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Abstract

The Jacobi group G7(R) is an intersting object in Math, with many
applications in Phys. | have investigated the Jacobi gr. with the methods
of coherent states based on homogeneous Kahler manifolds attached to
G/(R), determining the balanced metric. Here | consider G/(IR)
embedded in Sp(n+ 1,R). | obtain an invariant metric on an odd
dimensional homogeneous manifold attached to G(R). More formulae are
presented in the case of G{(R).
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Introduction
Notation

Table: Manifolds

{M(n,C)sw=w'l,—ww>0}

Hermitian symm. sp.

Notation Definition Dimensior
Sp(n, R) real symplectic group 2n> +n
HH(R) real Heisenberg group 2n+1
GJ(R) = H,(R) x Sp(n,R) real Jacobi group (2n+1)(n+
I = m ~ X, x R?" Siegel-J. upper half space n(n+ 3)
X = R) ~ X xR extended Sgl-J. upp. h. space | n(n+3)+
Xy = S%(Z;R = Siegel upper half plane n(n+ 1)
{M(n,C)>v|v=s+ir,v=vir > 0} Hermitian symm. sp.
U(n) unitary group n?
Sp(n, R)c=Sp(n, C) N U(n, n) iso Sp(n, R) 2n> +n
G7 =H, x Sp(n,R)c complex Jacobi group iso GJ(R)
T=C"x D, Siegel-Jacobi ball iso X
D, = Sp(n,R)c/U(n) = Siegel ball iso Xy
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Introduction

G/(R) embedded in Sp(n + 1,R)

g=(M,X,r) € GI(R), X = (\,u) € M(1,2n,R), k € R,(p,q) = XM~1,

a 0 b ¢t

Al K a b
Spn+1LR) 3 g=| 2 o B " ,M=<C d)eSp(n,R).

0 0 O 1
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Introduction
Relevance:

M. Eichler & D. Zagier 1985; R. Berndt & R. Schmidt 1998; E.
Kahler 1983, ..., 1992, K. Takase, J.-H. Yang...+ :
G;: non-reductive, algebraic gr of Harish-Chandra type, CS-type gr ...
Applications: Jacobi forms, automorphic forms, theta functions, Hecke
operators,...
Dﬁ: partially bounded domain, non-symmetric, Lu Qi-Keng manifold,
quantizable manifold, projectively induced...

U. Niederer 1972, C. R. Hagen 1972, K. B. Wolf ...
Applications: quantum mechanics, geometric quantization, nuclear
structure, signal processing, quantum optics: Squeezed states, quantum
teleportation ...

Applications of the present paper: Berry phase? ...?7
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G#(F) The Heisenberg group

Hn(R) = (A, i, &), A, € M(1,n,R), xk € R. Composition law:

k) o (Nl s k) = AN+ X, p+ /s 5+ K+ M/ = pX').

g € Hn(R) embedded in Sp(n + 1,R):

100 u 1 0 0 —ut
N P S VA _1 A 1- u —kK
E=l oo 1 - [ & 0 0 1 X
0 0 O 1 0 0 O 1

g ldg = P\ 4+ QA9+ R).
AN =dX\ M\ =dp, =dr—Adp'+pd.
Left action of the Heisenberg group on itself:
exp(AP + u* Q + KR) (Ao, 0, 50) = (A =+ Ao, it + o, K + Ko + Mg — f1Ag)-

Left invariant metric: gb(\, g, ) =d A2 +dp? + (dk — Ad pt + pd A2
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G#(F) The symplectic group Sp(n, R)

Sp(n, K) -matrices M € M(2n,K), K is R or C,

MtJ,M = J,: J,,:( 0 1”>,

If M € Sp(n,R), then M is similar with M* and M~! and det M = 1.

ab' — bat =0, ad" — bct = 1,,, cd" — dct =0; (2.1a)
alc—cta=0, a'd — c'b=1,, b'd —d'b=0. (2.1b)

_ dt  —bt
()
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G#(]}E) The symplectic group Sp(n, R)

M € Sp(n,R) N Oy, has the expression
M = < d : > . atatbth = aat+bbt =1, ath=bta, bat = abt.

M’ := a+ib € M(n,C). The correspondence M — M'- group
isomorphism and Sp(n,R) N Oz, ~ U(n).
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G#(F) The symplectic group Sp(n, R)

g = sp(n,R) = a real form of the simple Lie algebra sp(n, C) of type ¢, .

X € sp(n,R) & XtJ+IX =0«

X:(i _l;t>, b=»b' c=ct ab,cec M(nR)

X = Z a;jH,-j aF 2Z(b,’jFij I CUG,'J') -+ Z(b,'jF,j TF CUGU),
ij i<j i=j

_ (e O _ (0 ejtei \ - _ 0 0
HU_( 0 —ej,'>72FU_<0 0 '2GU_ ejj + €ji 0 ’

sp(n,R) has the 2n? + n generators: Hj,; Fjj, Gj, 1 <i<j<n.
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Jim . 3
G, (R)  The symplectic group Sp(n, R)

Transitive action Sp(n,R) ~ X,
vi = (av + b)(cv 4 d) 7! = (vt + d¥)"Y(va® + bY),

X, :={ve M(nC)|v=s+irs,€ M(nR),r>0,s"=s;r" =r}.

The correspondence
n:Xp, = X, = Sp(n,R)/K, K = Sp(n,R) N Ozp; v = Myyiy K,

Mose — 1, x VY 0 [ VY xvyt
=\ o 1, o Vy ') Lo y1t )
is a 1-1 map; realizes X, as homogenous manifold X, = Sp(n,R)/U(n).

The subgroup of Sp(n,R) that stabilizes i1, € X, is the subgroup of
orthogonal symplectic matrices.
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G#(]P:) The symplectic group Sp(n, R)

Unique decomposition, x,y, — symmetric, y > 0, x :=ty, X +1iY € U(n):

somom= (2 0)= (o0 5, ) (5 ) (5 %)

XX+ YYE = XEX + YIY = 1,, XtY = VX, XYt = VX!,

y=(dd'+cct)"2, X —iY =y(d—+ic), t=y?(db' +cal)y ‘= (bd+act)y,
x = (dd* + cc®) Y (db* + ca’) = (bd® + ac)(dd® + cc?) 7 .

The inverse transform:
a=yX—xy 1Y, b=yY+xy X, c=—y Y, d=y 1X.

For SL(2,R): y — yY/2, X = cosf, Y =sin@. The first factor - “free
propagation subgroup” .

Stefan (IFIN-HH, Bucharest) G,{(]P) revisited Bucharest, 2019 12 /62



Jm - Y
G, (R)  The symplectic group Sp(n, R)

Lemma

Action of M € Sp(n,R) on X, ~ S%((Z’F), with Pre-lwasawa dec.:
(37 b’ ¢, d) © (Xlayla XI: YI) — (Xl,)/1, X1> Yl)r

X,,y/ c M(n,R),X’ — (X/)t7y, - (y/)t’y/ > 0’

3= .)/1/2)<_Xy—1/2\/7 b= y1/2Y+Xy_1/2X, c = —y_1/2Y, d = -)/—1/2)<7
X1+iy1:[C(yI+X/y/_1 /)Ct—|- d( /)—ldt + CX/(y/)_ldt—l- d(yl)—lxlct]—l
< Lely+X () )at +0 () b+ d(y) I st (') 1B+l
X1 — i1 = (n)*{(eX +d)(y") PX + c(y) Y
—ife(y' )X = (X + d)(y)PY])

Pre-lwasawa dec. = Moébius transf.: Mo v — vy = x3 +iy;

B
x) +iy; = (V'ct +db)” ( +iy')(ev' 4+ d) 7L,
B =2vatev' + v/(c tb+ a'd) + (b'c + d'a)v' + 2b'd.
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J(w J P >
G, (R) G, (R) embedded in Sp(n + 1, R)

Composition law

G/(R) = Hp(R) x Sp(n,R), with the composition law:
(M, (A, 1, 5))o (M, (N, !, k1)) = (MM, (AN, it g, /4 A = i),

M, M’ € Sp(n,R), (A, 11, &), (N, 1, ') € Ha(R), (X, /i) = (A, ) M.

Stefan (IFIN-HH, Bucharest) G/(R) revisited Bucharest, 2019 14 /62
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J(m J s )
G/(R) = GJ(R) embedded in Sp(n + 1, R)

Restricted real group G7(R)o, g = (M, X), X = (\, ).

u=pv+gq, v=x+iy, v=v', y >0, p,ge M(1,n,R).

Lemma
3) Xn > v =x+iy, GIR)y ~ X2 (M, X) x (V',t) = (v, tn)

= (av' + b)(cv' +d)7L = (V¢! + db)"H(Vat + bY),
ul—(u + AV ) (e + d) 7T

For \,u € M(1,n,R), (p,q) s. t.:

(P, @) = (A, p)M ™1 = (Ad* — pct, =Ab + pa®),

(A i) = (p, q)M = (pa+ qc,pb+ qd), p,q, A\, u € M(1,n,R).
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15/62



J(w J Q
G, (R) G, (R) embedded in Sp(n + 1, R)

Action Lemma - continuation

b) G,{(R)O (% x}{ (M)X) X (X/7_y,)p/7q/) — (X17Y1’P17q1)- vV = X+iy,
a b\!
(ra) = () + () (2 5 ) = (oo sldt =/t qplbt o)

) GJ(R) ~ X ~ X x R:
(M>( 7“)7’%) X (X/>Y’7P/a q/7"€/) — (Xl,y17P17CI1,Hl),

(@}

Kl:ﬁj_‘_ﬁl_i_)\q/t_up/t'

d) The 1-form -invariant GZ(R) ~ X7

AN =dr—pdgt+qdpt
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J(w J P >
G, (R) G, (R) embedded in Sp(n + 1, R)

Let M € Sp(n,R). We introduce the matrix

A B
g—(C D)GM(2n+2,R),

ann Onl bnn qt1> < Cnn On1>
A= B= ) c= D
<>\1n 111 ) (Mln K11 O1, O11

The matrix g is in Sp(n + 1, R).

Il
N
QO Q
S
|
=
= 3~

=
~__

Stefan (IFIN-HH, Bucharest) G/(R) revisited Bucharest, 2019 17 /62
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Stefan (IFIN-HH, Bucharest)

J(w J Q
G, (R) G, (R) embedded in Sp(n + 1, R)

0 0 Ej+Ej;
00 0
2Fi=19 0 o
00 0

0 00

0 00

26y = E;+E; 0 0

0 00
E; 0 0
0 0 0

fi=1 0 o —E

0 0 0
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J(m J s
G/(R) = GJ(R) embedded in Sp(n + 1, R)

X € g(R) as submatrix of Sp(n + 1, R):

X = ZaUHU+2 Z (bjjFij + cijGij)

ij=1 1<i<j<n

n
+ (bijFij + ¢;iGy) + ) _(piPi +qiQi) +rR, b= b, ¢ =c’.
yty y=y

1<i=j<n i=1

[Hui, Fij] = 04 Fikc + 64 Fij,

[Gij, Hi] = 0ki Gjj + 64 Gii,

4[Fij, Giy) = 01iHij + 0jHi + 0 Hig + 0 Hjr,

[Ppa Qq] = 25qu,

2[Pp, Fij] = 6piQj + 65 Qi
2[Qq, Gjj] = bigPj + djqPi,

[va Hij] = 0pi P,

[Hij» Qql = 9jq Qi-
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J(m J s
G/(R) = GJ(R) embedded in Sp(n + 1, R)

n

g tdg =Y (\yHy+ > [(A)iFiy+ (A);Gil

ij=1 1<i<j<n

+ EH:[(A”)/P,' +(A9);Q] + ARR,
1

M =dtdb—btdd = (\F),

A¢ = —ctda+atdec=(\°),

M =dtda—btdc=dbic—ddta=(\)E,

AN =dXx—pda—gdc=dpa+dgc= AN — I\ — ),
AN =dgd+dpb=du—pdb—qgdd =X — I\ + 2",
AN =dkr—pdgt+ qdpt = X+ MFXE— pXCut —220H k.
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J(m J s )
G/(R) = GJ(R) embedded in Sp(n + 1, R)

A= XtdY — YtdX + Xty ldyY + (Xty tdx+ Yidy)y X,
AC = —XTdY + YEdX + Yiy ldyX + (= Yiy Ldx+ Xtdy)y Y,
A= XtdX + YEdY + Xty tdyX — (Xty Ldx+ Yidy)y lY.
AP+ X=Xty tdy+dyy Y+ Yy Hdy+dyy X
—i—Xty_ldxyy_lX—Yty_ldxy_1 Y,
AFXC=2(Xtd Y- YidX)+2X ! (y tdy—dyy 1)y
+ Xty tdxy IX4+ Yty ldxyly.

d d
)\F:—XCOSZH—F2—)/sin29—i-d6’7

y y
d d
A = —Xsin20+ sin2s —do,
y 2y
d d
AH = ——Xsin 20 + EE4 cos 206.
2y 2y
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GJ(R)  GJ(R) embedded in Sp(n + 1,R)

Differences G/(R), n>1,n=1

For G/(R), VN> n > 1:
AF 4+ \C does not depend on d X,d Y, but A\F does.

For G{(R):
X =cosf,Y =sin6, and \F + G, A\H does not depend on d .

24 /62
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G1(R)

Invariant metrics on Z\"ﬁ and ’i”ﬁ

k indexes the holomorphic discrete series of Sp(n,R), v representations of
the Heisenberg group:

Lemma

The Kahler two-form on X7 ~ X, x C", invariant to the action G7(R)o:

—lwy (v, u) = gTr(H AH)+ 2TVTr(GtD A G),

D=(W-v)!, H=Ddv, G=dut—dvD(@" - ub).

We get for G, G = vd pt +dq'. ifaz%,q/:u

Stefan (IFIN-HH, Bucharest)
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G#(]P:) Invariant metrics on Z’Cﬁ

Proposition

The metric on X7, invariant to the action of G(R)o:

dsi,(x,y,p,q) = a[Tr(y T dx)? + (y 1 dy)?]
+yTr[dp(xy 'x+yy ly)dp' +dgy tdg" +2dpxy ' d

fle)

The three parameter metric on DNC# invariant to the action of GJ(R):

d sjgc#(x,y, p,q,x)=d sjzcﬁ(x,y, p, q)+0(\F)?
=a[Tr(y "' dx)* + (y 1 dy)?]
+ATr[d p(xy *x+yy ty)d p'+d gy td gt +2d pxy tdq]
+5(dr — pdq’ + qdp’)?.
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The particular case Glj(]?)

Jacobi group - ”in Math” - 1998

The real Jacobi group G{(R) - subgroup of Sp(2,R): 4 x 4 real matrices
g=(A\u, k), M), (\ k) € H(R), Me SL(2,R)

1 0 0 pu 1 0 0 —pu
I N S T 1 | A1 —u -k
oe=o01 2|8 = 0 0 1 2
0 00 1 0 0 O 1
a b
M_<c d>,ad—bc—1,

Y =(p,q) :== XM~1 = (\d — pc, pa— Ab), X = (\, p)
g{(R) := (P,Q,R,F,G,H)g, h = (P,Q,R), sl(2,R) = (F,G,H)p. P, Q,
R, F, G, H are 4 x 4 matrices of coefficients
[P,Q] =2R, [F,G]=H, [H,F] =2F, [G,H]=2G,
[P,F]=Q, [Q,G]= P, [P,H]= P, [H,Q= Q,

Stefan (IFIN-HH, Bucharest) G/(R) revisited Bucharest, 2019 27 /62
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The particular case Glj(]?;)

Parametrization of the real Jacobi group

G/ (R):

EZ-coordinates: (x,y,0, A, i, k)

S-coordinates: (x,y,0,p,q,k), x +iy € X{

(x,y,0)- from lwasawa (=pre-lwasawa) decomposition of SL(2,R)
Action of SL(2,R) on X compatible with linear fractional transf.

G/(R), N>n>1:

(x,y,X,Y), x+iy € X, X —iY € U(n) from pre-lwasawa decomposition
of Sp(n,R)
Action of Sp(n,R) on X3 compatible with linear fractional transf.
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The particular case Glj(]?) The Heisenberg subgroup of Sp(2, R)

The composition law of the 3-dimensional Heisenberg group Hi(R)
N, k)N W k)Y =N+ N p 4+ m+ 8+ 2 — N ).

The Lie algebra of Hj in the space M(4,R)

0 00 O 0 0 01 0 00O

1 00 O 0 010 0 001
P= 0 00 —1 » Q= 0 00O  R= 00000 |’

0 00 O 0 00O 0 00O

Stefan (IFIN-HH, Bucharest) G/(R) revisited Bucharest, 2019 29 /62
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The particular case Glj(]?) The Heisenberg subgroup of Sp(2, R)

g ldg=PXN + QX+ RN, dgg ™' =Pp’+ Qp?+ Ry,

AP =d ), LP = 0y — p0y,
A =dp, ; L9 =0, + Aok, ,
AN =drk—Adp+pdA L" =0,
pp:d)‘v Rp:6A+M8H7
p? =dup, ; 7Y = Gy — A
pr=dr—pudA+Adpu R" = 0

g (A 1) = (WP)2 + (X9 + (W) =d A% +dp® + (d v — Ad o+ pd A)

exp(AP + u@ + kR)(Xo, o, ko) = (A + Ao, it + o, K + Ko + Apo — f1Ao)-
P* = 0\ + pOx, QF =0y — A0y, R* = 0.

Boyer & Galicki, 2008; Boyer 2009: Sasakian Geometry of Heisenberg
group.

Stefan (IFIN-HH, Bucharest) G/(R) revisited

= Bucharest, 2019 30/62



The particular case Glj(]?) The SL(2, R) subgroup of Sp(2, R)

a 0 b O d

a b {0100 Jon 1| 0
SL(2,R)9( c d )—>g— c 0 dol€ Gi(R),g "= .
0 0 01 0

sl(2,R) =< F, G, H >r matrices in M(4,R)

0 010 0 00O 1 0 0

0 00O 0 00O 0 0 O

F= 0 00O » 6= 1 000  H = 0 0 -1
0 00O 0 00O 0 0 O

sl(2,R) =< F, G, H > matrices in M(2,R)

- (34) e-(2 ) -

1
0

O O = O

o O O o
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The particular case Glj(]?) The SL(2, R) subgroup of Sp(2, R)

g ldg=F\N +GX + H\', dgg™t = Fpl + Gp& + Hp".

N =ddb— bdd, pf = —bda+adb,
A =—cda+ adc, ; p8f =ddc—cdd,
M=dda—bdc=cdb—add ph=dda—cdb

Iwasawa decomposition M = NAK

1
(1 x y2 0 cosf sinf
M_<0 1)(0 y‘i)(—sine cos&)’y>0'

a= yl/2 cosf — xy_l/2 sin 6,

—1/2 cos 0,

b:yl/zsinQ—i-xy
c= —y_l/2 sin6,

d= y_l/2 cosf,

Stefan (IFIN-HH, Bucharest) G/(R) revisited Bucharest, 2019
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The particular case Glj(]?) The SL(2, R) subgroup of Sp(2, R)

ac + bd 1 Gind — — c s — d

T ey VT ey V2 4+ d?’ ° V2 +d?
M, M', My € SL(2,R), MM’ = My. Action of M € SL(2, R) on (x, ', ¢

/ b / d 12 )
(aX + )(CX +A)+3Cy +|y ,AZ(CX’+d)2+(CyI)2,

(ex’ + d)sin@ — cy’ cos 6’ cos8* — cy'sin@ + (cx’ + d) cos 0’
VA ’ VA

Left (right)-invariant one-forms A-s w. r. action (respectively p-s)

x1+iy1 =

sin 0" =

f__d 2 d o 2 2

A" = X cos 9+2—yydsm20+d9, pf:dx_fder%de,
N = —9Xsin® 0 + ¥ sin20 —df, ;{ p8 =—92,

h _ _dx d h_d

A" = —5Fsin20 + 5 cos 20 pt =5 — 5 do.
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The particular case Glj(]?) The SL(2, R) subgroup of Sp(2, R)

Lf = ycos 29% + ysin 2988)/ + sin? 9%,

0 0 0
g — - in20— — cos® §—
L yc05296X+y5|n298y cos 089’

L" = —2ysin 29% + 2y cos 2986; + sin 29%,
A= Va(\f +)8) = @(cos29dx+sin 20dy),
y

Ao = 2y/a\ = \f/a(—sinZde + cos20dy),

dx
A3 = /B —N8) = JB(7 +2d9).
<N >=6;, i,j=1,2,3.

1, Ao = —4%@ Do, As] = 4v/BA1, [As, M] = VB,

Stefan (IFIN-HH, Bucharest) G/(R) revisited Bucharest, 2019
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The particular case Glj(]?) The SL(2, R) subgroup of Sp(2, R)

1 0 0 1 0
I = Lf+ 18 2 20— — = cos 20—~
Q\F( ) = \F(ycos 08 + ysin 98 5 €Os 089)’
1 0 0 1 0
[? = Lh = 20— 20— + = sin20—
2f f( ysin20— + y cos 98 + sm 980)
1 8
B o= 9
PN T
T S YLV
f _Fl_axv h _H1_2(X8X+y8y)v

0 )0 0 o 0
g —Gl—yae (v? _X)ax 2Xy@—y@7

v=1va(F + G), hl=2\aH, w=+/B(F — G),

0 0 0
* 2 2\ Y .,
0 0

0
), w* = /B[(1+ X —y)*+2xyf+y

. o 8

0
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The particular case Glj(]P:) The SL(

Invariant metric on SL(2,R)

2, R) subgroup of Sp(2, R)

Proposition

d —|—d
7’( A +ﬁ(7+2d9)
d 2 d 2
_(a+h) al T ady” 5462 142 dxdo.
y y
8Exx 0 8x6 _ atfB _ o«
Exx = —2 8yy = 25
gSL(2,R)(X7Y7 0) = 0 gy O J _ Z/; ” _ gzﬁ
86x 0 800 89 = 5 8x0 = y:

L1, 12, L3 are orthonormal with respect to the metric. The vector fields
v*, h1*, w* are Killing vectors of the invariant metric on SL(2,R)
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The particular case GIJ(]?:) The SL(2, R) subgroup of Sp(2, R)

Proposition - continuation

—2(a+ B)X2 +2(a + B)yd Xt + 48y%0. X3 =0,
a0 X2 + (a + )9, X' +28y8,X* =0,

—28X% 4+ 2By, X + (a + B)9eX* + 2By X3 = 0,
— X?+yd,X? =0,

2Byd, Xt + 48y%9, X3 + adpX? = 0,

BOpXE + 2Bydp X3 + g Xt +2By9pX3 = 0.
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The particular case GIJ(]?:) The SL(2, R) subgroup of Sp(2, R)

Proposition - continuation

(L3, X3, ®')- almost contact structure on SL(2,R)
0 1 0
»=| -1 0 O
1
0 —3 0
1
Contact distribution D := Ker(n) =< Vi, Vo >=< 88)( — 2}/889’ E?y

(SL(2,R)(x,y,0),X1,d s3) is a sub-Riemannian manifold and
ds30m) (¥, 0) = dsg, + A3,
ds? is the (Beltrami) Kahler metric
1
dx?+dy?
y2
The invariant vectors orthonormal orthonormal w.r.t. the metric

dsg, =\ + M=«
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The particular case Glj(]?) The SL(2, R) subgroup of Sp(2, R)

Proposition - continuation & end

The manifold SL(2,R) admits the homogenous contact metric structure
(A3, L3, ®'.gs(2,r)). The group SL(2,R) has a K-contact structure
associated with & = L3, and is a Sasaki manifold with the Riemann cone
(C(SL(2,R)),w, &) with respect to the metric

g(r,x,y,0):=d r’ + r2g5|_(27R)(x,y, ), w:= d(r2)\3).

Comment Explicit invariant metrics on SL(2,R) in coordinates different of
(x,y,0) appears in in Kowalski 1983. A different form of the invariant
metric on SL(2,R) appears in the context of BCV spaces (1898, 1928,
1962, ...). See Patrangenaru 1996 in the context of Milnor approach to
invariant metrics on 3-dimensional groups.
Remark The Siegel upper half-plane X; admits a realization as
noncompact Hermitian symmetric space

oy SL(2,R) SU(1,1)

1775002 T U

X1 is a symmetric, naturally reductive space.
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The particular case GIJ(PL) The Jacobi group Glj(IH) subgroup of Sp(2, R)

Left-invariant one forms on G/(R) in (x,y,0,p,q, x)

g ldg = MNF+ 276G+ TH+ PP+ AQQ + ARR.

M=, A6 =8 AH = \h
AN =dX—pda—qgdc=cdg+adp=I P —I\"— p)&,
= —y_%sinqu—l—(y% cosQ—xy_%sinO)dp,
A =ddg+bdp=)\—pdb—qgdd,
:y_% costq—F(y% sinG—l—xy_% cosf)d p,
MN=dr—pdg+qgdp=X+ XA — 12X8 — 2\,
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The particular case Glj(lPi) The Jacobi group G1 (R) subgroup of Sp(2, R)

Left-invariant vector fields L%, < \|LY >=§,;

Proposition

=l S = = = e Y = i
0 0 _cosf 0  xcosbl+ysinf 9

1P=gZ p& 79 7.
op 9q  y3 Op y3 dq
LP = —(pb+qd)% 1/2[p(xc059—i-ysm9)+qcos€]—
0 0 sm9 0  ycosf — xsinf O
T —— i e
°T % %0q ap 5 oq
LQ (pa+ qc)— 0 —[p(ycos@—xsin@)—qsin@]g
ok yl/? Ok’
s,
R —_
b= oK

LF — LR - same comm. relations as F — R € gi(R).
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The particular case GIJ(PL) The Jacobi group Glj(IH) subgroup of Sp(2, R

Notation

Aa = AP, X5 = AND, N6 = VAR,
14— LLP [5.— LLQ, 16 .— 1 IR

vViolooWA Vo
y 0 ) 0 y . 0 0
L= ﬁ(cos%a + sin 298—y), L3 .= ﬁ(—sm 205 + cos298—y),
1 1 1
[2:= 18 12.=—[Q[8:.=—IF
0= 70 BT TR BT TR
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The particular case GIJ(]?:)

Commutation relations

The Jacobi group Glj( R) subgroup of Sp(2, R)

The vector fields L', i = 1,...,6 verify the commutations relations
[L,12] = —\QBL:“ (L2, 13] = 2\1/BL1 [L3, 1] = \/138
[LL 1% = —2\1/aL5 [LL %] = —2\1/5L4 [l 1% =0
[L2, 1] = —2\1/aL4 [L2,1%] = 2\1/5L5 [L%, ] =0
[L3,1%] = —2\1/aL5 [L3,1°] = 2\1@L4 [L3,1%]=0
[L%, 1°] = 2\7/‘16 [L* %] =0 [L°, 1% =0
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The particular case Glj(]P:) Invariant metrics on X7

Invariant metric on X7

Proposition

Kahler balanced metric, invariant to Gg(R)

drd7T 216 z—Zz
cl(T_7__)2+T_7__(dz—pdT)><cc, p=_—

dx?+dy?
X72y+%[(x2+y2)dp2+dq2+2xdpdq]

2 —
de{(T,Z) =

2 _
dsx{(xa)/-/Paq)—Cl

4y
dx?+dy? x4 y? X 5 ydg .5
= d d 1
C1 4y2 +c y ( p+x2+y2 q) +(x2+y2)
dx? +dy?
2 _
dsxf(xay,&??)—qTﬂL

~—

+% d£2+dn2+(f/)2(dx2+dy2)—2Z(dxd£+dydn

Ok
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The particular case GIJ(]?:)

Proposition - continuation

Invariant metrics on I\"f, ‘:\'{, GlJ(]R‘)

0 0 0 &x=8yw=%
w=| o % e
8pp  8pq 8qq =
0 0 &g 8

dsgch:)\%—&—)\%—&-/\ﬁ—i-/\%.

— Xty
Ep =7
_ X
8pa ="},

The vector fields L{) dual orthogonal to the invariant one-forms A;,

< )\,-|L{) >=0j, i,j = 1,2.4,5. The metric is orthonormal with respect to

the vector fields L3, L2, L3, L3.
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The particular case GIJ(]?:) Invariant metrics on X7

Proposition - continuation

Fundamental vector fields are Killing vectors
— X%+ yo X =0,
X2+ 9,X' =0,
o2 + y2)9 X3 + x0 X4 + %a,,xl -y
:—;&,Xl + o (x0 X3 + 0, X*) =0,
— X% +y9,X* =0,
ol(x® + y2)a, X3 + iayx“] + %a,,x2 —0,
oxd, X3 + 9, X*] + %aqﬁ —0,

2xyXt + (=x% 4 y?)X? 4 2y(x? —|—y2)8pX3 + 2xy8pX4 =0,
yXE = xX? 4 xy0,X3 + yOpX* 4 y(x* + y?)9, X3 + xyd g X* = 0,
— X? + 2xy9,X3 + 2y 9y X* = 0.
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The particular case Glj(]?) Invariant metrics on I\"f, X1,

" historical’” comment

Comment In 1984 Berndt considered the closed two-form Q = ddf on X7,
G7(R)o-invariant, obtained from the Kihler potential

_ 3\
f(r,z) = ¢ log(r — 7) — ic2M, ¢, >0, (3.12)
T—T

where ¢; = g ¢ = 2y comparatively to our formula. Formula (3.12) is

presented by Berndt as “communicated to the author by Kahler”. In § 36
of his last paper in 1992, Kahler argues how to choose the potential as in
(3.12). Yang calculated the metric on X7, invariant to the action of
G/(R)o. The equivalence of the metric of Yang with the metric obtained
via coherent states on D7 in S. B. 2012.
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The particular case Glj(]P:) Invariant metrics on J
~

Invariant metric on X{ in (x,y, p, g, x)- coordmates

dsf, = ds3,(x.y.p.q) + A5(p. 4. %)
:%(dxz+dy2)+[%(X2+y2)+5q2]dp2+(g+5p2)dq2+5d/<f-
+2(7j—/—5pq)dpdq+25(qdpdf£—pdqd/<a)

y 0 0 0 8pq=8pq — 0Pq, &px =94,

gpp gpq gp/-; ’ gF/Jp gpp —+ 5q27 gc/]q gqq + 5p )
/ /
8 8qq E&om qr=—0p, Bjer— 0
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The particular case GIJ(]?:) Invariant metrics on I\"f,

Proposition- continuation

The metric is orthonormal w.r.t. the vector fields Li, i = 1,2,
L',i=45,6.

5Cf does not admit an almost contact structure ($,&,n) with a supposed
contact form 1 = A\¢ and Reeb vector £ = Ker(n).
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The particular case Glj(]P:) Invariant metrics on X7 R)

Invariant metric on G/(R) in S-coordinates

6
2 _ 2
d5Gim) = 2N
i=1

dx? +dy? d
aX;;erﬁ(yX+2d0)2

+%[dq2+(x2+y2)dp2+2xdpd gl +6(dx — pd g+ qdp)?,

0 g 0 0 0 0

= | e~ 0 gw O 0 O
= 0 0 0 g, & &« |’

0 0 0 gy 8¢ &

0 0 0 g, 84 &«
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The particular case GIJ(]?:) Invariant metrics on X7

Theorem - continuation

< MU >=6;,i,j=1,...,6
The vector fields L', i = 1,...,6 are orthonormal w. r. t. the metric.

if 8,7,0 = 0 - the Siegel upper half plane X1,

if v,0 =0,8 # 0 - the group SL(2,R),

if 3,6 = 0 - the Siegel-Jacobi half plane X7,

if 3 =0 - the extended Siegel Jacobi half plane X7,
if ayd # 0 - the Jacobi group G;.

00000
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The particular case GIJ(]?:) Natural reductivity of Z\{(]Pﬂ)

Proposition

J
(DC{ = %,gx{) is a reductive non-symmetric manifold, not naturally

reductive w. r. t. the balanced metric.

X{ is not a g.o. manifold w.r.t. the balanced metric. However, when
expressed in the variables that appear in the FC-transform, it is a naturally
reductive space with the metric gy, X gge.
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The particular case Glj(]?) Natural reductivity of Z\{(]Pﬂ)

Proposition - continuation- geodesic vectors

gi > X = all + bL% + cL3 + dL* + el® + 15

Table 1: Components of the geodesic vector
Nr. cr. a b C d e f
1 0 c 0 0 f
2 b 0 0 0 f
3 rc 0 c +rc 0 f
4 a 0 —a 0 evra | f
5 61621—\};6 €1e —Elﬁe eav/re e f
r= g,efzez—ezz
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Appendix

The method - Cartan moving frame

M = G/H - reductive homogeneous space. g (h) — the Lie algebra of G
(H),—=>3m st.g=m+h mNnh=0 TTM=m, H= G, —is the
isotropy group at x.
Xi,i=1,...,n-a basis g:

m=<Xy,....,.Xm> bh=<Xnt1,..., Xy >, dimm = m.

Left-invariant one forms );, left-invariant vector fields L' on G:

n
g hdg =) AX, < A\|U >=6j,ij=1,...,n.
i=1
Invariant metric on G: dsé =31 )2 gm(Li, V) = dij,i,j=1,...,n.
L{, - projections on M of the vector fields U, j=1,...,m.

m
< Ni|L) >= 05, gm =Y X
=il

Fundamental v. f. X*, i = 1,..., m are Killing vectors for the metric gy.
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Appendix

Homogeneous reductive space

Definition
M = G/H homogeneous space is reductive <» 3 m, Ad(H)-invariant
subspace

g=b+m, hNm=0, (4.1a)
Ad(H)m C m. (4.1b)

(4.1b) =
[h,m] Cm (4.1¢)

and, conversely, if H is connected, then (4.1c) implies (4.1b).

[m,m] C h - M= symmetric.
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Appendix

Naturally reductive spaces

Definition
(M = G/H, g) - homogeneous Riemannian (or pseudo-Riemannian space)
is naturally reductive if it is reductive and

B(X’ [Z’ Y]m)+B([Z,X]m, Y) = 0’ Xa sz cm.

B = the non-degenerate symmetric bilinear form on m induced by the
Riemannian (pseudo-Riemannian) structure on M under the natural
identification of the spaces m and M,

B(Xv Y) = g(X*a Y*)m X, Y €m,

B(X,Y) = B(Ad®/"(h)X,Ad°/H(h)Y), ¥V X,Y em, he H.
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Appendix

Naturally reductive spaces - continuation

Proposition

(M, g) - homogeneous Riemannian manifold. = (M, g) - a naturally
reductive Riemannian homogenous space <> 3 a connected Lie subgroup G
of I(M) acting transitively and effectively on M and a reductive
decomposition (4.1a), such that one of the following equivalent
statements hold:

(i) g([X. Z]m, Y) + &(X,[Z, Y]m) =0 VX, Y, Z €m,

(ii) (*): every geodesic in M = the orbit of a one-parameter;

subgroup of I(M) generated by some X € m.
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Appendix

3-dimensional Naturally reductive spaces - 1983

Theorem

A 3-dimensional complete, simply connected N. R. Riemannian manifold
(M, g) is either:
(a) a symmetric space realized by the real forms: R3, S3 or the
Poincaré half-space H3, and S* x R, H? x R, or
(b) a non-symmetric space isometric to one of the following Lie
groups with a suitable left-invariant metric:
(b1) SU(2),
(b2) SL(2,R) with a special left-invariant metric
(b3) the 3-dimensional Heisenberg group Hi, a left-invariant metric.

v

The Poincaré half-space H" = (x1,...,x,) € R", x3 > 0, with the metric
proportional with d s? := x; 2 >"7_, (d x;)?. Left-invariant metric
Hy =R3[x,y,z],dsf = Fdx?+dz2+ (dy — xdz)?), beR;.
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Appendix

4-dimensional Naturally reductive spaces

Theorem

(M, g) - four-dimensional simply connected n. r. Riemannian manifold. =
(M, g) is either symmetric or
it is a Riemannian product of the naturally reductive spaces of
dimension 3 of type (b) appearing in Theorem times R.
In the last cases, (M, g) is not locally symmetric.
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g. o. spaces - 1991 Kowalski, Vanhecke

(**) Each geodesic of (M, g) = G/H is an orbit of a one parameter group
of isometries {exptZ}, Z € g.

Definition

X € g\ {0} is a geodesic vector if the curve ~(t) = (exp tX)(p) is a
geodesic.

Riemannian homogeneous spaces with property (**) — g. o. spaces.
(geodesics are orbits). All naturally reductive spaces are g. o. mfds.

Proposition

(Kowalski and Vanhacke - Geodesic Lemma) M = G/H - homog. Riem.
mfd. X € g\ {0} is geodesic —: B([X, Y]m, Xn) =0,VY € m.
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Appendix

S.B. 2005...

- A holomorphic representation of the Jacobi algebra, Rev. Math. Phys.
2006 + Errata 2012

- A holomorphic representation of multidimensional Jacobi algebra, AMS,
Theta Foundation, 2008

- A convenient coordinatization of Siegel-Jacobi domains, Rev. Math.
Phys. 2012

- Consequences of the fundamental conjecture for the motion on the
Siegel-Jacobi disk, IJGMMP 2013

- Coherent states and geometry on the Siegel-Jacobi disk, IJGMMP 2014
-Balanced metric and Berezin quantization on the Siegel-Jacobi ball,
SIGMA 2016

- The real Jacobi group revisited, arXiv May 2019; GlJ(R)

S. B., A. Gheorghe: - Applications of the Jacobi group to Quantum
Mechanics, Romanian J. Physics 2008;

- On the geometry of Siegel-Jacobi domains |IJGMMP 2011

Stefan (IFIN-HH, Bucharest) G,{(]P) revisited Bucharest, 2019 61 /62



Appendix

MANY THANKS
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