̄)2
+

2 i c2
τ − τ̄

(d z − p d τ)× cc , p =
z − z̄

τ − τ̄

d s2
XJ
1
(x , y , p, q)=c1

d x2+d y2

4y2
+

c2
y

[
(x2 + y2) d p2 + d q2 + 2x d p d q

]
= c1

d x2 + d y2

4y2
+c2

x2+y2

y

[
(d p+

x

x2+y2
d q)2+(

y d q

x2+y2
)2
]
,

d s2
XJ
1
(x , y , ξ, η) = c1

d x2 + d y2

4y2
+

+
c2
y

[
d ξ2 + d η2 + (

ξ

y
)2(d x2 + d y2)− 2

η

y
(d x d ξ + d y d η)

]
.
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The particular case GJ
1 (R) Invariant metrics on XJ

1 , X̃J
1 , GJ

1 (R)

Proposition - continuation

c1
4 := α, c2 := γ,

gXJ
1

=


gxx 0 0 0
0 gyy 0 0
0 0 gpp gpq
0 0 gpq gqq

, gxx =gyy = α
y2 gpp =γ x2+y2

y

gqq = γ
y gpq =γ x

y

.

d s2
XJ
1

= λ21 + λ22 + λ24 + λ25.

The vector fields Lj0 dual orthogonal to the invariant one-forms λi ,

< λi |Lj0 >= δij , i , j = 1, 2.4, 5. The metric is orthonormal with respect to
the vector fields L10, L

2
0, L

4
0, L

5
0.
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The particular case GJ
1 (R) Invariant metrics on XJ

1 , X̃J
1 , GJ

1 (R)

Proposition - continuation

Fundamental vector fields are Killing vectors

− X 2 + y∂xX
1 = 0,

∂xX
2 + ∂yX

1 = 0,

c2[(x2 + y2)∂xX
3 + x∂xX

4] +
c1
4y
∂pX

1 = 0,

c1
4y
∂qX

1 + c2(x∂xX
3 + ∂xX

4) = 0,

− X 2 + y∂yX
2 = 0,

c2[(x2 + y2)∂yX
3 +

x

y
∂yX

4] +
c1
y
∂pX

2 = 0,

c2[x∂yX
3 + ∂yX

4] +
c1
4y
∂qX

2 = 0,

2xyX 1 + (−x2 + y2)X 2 + 2y(x2 + y2)∂pX
3 + 2xy∂pX

4 = 0,

yX 1 − xX 2 + xy∂pX
3 + y∂pX

4 + y(x2 + y2)∂qX
3 + xy∂qX

4 = 0,

− X 2 + 2xy∂qX
3 + 2y∂qX

4 = 0.
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The particular case GJ
1 (R) Invariant metrics on XJ

1 , X̃J
1 , GJ

1 (R)

”historical” comment

Comment In 1984 Berndt considered the closed two-form Ω = d d̄f on XJ
1,

G J(R)0-invariant, obtained from the Kähler potential

f (τ, z) = c1 log(τ − τ̄)− i c2
(z − z̄)2

τ − τ̄
, c1, c2 > 0, (3.12)

where c1 = k
2 , c2 = 2µ comparatively to our formula. Formula (3.12) is

presented by Berndt as “communicated to the author by Kähler”. In § 36
of his last paper in 1992, Kähler argues how to choose the potential as in
(3.12). Yang calculated the metric on XJ

n, invariant to the action of
G J
n (R)0. The equivalence of the metric of Yang with the metric obtained

via coherent states on DJ
n in S. B. 2012.
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The particular case GJ
1 (R) Invariant metrics on XJ

1 , X̃J
1 , GJ

1 (R)

Invariant metric on X̃J
1 in (x , y , p, q, κ)-coordinates

Proposition

d s2
X̃J
1

= d s2
XJ
1
(x , y , p, q) + λ26(p, q, κ)

=
α

y2
(d x2 + d y2) + [

γ

y
(x2 + y2) + δq2] d p2 + (

γ

y
+ δp2) d q2 + δ dκ2

+ 2(γ
x

y
− δpq) d p d q + 2δ(q d p dκ− p d q dκ)

g
X̃J
1

=


gxx 0 0 0 0
0 gyy 0 0 0
0 0 g ′pp g ′pq g ′pκ
0 0 g ′qp g ′qq g ′qκ
0 0 g ′κp g ′κq g ′κκ

 ,

g ′pq =gpq − δpq, g ′pκ=δq,
g ′pp =gpp + δq2, g ′qq =gqq + δp2,

g ′qκ=−δp, g ′κκ=δ,
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The particular case GJ
1 (R) Invariant metrics on XJ

1 , X̃J
1 , GJ

1 (R)

Proposition- continuation

The metric is orthonormal w.r.t. the vector fields Li0, i = 1, 2,
Li , i = 4, 5, 6.
X̃J
1 does not admit an almost contact structure (Φ, ξ, η) with a supposed

contact form η = λ6 and Reeb vector ξ = Ker(η).
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The particular case GJ
1 (R) Invariant metrics on XJ

1 , X̃J
1 , GJ

1 (R)

Invariant metric on G J
1 (R) in S-coordinates

Theorem

d s2
G J
1 (R)

=
6∑

i=1

λ2i

= α
d x2 + d y2

y2
+ β(

d x

y
+ 2 d θ)2

+
γ

y
[d q2 + (x2 + y2) d p2 + 2x d p d q] + δ(dκ− p d q + q d p)2,

gG J
1

=



gxx 0 gxθ 0 0 0
0 gyy 0 0 0 0
gθx 0 gθθ 0 0 0
0 0 0 g ′pp g ′pq g ′pκ
0 0 0 g ′qp g ′qq g ′qκ
0 0 0 g ′κp g ′κq g ′κκ

 ,
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The particular case GJ
1 (R) Invariant metrics on XJ

1 , X̃J
1 , GJ

1 (R)

Theorem - continuation

< λi |Lj >= δij , i , j = 1, . . . , 6

The vector fields Li , i = 1, . . . , 6 are orthonormal w. r. t. the metric.

1 if β, γ, δ = 0 - the Siegel upper half plane X1,

2 if γ, δ = 0, β 6= 0 - the group SL(2,R),

3 if β, δ = 0 - the Siegel-Jacobi half plane XJ
1,

4 if β = 0 - the extended Siegel Jacobi half plane X̃J
1,

5 if αβγδ 6= 0 - the Jacobi group G J
1 .
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The particular case GJ
1 (R) Natural reductivity of XJ

1 (R)

Proposition

(XJ
1 =

G J
1 (R)

SO(2)×R , gXJ
1
) is a reductive non-symmetric manifold, not naturally

reductive w. r. t. the balanced metric.
XJ
1 is not a g.o. manifold w.r.t. the balanced metric. However, when

expressed in the variables that appear in the FC-transform, it is a naturally
reductive space with the metric gX1 × gR2 .
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The particular case GJ
1 (R) Natural reductivity of XJ

1 (R)

Proposition - continuation- geodesic vectors

gJ1 3 X = aL1 + bL2 + cL3 + dL4 + eL5 + fL6

Table 1: Components of the geodesic vector

Nr. cr. a b c d e f

1 0 0 c 0 0 f

2 a b 0 0 0 f

3 rc 0 c ±rc 0 f

4 a 0 −a 0 ε
√
ra f

5 ε1ε2
1−r√

r
e ε1e − ε1ε2√

r
e ε2

√
re e f

r =
√

α
β , ε21 = ε22 = ε2 = 1.
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Appendix

The method - Cartan moving frame

M = G/H - reductive homogeneous space. g (h) – the Lie algebra of G
(H), → ∃ m s.t. g = m + h, m ∩ h = ∅, TxM ≡ m, H = Gx — is the
isotropy group at x .
Xi , i = 1, . . . , n - a basis g:

m =< X1, . . . ,Xm >, h =< Xm+1, . . . ,Xn >, dimm = m.

Left-invariant one forms λi , left-invariant vector fields Li on G :

g−1 d g =
n∑

i=1

λiXi , < λi |Lj >= δij , i , j = 1, . . . , n.

Invariant metric on G : d s2G =
∑n

i=1 λ
2
i , gM(Li , Lj) = δi ,j , i , j = 1, . . . , n.

Lj0 - projections on M of the vector fields Lj , j = 1, . . . ,m.

< λi |Lj0 >= δij , gM =
m∑
i=1

λ2i

Fundamental v. f. X ∗i , i = 1, . . . ,m are Killing vectors for the metric gM .
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Appendix

Homogeneous reductive space

Definition

M = G/H homogeneous space is reductive ↔ ∃ m, Ad(H)-invariant
subspace

g = h + m, h ∩m = 0, (4.1a)

Ad(H)m ⊂ m. (4.1b)

(4.1b) =⇒
[h,m] ⊂ m (4.1c)

and, conversely, if H is connected, then (4.1c) implies (4.1b).

[m,m] ⊂ h → M= symmetric.
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Appendix

Naturally reductive spaces

Definition

(M = G/H, g) - homogeneous Riemannian (or pseudo-Riemannian space)
is naturally reductive if it is reductive and

B(X , [Z ,Y ]m) + B([Z ,X ]m,Y ) = 0, X ,Y ,Z ∈ m.

B = the non-degenerate symmetric bilinear form on m induced by the
Riemannian (pseudo-Riemannian) structure on M under the natural
identification of the spaces m and Mo

B(X ,Y ) = g(X ∗,Y ∗)o , X ,Y ∈ m,

B(X ,Y ) = B(AdG/H(h)X ,AdG/H(h)Y ), ∀ X ,Y ∈ m, h ∈ H.
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Appendix

Naturally reductive spaces - continuation

Proposition

(M, g) - homogeneous Riemannian manifold. =⇒ (M, g) - a naturally
reductive Riemannian homogenous space ↔ ∃ a connected Lie subgroup G
of I (M) acting transitively and effectively on M and a reductive
decomposition (4.1a), such that one of the following equivalent
statements hold:
(i) g([X ,Z ]m,Y ) + g(X , [Z ,Y ]m) = 0 ∀X ,Y ,Z ∈ m,
(ii) (*): every geodesic in M = the orbit of a one-parameter;
subgroup of I (M) generated by some X ∈ m.
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Appendix

3-dimensional Naturally reductive spaces - 1983

Theorem

A 3-dimensional complete, simply connected N. R. Riemannian manifold
(M, g) is either:

(a) a symmetric space realized by the real forms: R3, S3 or the
Poincaré half-space H3, and S2 × R, H2 × R, or

(b) a non-symmetric space isometric to one of the following Lie
groups with a suitable left-invariant metric:

(b1) SU(2),

(b2) S̃L(2,R) with a special left-invariant metric
(b3) the 3-dimensional Heisenberg group H1, a left-invariant metric.

The Poincaré half-space Hn = (x1, . . . , xn) ∈ Rn, x1 > 0, with the metric
proportional with d s2 := x−21

∑n
i=1(d xi )

2. Left-invariant metric
H1 = R3[x , y , z ], d s2H1

= 1
b (d x2 + d z2 + (d y − x d z)2), b ∈ R+.
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Appendix

4-dimensional Naturally reductive spaces

Theorem

(M, g) - four-dimensional simply connected n. r. Riemannian manifold. ⇒
(M, g) is either symmetric or
it is a Riemannian product of the naturally reductive spaces of

dimension 3 of type (b) appearing in Theorem times R.
In the last cases, (M, g) is not locally symmetric.
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Appendix

g. o. spaces - 1991 Kowalski, Vanhecke

(**) Each geodesic of (M, g) = G/H is an orbit of a one parameter group
of isometries {exp tZ}, Z ∈ g.

Definition

X ∈ g \ {0} is a geodesic vector if the curve γ(t) = (exp tX )(p) is a
geodesic.

Riemannian homogeneous spaces with property (**) – g. o. spaces.
(geodesics are orbits). All naturally reductive spaces are g. o. mfds.

Proposition

(Kowalski and Vanhacke - Geodesic Lemma) M = G/H - homog. Riem.
mfd. X ∈ g \ {0} is geodesic →: B([X ,Y ]m,Xm) = 0,∀Y ∈ m.
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Appendix

S.B. 2005...
- A holomorphic representation of the Jacobi algebra, Rev. Math. Phys.
2006 + Errata 2012
- A holomorphic representation of multidimensional Jacobi algebra, AMS,
Theta Foundation, 2008
- A convenient coordinatization of Siegel-Jacobi domains, Rev. Math.
Phys. 2012
- Consequences of the fundamental conjecture for the motion on the
Siegel-Jacobi disk, IJGMMP 2013
- Coherent states and geometry on the Siegel-Jacobi disk, IJGMMP 2014
-Balanced metric and Berezin quantization on the Siegel-Jacobi ball,
SIGMA 2016
- The real Jacobi group revisited, arXiv May 2019; G J

1 (R)
S. B., A. Gheorghe: - Applications of the Jacobi group to Quantum
Mechanics, Romanian J. Physics 2008;
- On the geometry of Siegel-Jacobi domains IJGMMP 2011
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Appendix

MANY THANKS
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