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Geometrisation of de Rham cocycles (with integer periods) in the i
form of so-called abelian gerbes has long been known as not only
necessary for a rigorous definition of the lagrangean (o-model)

dynamics of charged pointlike particles, strings and branes and its
geometric (pre-)quantisation but also exceptionally useful in the

canonical description of its symmetries and dualities, classification

and field-theoretic realisation of the corresponding defects, as well as

in a cohomological description of obstructions against their gauging

and classification of the ensuing gauged o-models.




In the talk, a natural geometrisation scheme for cocycles in the
supersymmetry-invariant refinement of the de Rham cohomology on j
(a class of) homogeneous spaces of supersymmetry Lie supergroups

shall be postulated, in close structural analogy with its -
GraBBmann-even ancestor, and illustrated on examples motivated by
superstring-theoretic considerations. The geometrisation, based on the
classical correspondence between the Cartan—Eilenberg cohomology

of the supersymmetry Lie supergroup and the Chevalley—FEilenberg
cohomology of its tangent Lie superalgebra, in conjunction with the
cohomological description of (equivalence classes of)

Lie-superalgebra extensions and a moment-map criterion for their
integrability, gives rise to higher-(super)geometric objects termed
supergerbes. Various (anticipated) equivariance properties of the
supergerbes shall be indicated, including the physically fundamental
k-symmetry, and — time permitting — a higher-geometric variant of the
Inonii-Wigner contraction mechanism (for the supersymmetry Lie




Goal:

Extending the gerbe-theoretic approach of the bosonic
two-dimensional o-model to (super-)o-models with homogeneous
spaces of Lie supergroups as target spaces, in a manner consistent
with rigid and local supersymmetry.

Discussion based upon
arXiv:1706.05682
arXiv:1808.04470
arXiv:1810.00856
arXiv:1905.05235

arXiv:1909.xxxxx (in writing)
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Part I

Learning from life without spin




Point of departure: The non-linear o-model

Given a closed m_fold €p of dimQp = p+ 1 (the worldvolume) &
a metric m_fold (M, g) with : HZ) € Zot 2(M) (the target space),
p+

consider the theory of maps determined by (the PLA for)
the Dirac—Feynman amplitudes

Apr = exp(1 ML) ¢ [0, M] — U(1)

B X =E /0etx ] + fig xi(d=L ),

describing minimal embeddings deformed by Lorentz-type forces
sourced by a Maxwell-type (p + 2)-form field , Hz).
P+

(p+2)

Applications: mainly the critical bosonic string (and membrane)
theory, but also the effective FT of (certain slow) collective
excitations of spin chains




Problem: May need [ H ]dR # 0 (e.g., for conformality), and so
_El B er+1( ) d B — H

(p+1) (p+1) (p+2)
E.g., (M, g) = (G, Kg © (9L ® QL)) = (I;I) = )\/{g o (GL A O A QL)

and the Cartan 3-form (Ij) generates Hy (G) for G 1-connected

But QM a la Dirac & Feynman requires that we compare amplitudes
for cobordant trajectories!

Conclusion: Need S with critical points (the EL eq"’s)
as for [( Hz)]dR =0 but s.t. Apr is well-defined V x(Qp) € ker Opy.
P+

This calls for the use of Cheeger—Simons differential characters
Holg ) € Hom(Zp11,U(1)) s.t. Holg) o Om(-) = exp(s f()

+2)




Solution: Fix an arbitrary good open cover Oy = {O;}ic) &
a tesselation Ag, = Tp 1 UTpU -+ UTg of {p subordinate to it
for x € [Qp, M), i.e., s.t.

EILEMap(AQp,I) VTGAQ : X(T) (@ OL-,— )

and pull back, along X, a resolution/trivialisation of ; H over Oy.
p+2

E.g., use (Q) — (B, Al i e St (@i Q1(Oy) x U(1)Oijk s.t.

(I;I)fof =dB;, (Bj = Bi)lo, = dAj, (A — Aik + Aj) o, = idlog g
to write (for X, = x[.)

SMrx] = 3 /x B,+ > /x;ALpLe —i > cev 108 Gipru, (X(V)))]
p

p ecop veode

with Apr well-defined iff dgjiy = 1, so that Db (3) [o;50)
‘_’
of

charge)

.. and Per(I;I) C 27Z (Dirac’s quantlsatlon
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Upshot: As in the Clutching Theorem, the DB (p + 1)-cocycle : b :
= p+1

geometrises as an abelian bundle p-gerbe G, of curv(Gp) = H :

(p+2)
T G . 6vG ~ P2 G . 5vG, o~ 7P—1 G i : P
YG 1 p—3 : OvGp_2 = I p—2:0yGp_1 X I p—1, curv (Gp_q) = dy B

Prijk prj prj
ylp+3l gy e Yy = YBlp = v2 YM

™M
»
mym, H =dB M
(p+2)

and A(NG) [Rix] = Holg, (x(Q2p)) = tp([Xx*Gp]) for a canonical
group isomorphism tp : WPT2(Qp; 0) — U(1).
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E.g., an abelian bundle 1-gerbe G1 [Murray & Stevenson 94-’99] ;

pr : pri oL ®pry sl — pri 5L 2 L 7l
L
Pry 2 i
NEly—— =S~ violy YM
T L i pro
BhiRs
TYM
(pr3 — pri)B = curv(V,) 7T¢M(SI‘I) =dB M

with the groupoid product g on fibres of L associative.




The origin of Species:

—

~[Giraud *71]



Upshot & spin-off:

e geometric quantisation via cohomological transgression
[Gawedzki *87, 1S "11]

7o : HPT' (M, D(p+1)*) — H' (CoM, D(1)°),  CoM = [Cp, M]

yields a (pre)quantum bundle Hy = I (501 (Lo ), Where

X * 0 i
C FT*CpM‘CgP ® IﬂT*CpM = E(T 5 Vﬁd

Po = T*CoM, Q, = 097com + TF.com fcp ev*(pljz) = curv(Ve,)
and hence, classification of o-models;

e geometrisation and cohomological classification of duality
defects [Fuchs et al. 07, Runkel & rrS *08, rrS *11-"12];




.. The Universal Gauge Principle (morally, M — M//G,)
[Gawedzki & Reis *02-°03, Gawedzki, Waldorf & rrS *07-"13, 1S *11-"13]

Let G, be a Lie group with Lie(G,) = g, = @2’:1 (ta). An action
A 1 Gy x M — M with the fundamental g4 = Ky, € [(TM) is

o a global symmetry of the o-model if

V(Q,A)EGGXW : )\Egzg A SHCH, = _d(/;?)A 2z )\ngggp'

(p+2)

e can be gauged via the ‘minimal coupling’ of A = AA® ty € Q' (Pg) ® g,

1 1. [Gawedzki, Waldorf & 1S *07-"13, rrS *11-13, *19]
the small gauge anomaly vanishes

A, (EB C*(M,R) (Ka, HA) e ] H > =goa M,

A=1

where [,-] g is T H tw1sted (ala Severa—Wemstem)
(p+2)

= Vlnogradov type bracket on [(TM ©yr /\pT* M);
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2. [Gawedzki, Waldorf & rrS *07-"13]
the large gauge anomaly vanishes

= Gp admits a G,-equivariant structure relative to curvature 3
p+1 p
—1)P— A A A
Z O orsoa s, A AP (0T ABLEA - A G
(p + (REl=2/)

on G, x M, with the a4, 4, determined by the (Ka, HA)
(p+1—k) (p)
i.e., in particular,

P+ 1)
NB: Gp descendsto M/ /G, iff o =0.
(p+1)

We shall call the associated G,-equivariant structure on /gp
v descendable. :



The many faces of a G,-equivariant structure:

e extension of the (p + 1)-cocycle in HPH! (M, D(p + 1)*) for
Gp to a (p + 1)-cocycle in an extension of the Cech-de Rham
bicomplex in the direction of G,-cohomology;

e extension of the O-cell Gy to a descent (p + 2)-tuple
(Gp, Tp, W4y To) over N*(G,xM);

e [rrS *12] geometric data for the topological gauge-symmetry
defect of the o-model over € (based on [Runkel & rrS *09]).

Applications:

e geometrisation and cohomological classification of obstructions
against gauging and of inequivalent gaugings, and hence

e natural mapping of the moduli space of o-models, with beautiful
connections to TFT

e reconstruction of T-duality outside the topological context. ..




Part 11

Putting a spin on it
or
The Brave New Superworld




The goal:

A rigorous definition of a super-o-model of ‘mappings’ [Qp, M| for
M a superm_fold endowed with an action of a supersymmetry Lie
supergroup G.

Problems:
e What is the meaning of (all this, and in particular of) [Qp, M]?
e Inherent non-compactness of G => H (M)S % HJ (M).

Physical motivation:

Understanding the (super)geometric structure (sensu largissimo) of

superstring theory-inspired & -related FT's, with view to elucidation

of the deep nature of the tremendously robust yet notoriously elusive
AdS/CEFET correspondence.




Def”: A superm_fold of superdimension (m|n) is a ringed space
M = (JM],Opr) composed of

e |M]| e ObTopMan of dim|M| = m (the body) and

e Op : T(|M])°P — sAlgscomm (the structure sheaf),
locally modelled on (R™, C®(-,R) ® A*R") = R™" j.e.,

uieiccoviMm)c (M) Viel Ivez@my, viey © Om(lUy) = C(Vi,R) @ A°R".

A superm_fold morphism
@ = (Jo], ) @ (IMi],0nm,) — ((M2],0n4,)

consists of
o |p| € HomTopMan(’M1 |, |[Maz]) and
B Og, =— 0.0, Le),

a famlly 901*4 € HomSAlgscomm(OMz (Z/{), OM1 (|¢’_1 (u))
indexed by U € T (|M3]).

Together, these form the category of superm.folds sMan,
, product M1 X Mo = X Mo, O, R0 m



Eg.,

» (M, C>(:,R)) is a superm_fold of superdimension (dim M|0);

> (M,Q°(-)) is a superm_fold of superdimension
(dim M|dim M);

» super-Minkowski spacetime, super-AdS spacetime, Lie
supergroups, their homogeneous spaces. . .




The geometric perspective: By the Yoneda Lemma,

Yon. : sMan — Presh(sMan) faithfully,
and so we get, for any (|M|,Op) € ObsMan,
Yonp(-) = Homgpman(+, M) : sMan®® —; Set,

with Yon.(S) = Homgpman(S, M) the set of S-points in M.

In particular, Homgpman(R%I%, M) = | M| is the set of topological
points in M (also, S --» R0 —; A1),

In the S-point picture, we obtain local coordinates

). (a,a) e1,mx1,n

of the respective GraBmann parities |[x? = 0 = |6| — 1. Sections
take the form

n
OGO =~ Foop...c(X) © 0022
B - :




Furthermore, we have the locally free 7Z/2Z-graded tangent sheaf

TM =sDerOp,

with (homogeneous) sections X’ subject to the super-Leibniz rule,
written for homogeneous sections f, g of Oy,

X(f-g)=x(f)- g+ (=) f. x(g),
and the dual (locally free Z/2Z-graded) cotangent sheaf
T*M = Homgh(TM,On) -
In the local codrds (x2,0%), we obtain the local bases:
{02= %,504 = (rﬁﬁ} of T M and {dx2, do- = =on /\'T*M,

and the corresponding presentations of sections:

(w)(& 0)= > wajay..araqag...as(X0)dx® AdxT A AdXT ADOMT A2 A A DO,
P r+s=p

X(x,0) = X%(x, 0) 03 + X%(X,0) B, .




Among ObsMan, we find

Def": A Lie supergroup is a group object

(G=(IG|,06),1 : GxG — G,Inv : GO,¢e : R — G)
in sMan, with body |G| € Ob LieGrp. Together with (obvious)
morphisms, they form the category of Lie supergroups sLieGrp.
NB: Vscobsman : Yon.(S) : sLieGrp — TopGrp.

On G € ObsLieGrp, we have LI vector fields L € TG(|G|)

determined by the condition %5 u
Oc®0g Og

id@G®L L

0c®0g

Og

*

and their duals — the LI 1-forms.
w. The RI objects are

defined analogously

-

«0O0>» «F» «E>»



The supercommutator closes on the LI vector fields, giving rise to the
tangent Lie superalgebra of G,

(sLie (G) = TeG, [, }), g2 X+— Ly = (ido, ® X) o u* € TG(|G|)L ,

an example of
Def®: A Lie superalgebrais g = g(® @ g(!) € ObsVect with the
Lie superbracket

[} :gxg—9 s.t.

(sLB1) [g(f) g(j)} c glita),
(SLB2) Vx,veg (hom) © [V, X} = (=1)XWI[X, v}
(sLLB3) the super-Jacobi identity holds true.

Together with the obvious morphisms, they form
the category of Lie superalgebras sLieAlg:
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Th™[Kostant *77]: 3 ¢ : sLieGrp =, sHCp
Objects and morphisms of the latter category are given in
Def?: A super-Harish-Chandra pair is a. .. triple G = (|G|, g, p)
composed of

e |G| € ObLieGrp,

e g=g9 @ g c ObsLieAlg with g(® = Lie (|G|), and

e arealisation p : |G| — Endslieaig(g) s.t., forany g € |G|,

p(9)1 40 = TeAdy.

A'sHCp morphism (®,¢) : (|G1],81,p1) — (|G2|, g2, p2) is
composed of

e ® € Homyjearp (|G1l, |Gzl),
* ¢ € Homgliealg (91,92) s.t. #[50 = Te® and, for any
g € (Gl p2 o ®(g) 0 b = ¢ 0 p1(g)-

ark: 7 uses the Hopf-superalgebra structure on L}ng)
w 1t yiclds sLie(Ji/(|G],g,p)) =g.

«0O0>» «F» «E>»




Examples of Lie supergroups:

e sMink(d,1|Dgy 1) as an abstract Lie supergroup is
sMink(d, 1| Dg,1) = (R%,C®(,R)® A °*R%1),  Dyy=dimSyy,

with Sg 1 a distinguished Majorana-spinor Cliff (R%')-module.
It admits global coords {Xa,Ha}(a’”)eovd“’de‘ and

pr (x5,0%) — (x¥*@1+10x° - 16°® (CT%) _,0°,0°®1+186%),

Inv* : (x2,6%) — (—x2,—6%),
or, equivalently, in the S-point picture,
(x2,05) - (xé’,eg) (X2 + X — 5 0:T905,00 +03), (xé’,é?a)_1 = (—x2,—0%)

As a sHCp, Dy,1
sMink(d, 1] D) = (Mink(d, 1), sminé(d, 1| Dg.1) EB (Pa) © GB
a=0

{Qouoﬁ} = (Cra)aﬁ P37 [Paa Pb]éoz [QOuPa]'



e SU(2,2|4) as a sHCp with the body Lie group
ISU(2,2|4)| = SO(4,2) x SO(6),

the Lie superalgebra

su(2,24) = ( EB (Pa) ® EB (Par)) P <QM,I>)
(a,a/,l)eﬁxﬁx{uz}

9
@( @ (Jab=—dpa) ® B (Jop = _Jb’a’>>

a,b=0 a’ ,b’=5

{Qporr Qppry} =1 (=2(CT2 @ 1), 01155y Pa+ (C g 02)aal1gpty ) -

LAk L b2 T

+1  ifa,be0,4
Gl Strtn. =
0 otherwise

_%(FA®”2) O@ﬁ/\/v

[Quarrr Pal =

J;

56 — M Jpa T b Jag — Mbg Jae 0

[JAb R cd] "ad

(Carir digl = =3 55 Cap O V2.7, By
and the standard spinor realisation of the former
on the GraBmann odd component of the latter.




Towards homogeneous spaces of Lie supergroups. . .

Def®: A superm_fold with action of a Lie supergroup G is a pair
(M, \.) composed of

e M € ObsMan and

e )\ € HomsMan(G x M, M) s.t

ROIO & A4 M Code Ay - R
\ / ; uxidMJ/ ix
exid g A
G x M Gx M - M

Together with the (obvious) morphisms (equivariant supermanifold
morphisms), these form the category of G-superm_folds G—sMan.

Among Ob G—sMan, we have G with the L action ¢. and the R
action p. induced from p. These restrict to actions of |G| > g by
superdiffeo_s as per

g = po(gxidg) : R x GG — G,




Th™[Kostant *77, Koszul ’82, Fioresi et al. ’07]: Given

G € ObsLieGrp and its closed subsupergroup H with sLie H = b,

3 ess. unique superm_fold structure on the homogeneous space

G/H = (|G|/[H], Og/u)

S.t.
Ogm=1{feOcloym | Yumexm : Lif)=0 A |rl}(f) ="F}
(sHS1) w6/ = (mG|/H): togm * Oc/m = Og) is a submersion with
H——G--->|G|

”G/Hi i”\GI/H 3

G/H - —> |G|/H
(sHS2) (. descendsto G/H as per

G x G &

idGXﬂG/Hl

G
Gx G G /h
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We have local trivialisations over (distinguished) U € .7 (|G|/|H|),

7't UxH= U,05mly) xH— (n |G|/\H|(u) Oclt @)

|G\/\H|
and so also local sections
o=7""o(id;x8) : UxRW =i G
U U ; = :

With the help of the [|/|]g,, for some g; € |G|, i € /, induced from
|l|. via [¢]., we obtain a trivialising cover from Uy > H = |/|¢(H),

{lINg (ﬁo) = Z/A’i}iew

with the corresponding local trivialising sections

oi = |l|g ooy o[l] e

We may be quite explicit for a class of pairs*(g, b). ..
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Reductive homogeneous spaces

Let (G,H C |G|) with

dO d1 dS ’
g=tah, t=t00d = PP (Q), b= (%)
a=0 a=1 k=1 1
be reductive, i.e.,
[b,4 Ct.
We may then take Uy = |Up| sufficiently small to have
Uy = { exp (Xa ® Pa) | x? : Vo — R alocal chart near 0 € R%+ }

and then also, for {90‘}0‘em a global chart on ROI%
oo(x?,0%) = exp (0% ® Qu) o exp (x¥ ® Pa).
In the S-point picture, at any & = (X, 6) € Z:{\,-j, we find

Uj(f)zaf(é)-hf/@% hj(¢) € Ho
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Furthermore, components of the LI g-valued Maurer—Cartan 1-form

ao+0h
O=6lOta=0l T, +0r®J., €D (T.)=t
n=0

e transform as H-tensors for A= p € 0, dg + dy,
|r|*6t(g, h) = p(h)*, 6{(g), (9, h) € Yong x Yony
e compose a principal H-connection on G — G/H as

O=05R Js.

Upshot:
e the notion of horizontality (€ ker ©);

o T ="y 10" ®0/2®---® 0" with const. coefficients s.t.

Tuipg-.pn = Tvqvg...vp P(h)V;L P(h)yﬁg P(h)yﬂn, hecH
—
descend to G/ H along the oj, i_e l.
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Examples of reductive homogeneous spaces of Lie supergroups:

e sMink(d,1|Dy 1) =sISO(d,1|Dy1)/SO(d, 1) for

sISO(d, 1| Dy,1) = sMink(d, 1| Dg,1) X1, ,es,, SO(d; 1),
with
g = TNab 91‘3 ® 01?7

& 02 A (CT11)ap 0f (p=0)
(p+2) B R U N DA 07 A il (1 <Pk 8]

the admissible (d, p, N) filling up the ‘old brane scan’
e s(AdSs x S°) = SU(2,2|4)/(SO(4, 1) x SO(5)), with

g =102 R6° + 541 07 @67,

_ paa’l AT
(Ij) =08 A (CT3®03) 4155

o7 G2




Def™: Given a closed m_fold Qp of dim$, =p+1,aLie
supergroup G and its closed Lie subgroup H C |G| with (g, b)
reductive, as described above, fix a tesellation A(€p) of Qp
subordinate, for a given £ € [Qp, G/H], to a trivialising cover {U}ics
of G/H, described earlier. Assume given H-basic LI tensors on G:

5 2
g = gan) 02 ® 6L, = /H(plfg) S ()

(p+2)

The Green—Schwarz super-c-model in the Nambu—-Goto
formulation is a theory of mappings £ € [Qp, G/H] determined by
the PLA for the DF amplitudes defined in terms of (§, = £[,)

Sg\;fg[f]: Z /T\/det((aiTOET)*g)+ 2 ¢d=" H

TGTPJH

(p+2)




The meaning of the super-c-model [Freed *95]: The mappings from
[vaM] = MMan(vaM) := Homgman (- % vaM)
€ ObFun(sMan‘’, Set)

are to be evaluated on (cp Sorokin’s superembedding formalism!)

e N N e N*

with the resp. structure sheaves R[n', 72, ... < |, whereupon
T N
=g+, 77’2+---+5,1,2 2 ]77 n? ... pAzl,
L S e e

pptizty 102

llo..

2. 5&, . become the fields of the super-o-model.
112...0k7 Sl 1k e

& the £2




Physically relevant models:

(i) the original Green-Schwarz-... super-p-branes on
sMink(d,1|NDy 1) =sISO(d,1|NDy 1)/SO(d, 1), N € N*;
(ii) the Metsaev-Tseytlin superstring and super-p-branes on
s(AdSs x S°) = SU(2,2|4)/(SO(4,1) x SO(5));
(iii) the Zhou super-0-brane and superstring on
s(AdSp x S?) = SU(1,1]2)2/(SO(1,1) x SO(2));
(iv) super-p-branes on
s(AdS3 x S%),s(AdS4 x S7),s(AdS7 x §%),. ..

Empirical facts:
(H) (i) & (iii) have [ x ]ar = O, but [ X ]GR € CaEP2(G) \ {0}.

(p+2)

(W) (i) has [X]SU(22'4) 0c CaES(SU(272|4)),b‘1t

the supersyrnmetric primitive does NOT In6nii-Wigner—contract
to the one of (i).




What are the PROBLEMS with the empirical facts?

Ad (IW) Signals apparent ill-definedness of the MT super-c-model whose
construction was based upon the asymptotic correspondence
with the GS super-o-model for sMink(9, 1|32). [rrS "18]

Ad (H) The choice of the cohomology critical for the meaning of the
topological term in Apg.

AND
Physics (SUSY) favours the Cartan—Eilenberg cohomology

CaE*(G) = Hx(G)C,
BUT

(How) Does CaE*(G) \ H*(G) topologise?
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The Rabin-Crane-type argument/hypothesis:

Secretly, the GS super-o-model for [Qp, G/H = M)] is a theory of
mappings from [Qp, M /Tkr] for kg C G s.t.

M/rKR Sloc. M A HdR(M)G HdR (M/FKR)

A working model:

In the case M = sMink(d, 1|Dy 1), the subgroup was identified in
[Crane & Rabin ’85] as the discrete Kostelecky-Rabin supergroup
generated by infeger supertranslations

(x3,8%) — (y°,€P) - (x3,6%)

with yi?ig... i €itip.. i € Z (in the S-point picture).

thp...ik




Field-theoretic consequences: We ought to take into account the g
I'kr-twisted sector in [y, G/H], but then the Poisson-Lie
superalgebra of the Noether charges of supersymmetry of the GS
super-o-model,

{ha, hg} = fa5° he + Aps ,
exhibits a (classical!) wrapping anomaly.

Conclusion: Need to consider extensions of the supersymmetry
algebra g.

The latter is merely an (exact) intuition with a rigorous cohomology
story behind it. ..




Towards geometrisation of supersymmetric de Rham cocycles. . .

Th™: 4 isomorphism
[ : H*(g,R) = CE*(g,R) — CaE*(G) = HR(G)°.
Th™: 3 a correspondence

CE?(g,R) fatila { equivalence classes of supercentral extensions of g } ,

where / \ ;

Th™: 0 — R — gj,) — 9 — 0 determined by [w] € CaE?(G)
integrates to 1 —» CX — G — G —» 1 iff Per(w) C 27Z
. and L. : G x (G,w) — (G,w) hasa momentum map.
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Idea of geometrisation:
(Inspiration: extended superspacetimes of [de Azcarraga et al.])

1. Look for G-invariant 2-cocycles among the

(% 142 i [’L LL LL X s -
A 1 Hp
HAq H2 Hp ( )

2. Associate a supercentral extension C* — G -5 G toitand

partially reduce 7* x in CaE*(G).

(P+2)

3. Repeat 1.-2. until complete reduction of 7 x is obtained over
(p+2)

an extension G —— G in the corresponding CaE*(G), i.e.,

3 8 eGP . d g =7 x

(p+1) (p+1) (p+2)

4. Descend [ to a/H

(p+1)

5. Use G/ H as THE surjective submersion of G, & continue
N —
g ala [Murray & Stevenson et al.].
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Constructive results:

Theorem I [rrS *17(12)] Consecutive resolution, through central
extensions, of the various CaE super-2-cocycles encountered in the
analysis of the GS super-(p + 2)-cocycles on sMink(d,1|(N-)Dy 1),
induces a hierarchy of surjective submersions necessary for the
geometrisation of the latter, leading to the emergence of the
corresponding Green—Schwarz super-p-gerbes (explicited for

D0, 2).

Abstraction: The super-Minkowskian construction yields
Cartan—Eilenberg super-p-gerbes that are, morally, p-gerbe objects
in sLieGrp. (sMink(d,1|(N-)Dy 1) is a Lie supergroup!)

More generally, we obtain p-gerbes with a lift of [¢]. to the
constitutive surjective submersions that preserves the entire
connective structure. o




Constructive results — ct?:

e The success of the super-Minkowskian geometrisation (of
Theorem I) is repeated in [rrS *18] in the setting of Zhou’s
super-c-model of [Zhou *99] for the superparticle in
s(AdS;, x S?).

e The celebrated Metsaev—Tseytlin super-o-model of [Metsaev &
Tseytlin *98] for the superstring in s(AdSs x S®), on the other
hand, is problematic. There exists an
Indnii-Wigner-noncontractible trivial super-1-gerbe, and a
collection of no-go theorems.




Constructive results — ct?: -

Theorem II [rrS *19(’17)] The GS super-p-gerbes of Theorem I with
p € {0,1} are endowed with a canonical supersymmetric
Ad.-equivariant structure.

NB: This conforms with the purely even (WZW) story.

But there is even more verifiable Physics in the construction. . .




A self-consistent dscription of the supersymmetric vacuum

The translational component of the global supersymmetry G of

Agﬁ-’p (NG) s broken spontaneously by the (class.) vacuum Wyac.

—> Also its Graimann-odd component has to be reduced on Wyac.
Q: How to remove the spurious (Goldstone) GraBmann-odd fields?

A: A r-symmetry extension of h on Wyac, spanning the latter as its
(super)diffeo_s. [de Azcarraga & Lukierski "82, Siegel *83]

Problems: Qp-locality of x-symmetry & the mixing of the metric and
topological DOFs prevent geometrisation in the NG picture

BUT

Here come Hughes & Polchinski. . .




Consider tgc @ t&,OA)C ae0e t(o)(C t Ct® h = g) representing
Wyac, & its maximal ad-isotropy algebra hyac C h over Hyac C H.
Write

toh=g=(t®d) ®hvac=F®bwac, 0o=6P <J§> ;
5=1 )
& assume reductivity of the latter, [hyac,f] C f, and
[Bvac, ] C ¢, [0, tyacl € ¢, 0.+ C tic,

as well as unimodularity of p on Wyac (volume preservation)

VY he Hyac : det p(h) [t(o) = detTeAdh ft(o) ; 1=
VAC

VAC

Replace the former local sections of G — G/H by those of
G — G/Hyac given by top. translates of

Fies(Ogatcs ¢§) = exp(0°® Q) - exp(x? ® Pa) - exp (¢§ ® Jg)

00 (Xa, 90‘) . exp(gb§ & Jg)
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Th™[rrS *19C17)]: If (g, b, hvac, ts)A)C) and p are constrained as
above & there exists a TgAdy-invariant scalar product g on 0 st

0 0
t&’A)C Lge®
then AS}S;’p NG in the gauge og i1s (classically) equivalent to the

Green-Schwarz super-c-model in the Hughes—Polchinski
formulation for [Qp, G/Hyac] 3 € in the gauge o3C with

HP i %
Stsi HEEEDS / ) WG/H(ijz) :

)
TETP_H p+1)

HP e a a a
(pé(n ' 2 (p+1)' €apa;--a, O ANOL A - NG Ap € R,

partially reduced through imposition the Inverse Higgs Constraints

67 2t e ol N

<= the EL eq®s for the Goldstone modes ¢§ are imposed.
e piration: [Hughes & Polchinski *86; Gauntlett et al. ’90].




For the reduction of the GraBmann-odd DOFs, assume
3 PQA)C = PSA)C o PSA)C w/ im PgA)C = SA)C o t(A)C o=t ct st

:
[bvac, t glA)C] - tVA)C7 [UVAC79(1)] el i {{VAC VAC} & tVA)C @

& the gauge invariance

v;»;e[fzp,t(” F Sl oAglssjp HP)[ s (A(')v ] =0
realised exactly as ¢/, (d(pé - - s /H,, )) = 0. Then*, the
vacuum slice > yac within
Y I_I UIVAC (ai\/AC) 7 {[M]VAC (UVAC) LA{I_VAC}’El € cov(G/Hyac)

iel

with the normal determined by the EL eq®s of AGS’p LE):

B ROETHOET oL rTZVAC =)
is covered by local flows of linearised local x-symmetries:




Problems with the symmetries of the vacuum:

e they do not span an involutive distribution < their Lie
superbracket closes (over Xyac!) only up to ‘invisible’ gauge
transformations from b;

e they do not descend to G/Hyac.

Way out: «-symmetry as a gauged supervector-space symmetry of
the vacuum slice > yac.

Reminder: Gauge symmetries of the (super-)o-model geometrise as
equivariant structures on the corresponding (super-)p-gerbes, of
which the flat ones descend the models and the gerbes to the
orbispace.

Upshot: Need to check the existence of a supersymmetric

linearised descendable x-equivariant structure on. ..




Remarkable upshot: The extended Hughes—Polchinski p-gerbe

Gl 7ré/Hg((}ICé) ® ng(m)) ;

(p+1)
written in terms of gy : G — G/H, to be restricted to Tyac.
NB: The metric DOFs of the NG formulation have been
topologised/gerbified!

Theorem III [rrS *19, in writing] QAI({%) carries a canonical linearised
(descendable) k-equivariant structure

Tg : g,ﬁ@- G\I(ﬁ,) = Ig over gvac X ZVAC o

(Q: What about compatibility with the global supersymmetry?

"




Problem: Large supersymmetry transformations g € G map
between sections in Xyac, & k-symmetries do NOT glue. ..

Way out: Consider linearised supersymmetry,
(O zc/ﬂ,cf‘. Q\I(-I%) = Ig, Ac 1,dirng over Y yac :
implying — in the light of Th™ III —
glﬁf{ Tp : gﬁﬁ' g,gpé&? = Ig, Ae 1,dimg over gvac X ZVAC

for natural lifts I%fi\' of the ICfQ\'. We demand the existence of
op) RGP
Lt Lo Ol LIy =1p




Conclusions:

1. The physically relevant CaE super-(p + 2)-cocycles on
(supersymmetry) Lie supergroups should be geometrised and do
geometrise in a large class of supergeometric settings as the GS
super-p-gerbes of [rrS *17].

2. So do the supersymmetries, global and local. [rrS *19, in writing]

3. The super-p-gerbes are endowed with (the expected and) natural
equivariant structures with respect to the supersymmetries of the
relevant super-o-models, in conformity with the underlying
physics and the bosonic intuition. [rrS *19]

4. The construction generalises to physically relevant curved
homogeneous spaces of supersymmetry Lie supergroups, and
sometimes suggests corrections to the existing field-theory
results. [rrS *18]




Outlook:

e Uniqueness of the construction and its relation to the approach of
Schreiber et al.. Reconstruction of the full-fledged (weak)
(p + 1)-categories of super-p-gerbes.

e The relevance of the Inonii—-Wigner-contractibility & the ultimate
fate of the Metsaev—Tseytlin background.

e The higher supergeometry and superalgebra of supersymmetric
defects (including boundary states) & state fusion.

e Relation to the worldvolume supersymmetry, possibly via
Sorokin’s Superembedding Formalism.

e Relation to the Gtring-structure.
e The bosonisation/fermionisation defect.

e T-duality via the Hughes—Polchinski formulation, also in the
bosonic setting.

e The gauging of the Ad.-supersymmetry and the ensuing




Un (super)buchet pentru Organizatori
— din Warszawa, orasul lui Samuel Eilenberg, j
cu reconustinta si simpatie!




Part II1

Xtras




Intrusion: The Lie supergroup of the Metsaev-Tseytlin super-o-model:

SU(2,2|4) with the bod ’
B SUD 2 4)eies2)pS0(6)

and the Lie superalgebra (R-rescaled, for R € R)
w2219 = (@ (7o) @ é (Pa)) @ &) CRPY
a=0 A=

(a,af eT,#xT,4x {1,2}

GB( ED (Jab = —Jpa) ® EB (Jarpy = _Jb’a’>>

a,b=0 28 b =5

; A ab
{Qaa/,,OBB/J}zl(—Z(CI'aQb )aa’ip’y Pat+ H2 (@ ®02)aa’IBB’JJA)

g 851y +1 ifa,be0,4
[Quaryr Pal = =25 (T3 ® 02)° 5, Qppry (P2 Pl = sz ephpr =1 —1 ifabeb9
0 otherwise

(Y5> Je3l = 712a Ype — a6 Jpa t e Yaa — Tpa Ve

| = BB'J =
Quardpl = =2 655 (T @ V707, Qppru [Cadmslis=np Pe — 13 P

with the /s

inonii-Wigner asymptote su(2,2|4)(R) M%’smiuk(g, 1 |32




Some Lie-superalgebra cohomology. ..

Def™: A (left) g-module of an LSA g is a pair (V, £.) composed of a
K-linear superspace V =VO g V1) and aleft g-action

0 gV — 6 y) — X 1> v

consistent with the Z/2Z-gradings, X > v = X + V, and such that
for any two homogeneous elements Xy, Xo € g and v € V,

X0, )63 B v = Xot> (X > v) — (= 1% X > (X b V).

and the fundamental. . .




Def®: Let (g, [, }) be an LSA over field K and let (V, ¢) bea
g-module. A p-cochain on g with values in V is a p-linear map
@ : g*P — V that s totally super-skewsymmetric,

(P)
(SD)(X17X2a PRt )(I'717)(I'+17XI'7)(/+27 )(f+37 oI Xp)
)

= (=1 0(X, X, Xp).
(p)
They form a Z»-graded group of p-cochains on g valued in V,

CPEIV= C2(5, V) @ C°(3, V),

with p(X1, Xo,..., Xp) € V. p for ¢ € CR(g, V), composed
(p) = (p)

1 Xn
of even (n = 0) and odd (n = 1) p-cochains.

These groups form a semi-bounded complex
ax S50 . o 5= i o0
C.(/g\a V) : Co(aa V) = C1 (57 V) e Cp(aa V) e




The coboundary operators

532 Chigalaees ¢ (g V)

evaluate on the homogeneous X; € g, i € 0,p+ 1, ¢ € CP(g, V)

(p)
a8 o Xl ¢
(SRl - O X i
®) art \X,| |¢|+S(X,)
(6 (go))(xhxz,.. XL Z -1) ® x,->(ﬁ(x1,x2,.%.,xp+1)
p p j

5 DA (—1)S<X>+S‘Xk>+lx"xk‘ go)([xj,xk},xhxz,.7.,xp+1),

1<j<k<p+1 P s
ok

S(G) = 1X1- D 1%l +i—1.
fi==il

The 7Z/2Z-graded V-valued cohomology groups of g are

ker(5 GC (a,V)
m'6§,p - [

HP(g, V) := Hy(g. V) & Hi(g, V), Hp(g, V)=

ch (g, V)
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Def: Let (g, [-,-}5) and (@,[-,-}5) be LSAs over field K. A
supercentral extension of g by d is an LSA (g, [-,-};) over K
that determines a short exact sequence of LSAs

0—>a—]§—>§ﬁ—ﬁ>g—>0,

written in terms of an LSA mono j; and of an LSA epi 7, and s.t.
Ja(@) C 3(g) (the supercentre of g). Whenever 7, admits an LSA
section, i.e., there exists

o € Homgre(9,9) , i — 1da

the supercentral extension is said to split.

An equivalence of supercentral extensions g,,« € {1,2} of g by
a is represented by a commutative diagram of LSAs

0——a o g 0




The relevant one-way ticket:

Given an LSA (g, [-,-}4) and its supercommutative module a, as well
as a representative © € Z2(g, a) of a class in H3(g, a), we define

g=adg
and put on it the Lie superbracket

[-he : 9xg—3

((A1, X1), (A2, X2)) — (©(Xq, X2), [X1, Xa}g) -
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