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From Jacobi pairs to twisted Jacobi pairs

Let M be a smooth manifold. By definition, a Jacobi pair (II, E) consists in
Mex2(M), Eecx'(M)
that enjoy the properties
[ILI] +2IIANE =0, [II,E]=0, (1)

with [e, e] the Schouten-Nijenhuis bracket in the Gerstenhaber algebra of
multi-vector fields

X*(M)=FM X (M) & - e ximM(pr)
coming from the Lie algebra of smooth vector fields

(%(M) = x! (M),[o,o]).
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From Jacobi pairs to twisted Jacobi pairs

A Jacobi pair, naturally structures the vector space F (M) as a Lie algebra,
but not a Poisson one with respect to

{o,0} : F(M)x F(M)— F(M),
{f,9} =indf Ndg +ip (fdg — gdf). (2)
The bracket in the above display the ‘Hamiltonian’ morphism of Lie algebras
H:F(M)— X" (M),
H(f)=Xp=TFdf + fE, (3)

with
IF:T*M — TM, o= —j,IL (4)

The Hamiltonian vector fields enjoy the properties

(X7, Xgl = X5y, [Xp Bl = —Xgpy (5)
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From Jacobi pairs to twisted Jacobi pairs

A Jacobi pair is said to be transitive if the ‘Hamiltonian’ distribution
coincides with the tangent one i.e iff

(ImIl*, E,) = T,M, € M. (6)

A locally conformal symplectic structure on an even-dimensional smooth
manifold M consists in a pair (€2, «) with © non-degenerate, a closed and

dQ2+a A =0.
This results in a Jacobi pair (II, E') with
(pAMTD) = (,Qp A0, E = Q.

By Qf we denoted the inverse of the isomorphism

O xN (M) = QY (M), DX =—ixQ.
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From Jacobi pairs to twisted Jacobi pairs

A coorientable contact structure on an odd-dimensional smooth manifold M
is given by a 1-form 6 such that

w=0A(do)"™
is a volume form, i.e.,
b . Al 2m b _ .
WXt (M) = QM(M), X =—ixp

is an isomorphism. The pair (I, E) is a Jacobi one where E is the Reeb
vector field, i.e., the unique solution to

igf =1, igdd=0

and

(df Adg,TT) = (d6, X A X,).
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From Jacobi pairs to twisted Jacobi pairs

Previously, by X we meant the Hamiltonian vector field associated with the
smooth function f € F(M) given by the considered coorientable contact
structure, i.e., the unique solution to the equations

inQZf, indGZiE(df/\e).
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From Jacobi pairs to twisted Jacobi pairs

Theorem

If a Jacobi pair (II, E') on a smooth manifold M s transitive then M is
either a locally conformal symplectic manifold or a coorientable contact one.

Theorem

The characteristic distribution of a Jacobi pair is completely integrable with
the characteristic leaves either locally conformal symplectic manifolds or
coorientable contact ones.
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From Jacobi pairs to twisted Jacobi pairs

Let (M, Apr) be a smooth manifold. By definition, a twisted Jacobi pair
((II, E) ,w) consists in

MeXx?* (M), EcX' (M), weQ*(M)

that enjoy the properties

1
(LU 4+ EAD=dw+ Tfw A E 7
2

(B,11] = — (H%’Edw + i pw A E) . (8)
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From Jacobi pairs to twisted Jacobi pairs

A twisted Jacobi pair endows the vector space F (M) with the R-linear and
skew-symmetric bracket

{o,o}:]:(M) ><.7:(M)—>f(M),
{f,9} =indf Adg +ip (fdg —gdf), 9)

which verifies

and

Jac {fa g, h} = Z‘l_Iﬁdw—i-l_Iﬁw/\E (df A dg A dh)
— itipdotittipone (fdg Adh+ gdh Adf +hdf Adg), (11)
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From Jacobi pairs to twisted Jacobi pairs

The bracket in the above allows display the introduction of Hamiltonian
vector fields

H:F (M) —xH (M),
H(f)=Xp =TS + fE, (12)
which verify the relations
(X7, Xg] — X{1,gy = Wix, ax,dw — (Lpf) Tix,w
—}—(,CEQ) Hﬁinw%— (inAng) E. (13)
[Xf,E] + XLEf =TIt (inAEdw — (ﬁEf) iEw) + (inAEw) FE. (14)
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From Jacobi pairs to twisted Jacobi pairs

A twisted Jacobi pair ((II, E') ,w) is said to be transitive if the characteristic
distribution coincides with the tangent one i.e iff

f oy
I x T I .
(ImITE, E,) = T,M, z€M (15)

Example

The pair (€2, ), with Q non-degenerate and « closed, is said to be a locally
conformal symplectic structure twisted by w € Q?(M) if

d(Q—w)+an(Q—w)=0.
This results in a twisted Jacobi pair ((II, E') ,w) with
(p AMID = (Q, Q% AQRN), E =0

By QF we denoted the inverse of the isomorphism

@ xN (M) = QY M), XX =—ixQ
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From Jacobi pairs to twisted Jacobi pairs

Example
The contact structure @ is said to be twisted by the 2-form w if

pu=0A(d0+w)™
is a volume form, i.e.,
b . Al 2m b _ .
WXt (M) = QM(M), X =—ixp

is an isomorphism. The structure ((II, E') ,w) is a twisted Jacobi pair where
E is the twisted Reeb vector field, i.e., the unique solution to

iEGZI, z’E(d9+w):0

and

(df Adg,II) = (df, X A X).
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From Jacobi pairs to twisted Jacobi pairs

Previously, by X we meant the twisted Hamiltonian vector field associated
with the smooth function f € F(M) given by the considered twisted
coorientable contact structure, i.e., the unique solution to the equations

inQZf, in (d0+w):iE(df/\0).
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From Jacobi pairs to twisted Jacobi pairs

Theorem

If a twisted Jacobi pair ((II, E) ,w) on a smooth manifold M s transitive
then M is either a twisted locally conformal symplectic manifold or a twisted
coorientable contact one.

Theorem

The characteristic distribution of a twisted Jacobi pair is completely
integrable with the characteristic leaves either twisted locally conformal
symplectic manifolds or twisted coorientable contact ones.
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Outline
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Relaxing twisted Jacobi pairs: Jacobi pair with background

Definition
A pair ((IL, E) , (¢,w)) consisting in

MeXx? (M), EcX¥' (M), ¢cQ®M), weQ* M)
which enjoys the properties
%[H,H]—l—E/\H:Hﬁqb—i—Hﬁw/\E (16)
[B,11] = — (H%Eqﬁ + i pw A E> (17)

is called Jacobi pair (I, E') with background (¢,w).

It is immediate that if in the above we take
¢ =dw (18)

then we recover the
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Relaxing twisted Jacobi pairs: Jacobi pair with background

Example

Let’s consider the four-dimensional smooth manifold R* with the global
coordinates = = (z!, 22, 3, 2%) and the real smooth functions

f,eeC*® (R4) among which f is nowhere vanishing and
e=e (1:1, x2) .
The geometric objects

1

II=— (01 ANOs+ 02N D3),

~

E = —— ((01e) 04 + (02¢e) 03) = —I*de, w=0,

L
f

¢=d(f dz® Adz® + f da' Ada?) — fd (e dz® Ada® + e da' Ada?),
organize R* as a Jacobi pair with background whose 3-form is non-closed
and twisting 2-form w
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Relaxing twisted Jacobi pairs: Jacobi pair with background

Example

Let's consider the same four-dimensional smooth manifold R* and take the
smooth functions a, b with a nowhere vanishing. We introduce the objects

Q=a (dac1 A dz? + da® /\dm4) w=a dz' Ada?,
¢ = dw + (da + a db) A dz?® A dz?,
1
= —— (31 A8y + 05 A0, E = Qfdb.
With these tools at hand ((II, E) , (¢, w)) is nothing but a Jacobi pair with

background defined by 3-form ¢ and non-trivial twisting 2-form w. The
background 3-form is if and only if

(da + adb) A dz® A dz? = 0.
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Relaxing twisted Jacobi pairs: Jacobi pair with background

A Jacobi pair with background endows the vector space F (M) with the
R-linear and skew-symmetric bracket

{e,0} : F(M)x F(M)— F (M),

{f,9} =indf ANdg +ig (fdg — gdf), (19)
which verifies

{f.gh}t —g{f.h} = h{f, 9} = ghLEf, (20)
and

Jac {fa g, h} = iHﬁqﬁ—i-Hﬁw/\E (df A dg A dh)
— itiportigonk (fdg Adh+gdh Adf +hdf Adg)  (21)
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Relaxing twisted Jacobi pairs: Jacobi pair with background

The bracket in the above allows display the introduction of Hamiltonian
vector fields

H:F(M)—xH (M),
H(f) = X; =T*df + fE, (22)
which verify the relations
(X7, Xg] = X(pgy = Mix ax, 0 — (Luf) Mix,w
+ (Lpg) Wix,w+ (ix,rx,w) E. (23)
[Xf,E] +Xrpr = g (inAE¢ —(Lef) iEw) + (inAEW) E. (24)
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Relaxing twisted Jacobi pairs: Jacobi pair with background

A Jacobi pair with background ((IL, E) , (¢,w)) is said to be transitive if its
characteristic distribution coincides with the tangent one i.e iff

(ImIl¥, E,) = T,M, x¢€ M. (25)

Example

A locally conformal symplectic structure (€2, ), with £ non-degenerate and
« closed, is said to be with background (¢,w) if

p=dQ+a A (Q—-w).

It generates a transitive Jacobi pair with background ((II, E) , (¢, w)) where

(p ANTI) = <Q Qfp A QﬁA> . E =0k
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Relaxing twisted Jacobi pairs: Jacobi pair with background

Theorem

Let M be a smooth manifold and ((I1, E) , (¢1,w1)) and ((IL, E) , (¢2,w2))
be two Jacobi pairs with background on M. If both structures are transitive
then the following alternative cases hold:

@ dim M is even: there exists a 2-form, w € Q2 (M), such that

wi=wy+w, ¢1=¢—wAIPE; (26)
Q dim M is odd:
w1 =ws, @1 = . (27)
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Relaxing twisted Jacobi pairs: Jacobi pair with background

Theorem

If a Jacobi pair with background ((II, E) , (¢,w)) on a smooth manifold M is
transitive then M s either a locally conformal symplectic manifold with
background or a twisted coorientable contact one.

Theorem

The characteristic distribution of a Jacobi pair with background is completely
integrable with the characteristic leaves either locally conformal symplectic
manifolds with background or twisted coorientable contact ones.
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Relaxing twisted Jacobi pairs: Jacobi pair with background

Let (I, E)) , (¢,w)) be a Jacobi pair with background on the smooth
manifold M. Then, to each everywhere non-vanishing smooth function

acF (M)

we can associate the Jacobi pair with background ((I1%, E%), (¢%, w®)),
where

N° =all, E"=aF+Ida, (28)

1 1 1
Pt =—p+d <> ANw, w®=-w. (29)
a

a a

It can be shown that the brackets associated with the above Jacobi pairs
with backgrounds are related via

14,91 = . {af.ag}. (30)
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Relaxing twisted Jacobi pairs: Jacobi pair with background

The ‘Poissonization’ procedure also works for Jacobi pairs with background.

Definition

Let smooth manifold (M, .Ay;) endowed with a pair (II, ¢) consisting in
e X* (M), ¢ecQ*WM),

which verify
[I1, II] = 2116 (31)

is called a Poisson manifold with background. If in addition there exists the
vector field Z such that

LAI=[Z1]=-T, Lzé=0¢ (32)

then the Poisson manifold with background is said to be homogeneous.
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Relaxing twisted Jacobi pairs: Jacobi pair with background

Theorem
If (IL, E,) , (¢,w)) is a Jacobi pair with background, then the manifold

M=MxR (33)

can be naturally organized as a ‘homogeneous’ Poisson manifold with
background defined by

M=e"(II+3,AE), ¢=¢ (p+wAdr), Z=0,. (34
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Outline

@ Jacobi-like pairs as distinguished elements of a Lie algebroid
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Jacobi-like pairs as distinguished elements of a Lie

algebroid

We start from the Lie algebroid
(TM xR, [[.7 .ﬂvp)

with
[[(me)a(yvg)]]E([X7Y]7X9_Yf>7 p(X7f)EX

By means of the isomorphisms
T (A" (TM x R)) ~ X" (M) x X" (M),
its Gerstenhaber algebra (I' (A®*(T'M x R), [e,e])) reads

[(P, @), (R, )] = ([P, R, [P, S]+ (=)' [, R]).
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Jacobi-like pairs as distinguished elements of a Lie

algebroid

Moreover, the differential of its de Rham complex (I' (A*(T'M x R)*),d), d
can be written, by means of the isomorphisms

I'(ATHTM x R)*) ~ Q"T(M) x Q"(M),
in terms of the standard de Rham differential, d as
d(w,a) = (dw, —da), (w,a)€ A* (M) x A*1(M).
We consider the d-cocycle (0,1) € QY(M) x F(M),
d(0,1)=0
and construct the Lie algebroid with 1-cocycle

(TM X R, o, o] @1, p) .
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Jacobi-like pairs as distinguished elements of a Lie

algebroid

The previous bracket has the concrete expression
[(P,Q), (R, SOV = (1,11),

where
I=[P,Rl+p(=)"PANS—rQAR,

IT=[P S|+ (-)"[Q,R+(p—-1r)QAS.
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Jacobi-like pairs as distinguished elements of a Lie

algebroid
Within the previous context, the equations governing the Jacobi pair (II, E)
on the smooth manifold M simply read
(11, B), (11, B)| ) = 0.
Also, the equations exhibiting the twisted Jacobi pair ((II, E) ,w) reduce to
[(A1, E), (IL, E)] %Y = 2 (I, E) (dw,w).

Finally, the equations displaying the Jacobi pair with background
((IL E), (¢,w)) are

[[(Hv E), (1L, E)]](OJ) = 2(IL, E)ﬁ (¢, w).
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Jacobi-like pairs as distinguished elements of a Lie

algebroid

Previously, we denoted by (II, E)? the F(M)-module morphism
(I, E)* : D(A¥(T*M x R)) — T(A¥(TM x R)), (35)
which is the linear extension of

QY M) x F(M) 3 (8,f) = (P8 + fE, —ipf) € X' (M) x F(M)
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Outline

@ Jacobi-like line bundles
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Jacobi-like line bundles

By definition, a Jacobi bundle consists in a line bundle . — M endowed
with a bracket
{e,0} : T'(L)xI'(L) - T (L),

that enjoys the properties:

@ It is R-linear and :

@ It verifies the Jacobi identity i.e.
{s1,{s2,s3}} + circular = 0, s1, 89,53 € T'(L) (36)
o It is local i.e.

supp{s1, sa} C suppsi Nsuppsa, 1,82 € I'(L) (37)
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Jacobi-like line bundles

It is immediate that Jacobi pairs are equivalent to trivial Jacobi bundles.
Indeed, any Jacobi pair (II, E') on a given manifold endows the trivial line
bundle

R]\/j =Rx M

F (M )-module of smooth sections
I'(Rar) = F (M)
with the bracket
{f.9} =indf Adg+ip (fdg — gdf) (38)

and conversely, any Jacobi structure on the trivial line bundle displays a
bracket in F (M).
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Jacobi-like line bundles

We consider the Lie algebroid (DL, [e, ], o) whose sections
D(L) =T (DL)
are nothing but the derivations of the module [over F (M) | T'(L) i.e.

R-linear maps /A which enjoy the existence of a [unique] vector field XA
such that

A(fs) = (Xaf)s+fis, seT(L),feF(M). (39)
Previously, the bracket is given by
[A, A’] = AN - ANA,

while the anchor returns symbols of derivations
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Jacobi-like line bundles

Now, associated with the tautological representation of DL on L
v:I'(DL) — T (DL), woA=0X Mel(L),

the Jacobi algebroid (DL, L) is at hand. This is equivalent to
@ the Gerstenhaber-Jacobi algebra consisting in the module

D*L=T(A*J1iL® L) over the algebra I'(A*J1L)
@ der-complex consisting in the module
7 =T (A*(DL)*® L) over the algebra T'(A®(DL)")
In the above we used the notation
JiL=(J'L)
and also the vector bundle isomorphism

J1L~DL®L"

(40)

(42)

(43)

(44)
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Jacobi-like line bundles

The homogeneous elements in the algebra (41) consists in skew-symmetric,
first-order differential operators

A:T(L)x - xT (L) = F(M)=T (Ry) (45)

while those of the module (41) are the skew-symmetric, first-order
differential operators

O:T(L)x---xT'(L)—=T(L) (46)
The bracket in the previous Gerstenhaber-Jacobi algebra reads
[0, 0] = (5" 0100y — Oy 0Oy, O, € DFatlL, (47)

with o the Gerstenhaber multiplication

|:|1 o |:|2 <817 Tty Sk1+k2+1) =
> ()00 (T2 (Sr(1)ys > Srihis1)) s Sr(as2)s " s Sr(kahatD))
TESk] +1,kq
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Jacobi-like line bundles

Concerning der-complex, €%, it is endowed with a homological derivation,
dp, which symbol is nothing but de Rham differential, dpy,, associated with
the Lie algebroid DL

(dpA,0) = (O, 5'N) (48)
dp (wA Q) = (dprw) AQ+ (=)“lwAdpQ,w e T (A (DL)*), Q€ Q3
(49)

It can be shown that the cohomology of dp in the der-complex is always
trivial i.e.
dpQ>0 = 0 <= Qg0 = dpOk—1. (50)
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Jacobi-like line bundles

In this unified context, a Jacobi bundle consists in a line bundle L — M
endowed with a first-order bi-differential operator

J e D’L
that verifies Maurer-Cartan equation
[J,J] =—-2J0oJ=0. (51)

The connection between the bracket and the bi-differential operator J simply

reads
{81, 32} =J (81, 82) , 81,82 € I (L) . (52)
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Jacobi-like line bundles

By means of the vector bundle morphism
J:J'LAJ'L - L, (J,i'"AAp)y =T (N p), (53)
the Jacobi bundle (L — M, J) is said to be transitive if

Im (a o jﬁ) —TM.

Let K be a contact structure on M ,i.e.,
we  KXK—=>TM/K, (we,XAY)=[X,Y] modK

is non-degenerate. It defines a unique Jacobi bundle (TM/K — M, Jx)
which is transitive.
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Jacobi-like line bundles

Example

An lcs structure on a given line bundle L — M is a pair (V, Q) consisting in
a representation V of the tangent Lie algebroid TM — M on a line bundle
and a non-degenerate L-valued 2-form © € Q2(M; L) which is closed with
respect to the homological degree 1 derivation dy associated with the Jacobi
algebroid structure ([e, @], V) on the pair (T'M, L),

dvQ = 0.

It defines a unique transitive Jacobi bundle (L — M, J) with

J (A 1) = (2,94 (dyp) A QHdv ).
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Jacobi-like line bundles

Moreover, a twisted Jacobi bundle consists in a line bundle L — M endowed
with a first-order bi-differential operator

J € DL
which ‘nilpotency’ (51) is ‘twisted’ via the closed Atiyah 3-form

el dpd=0, (54)

[J,J] = 2J%®. (55)

Also here, the twisted Jacobi bundle (L — M, J, ®) is said to be transitive if

Im (g o jﬁ) — TM.
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Jacobi-like line bundles

Example

A hyperplane distribution IC together with a 2-form ¢y € ' (/\QIC* ® L),
L =TM/K is said to be a twisted contact structure on M if

we +9 €T (A’C*® L)

is non-degenerate. It defines a unique twisted Jacobi bundle
(L = M, Jy, Qc,yp) which is transitive.
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Jacobi-like line bundles

Example

A twisted lcs structure on a given line bundle L — M is pair ((V,Q),w)
consisting in a representation V of the tangent Lie algebroid M — M on a
line bundle, a non-degenerate L-valued 2-form 2 € Q?(M; L) and an
L-valued 2-form w € Q?(M; L) which verify the compatibility condition

dv§} = dyw.

It defines a unique transitive twisted Jacobi bundle (L — M, J,dpo*w) with

J (A 1) = (Q, QA (dwp) A QH(dvA)).
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Jacobi-like line bundles

Finally, a Jacobi bundle with background consists in a line bundle L — M
endowed with a first-order bi-differential operator

J € DL
which ‘nilpotency’ (51) is ‘broken’ via an Atiyah 3-form

e, (56)

[J,J] = 2J¢®. (57)

Also here, Jacobi bundle with background (L — M, J, ®) is said to be

transitive if
Im (a o Jﬁ) — TM.
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Jacobi-like line bundles

Example

An lcs structure with background on a given line bundle L — M is pair
((V,9Q),(¢,w)) consisting in a representation V of the tangent Lie algebroid
TM — M on a line bundle, a non-degenerate L-valued 2-form

Q€ O%(M; L) an L-valued 3-form ¢ € Q3(M; L) and an L-valued 2-form
which verify the compatibility condition

dv§) = dyw + ¢.

It defines a unique transitive Jacobi bundle with
background(L — M, J,dpo*w + oc*¢) with

T (0 1) = (Q, 2 (dyp) A QH(dy ).

Eugen-Mihaita CIOROIANU (UCV) Jacobi versus Jacobi Bucharest, September 4, 2019 49 /53



Outline

@ Jacobi-like line bundles encompass Jacobi-like pairs
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Jacobi-like line bundles encompass Jacobi-like pairs

When the line bundle L — M is trivial
L =Ry,
by means of the isomorphism
DRy =TM x R, (58)
the homogeneous elements of the Gerstenhaber-Jacobi algebra (41) reduce to
DRy = F (M) DRy =% (M) x (M), k>0 (59)
while the Gerstenhaber-Jacobi bracket becomes

e, oﬂ(o’l).
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Jacobi-like line bundles encompass Jacobi-like pairs

In addition, the homogeneous elements of the (Atiyah)der-complex read

Moreover, the homological derivation in the Atiyah complex can be written
in terms of de Rham differential like

dpf=df, dp(wk,wi-1)= (dwg,wr —dwr—1), k>0. (61)
With these identifications at hand, the bi-differential operator .J is realised as
J < (I, E) € X*(M) x X'(M),
the Atiyah 3-form in the twisted Jacobi bundle (54) becomes
® - (dw,w) = dp (w,0) € Q3 (M) x Q*(M),
while the Atiyah 3-form in the Jacobi bundle with background reads

D (p,w) € B3(M) x Q*(M).
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