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The purpose of this talk is to present from a dynamical-geometrical
perspective, the class of smooth vector fields (defined on a finite
dimensional smooth Riemannian manifold) that admit a given set
of first integrals, and dissipate an a-priori given set of scalar
quantities, with prescribed dissipation rates.

As application, we provide a method to construct dissipative
perturbations of completely integrable systems in order to control
the stability of periodic orbits.



A coordinate-free formulation of hyperplanes intersection

Next result provides a coordinate free formulation for the
intersection of k linear hyperplanes with prescribed normal
directions.

Proposition

Let (E,(-,-)) be an n-dimensional inner product space over a field
K of characteristic zero, and let {v1,...,vx} C E be a set of
linearly independent vectors (k € N, 0 < k <n—1). Then the
solutions u € E of the system

<U,V]_> == <U,Vk> =0,

are the elements of the (n— k)-dimensional vector subspace

n—k k
E[vl,...,vk]::spanK{*< /\ a),'/\/\v,) :ae{l,...,n—k}},

i=1,i#a I=1

’




A coordinate-free formulation of hyperplanes intersection

where
{col,...,w,,,k} CcCE

is a set of linearly independent vectors such that
{vi,...,Vk,@1,...,0,_x} forms a basis of E.




A coordinate-free formulation of hyperplanes intersection

@ For k = n, the Proposition (3.1) becomes trivial since the only

solution of the system (u,v1) =--- = (u,vp) =0is u=0.
@ For k = n—1, the conclusion of Proposition (3.1) becomes as
follows:

The solutions u € E of the system
<U, V1> - = <U, Vn71> — 07

are the elements of the 1-dimensional vector subspace

n—1
E[vi,...,Va_1] :=spang {* (/\ v/> }
I=1




A coordinate-free formulation of hyperplanes intersection

Let us give now the main result of this section, which provides a
coordinate free formulation of the linear variety described by the
intersection of k linear hyperplanes and respectively p affine

hyperplanes of an n - dimensional inner product space (E,(:,-)).




A coordinate-free formulation of hyperplanes intersection

Theorem

Let (E,(-,-)) be an n-dimensional inner product space over a field
K of characteristic zero. Let k,peN, k>0, p>1, k+p<n—1,
M,...,Ap € K\ {0} be given, and let {vi,...,vik,w1,....wp} C E
be a set of linearly independent vectors.

Then the solutions u € E of the system

{ (1) =+ = u, vy = O, (1)

(uywi) =A1,..., (U, wp) = Ap,

are given by u = ug+ u,, where

-2

P .
Y (-1)"'ae;,

i=1

upg =

P k
Awin \vi
=1 j=1




A coordinate-free formulation of hyperplanes intersection

with
[//\ WJ/\/\V//\* /\vng/\/\v,)]
=1,j#i =1 1

and

n—(k+p)
uLESpanK{*< /\ (!),/\/\WJ/\/\V/> rae{l,...,n—

i=1,i#a j=1

where
{(Dl, ceey a),,_(k+p)} CcE

is a set of linearly independent vectors such that

{1, v Wi, W, @1, O (kyp) } fOrms a basis of E.

(k+p)




A coordinate-free formulation of hyperplanes intersection

If one adopt the notation J7{,,.0) := {u € E | (u,v;) =0},

i €{1,...,k}, and respectively .5 :={u € E| <.u,vvj) =},
J€{1,...,p}, then the intersection of the above defined linear and
respectively affine hyperplanes, is the linear variety

k P
m %v,-;o) N ﬂ %Wj;gj) =up+ E[wy,.. S Wpy Vi, vk, (2)
il =1

where

-2

P .
Y (-1)"'ae;,

i=1

upg =

P k
/\ Wi AN /\ VJ
i=1 j=1




A coordinate-free formulation of hyperplanes intersection

with
[//\ WJ/\/\V//\* /\vng/\/\v,)]
=1,j#i 1=1 1

and

k p
Elwi,...,wp,v1,..., %] = ﬂ H{v:0)N ﬂ %ﬂ(wj;o)
i=1 j=1

n—(k+p)
:spanK{*< /\ a),/\/\wj/\/\v/> cae{l,....n—

i=1,i#a j=1

where
{(L)l, aoag (I)n_(k+p)} CE

is a set of linearly independent vectors such that

{1, v Wi, W, @1, O (kyp) } fOrms a basis of E.

(k+p)}




A coordinate-free formulation of hyperplanes intersection

Let us point out that the Theorem (1) remains valid also for the
limit cases p € {0,1}, k=0, k+p € {n—1,n}, the only difference
from the general case being the inconsistency of the notations,
which in these limit cases may lead to confusions. Hence, for these
limit cases we prefer to state separately the conclusion of the
Theorem (1).




A coordinate-free formulation of hyperplanes intersection

@ For p=0, the Theorem (1) reduces to Proposition (3.1).

@ For p=1, the conclusion of the Theorem (1) becomes as
follows:
The solutions u € E of the system

{ <uaV1>:"':<uaVk>:07
<U7W1> :lla
are given by u= ug+ u,, where

k —2

wi A\ vy

j=1

(=1)" 1004,
k+1

up —




A coordinate-free formulation of hyperplanes intersection

with

k
©1 :*[/\ V//\*(Wl/\/\V/>] ,
I=1 1=1

and

n—(k+1) k
up espanK{*< A a),-/\wl/\/\v/) :ae{l,...,n—(k+1)}},

i=1,i#a =1
where
{o,...,0,_(41)} CE

is a set of linearly independent vectors such that
{Vi, o Vi, W, 01, 041y} forms a basis of E.




A coordinate-free formulation of hyperplanes intersection

RENEILS

For k=0, the conclusion of the Theorem (1) becomes as follows:
The solutions u € E of the system

(uywi) =A1,..., (U, wp) = Ap,

are given by u= ug+ u,, where
-2

up =

p
/\ wi
f=ll

p




A coordinate-free formulation of hyperplanes intersection

with

p p
o (i)
=il &)
and

n—p p
ulespanK{*< /\ a),-/\/\wj> :ae{l,...,n—p}},

i=1,i#a j=1

where
{o,....,0,p} CE

is a set of linearly independent vectors such that
{wi,....,wp,@1,...,0,_p} forms a basis of E.




A coordinate-free formulation of hyperplanes intersection

In the case when k+ p = n—1, the conclusions of the Theorem (1)
still hold true, the only difference being the fact that the direction
of the linear variety is one-dimensional and can be expressed only

in terms of the vectors vi,..., vy, wy,..., wp:

P k
up EspanK{* (//\ wiA N\ v,)}
=1 I=1




A coordinate-free formulation of hyperplanes intersection

For k4 p = n, the conclusion of the Theorem (1) becomes as
follows:
The system

{ (uyvi) = =(u,v%) =0,
(uywi) =A1,...,(u,wp) = Ap,

has a unique solution which is given by u = ug, where

-2

k
VA
=1 I,

p
Y (-1 a6,
i=1

with

e,-:*l/'\ wh A s /\WJA/\V,)]

j=1,j#i I=1 1




Local generators of affine distributions on Riemannian

manifolds

The purpose of this section is to translate on smooth Riemannian
manifolds the results given in the previous section. This approach
follows naturally, and has direct applications to dynamical systems.
As we will see in the next section, the results presented here will
provide an explicit characterization of conservative and also
dissipative dynamical systems.




Local generators of affine distributions on Riemannian
manifolds

Theorem

Let (M,g) be an n-dimensional smooth Riemannian manifold, and
fix k,p € N two natural numbers such that k >0, p>1,
k+p<n—1. Let hy,...,h, € €~(U,R) be a given set of non-zero
smooth functions defined on an open subset U C M, and
respectively let {X1,..., Xk, Y1,...,Yp} CX(U) be a set of linearly
independent vector fields on U.

Then the solutions X € X(U) of the system

{ g(X, X1) =---=g(X,X,) =0,
g(X, Yl):hl,...,g(X,Y):

are given by X = Xo+ X,




Local generators of affine distributions on Riemannian

manifolds

where
P k —Z

AYin A X

i=1 j=1

Xo =

with

P k P k
@,_*l/\ YiA N\ XiAx /\Yj/\//\x,>
j=1 =1

j=1j#i =1

and X (x) € span]R TIXUX), e, Xk(X), -, Ya(X), -, V(%) ], for
any x € U.




Local generators of affine distributions on Riemannian
manifolds

Moreover, for each x € U, there exists an open neighborhood
Uy C U, such that for any x’ € Uy

—(k+p) p k
X1 (x') € spang{*y ( N ZGOAN YA N X,(x’)> :
i=1,i#a j=1 =1

36{1,~--;n_(k+p)}}7

where
{Zl, ceny an(k—i-p)} C :{(UX)

is an arbitrary set of linearly independent vector fields on Uy, such
that the vector fields

{Xtsee s Xes Yisee s Yor Ziy ooy Zn(kip) )

are linearly independent on the open subset U, C U, i.e., they form
a moving frame on U,.




Local generators of affine distributions on Riemannian

manifolds

The set of vector fields

XXy, X, Y1, Yp] = {X € (V) | g(X, Xi) = (X, ;) =0;
1<i<kl<j<p}

forms an [n— (k + p)]-dimensional smooth distribution, locally
generated around each point x € U, in some open neighborhood
Uy C U, by the set of vector fields

n—(k-+p) P k
{*( N ZAN\YiA X,):ae{l,...,n—(k+p)}c%(Ux).
= 1

i=1,i#a j=1 I=




Local generators of affine distributions on Riemannian

manifolds

Recall that in contrast with the vector fields Xi,..., Xy, Y1,...,Yp,
which are globally defined on U, the vector fields Z1,...,Z,_(xp)
are only locally defined since their existence depend on x, and is
guaranteed in general only in some open neighborhood Uy around
x. Moreover, they are arbitrary chosen in order to be linearly
independent and to complete locally the set of vector fields
{X1,..., Xk, Y1,..., Yp} up to a moving frame in U,.




Local generators of affine distributions on Riemannian

manifolds

By a similar argument as in the proof of Proposition (3.1), the
above defined set of local generators does not depend on the set of
locally defined linearly independent vector fields Z1,..., 2, (xyp)s
as long as

{Xtyee s Xes Yisee oy Yor Ziy oo os Zn ket p) )

forms a moving frame.




Local generators of affine distributions on Riemannian

manifolds

Let us fix some general notations. Let & C X(U) be a smooth
r-dimensional affine distribution on the open subset U of a smooth
n—dimensional manifold M. This means that for each x € U, there
exists an open neighborhood U, C U, a smooth vector field

Xo € X(Ux), and r linearly independent smooth vector fields
{X1,..., X} € X(Ux) such that

o = Xo(x') +spang{X1(x),..., X, (xX')},

for each x’ € U,.




Local generators of affine distributions on Riemannian

manifolds

A set of locally defined vector fields

{XO}L-ij{Xl,...,X,},

fulfilling the above requirements, is called a set of local generators
of the smooth affine distribution 27

Recall that the r—dimensional smooth distribution that assigns to
each x € U the direction of the affine space <%, is denoted by
L(<7), and is called the linear part of the affine distribution .o
Consequently, L(47) can be generated locally around x, as

L(o)y = spang{X1(X'),..., X:(X)},

for every x’ € Uy.




Local generators of affine distributions on Riemannian
manifolds

Using the above notation for a set of local generators of a smooth
affine distribution, the conclusion of the Theorem (2) can be
reformulated as follows.

Theorem

In the hypothesis of Theorem (2), the solutions X € X(U) of the
system (3) form the [n— (k + p)]-dimensional smooth affine
distribution

Ql[Xo;Xl,...,Xk,Yl,...,Yp] = X0+%[X1,...,Xk, Yi,..., Yp],

locally generated by the following set of [n— (k+ p)]+ 1 vector

fields
(k+p) p
{X&H—J{*( N ZrANY /\/\X,):ae{l,...,n—(k—i—p)}.
i=1,i#a Jj=1 =

—



Local generators of affine distributions on Riemannian

manifolds

As in the case of Theorem (1), let us now discuss some special
cases of Theorems (2), (3), namely the Riemannian analogous of
Remarks (3.3), (3.4), (3.5), (3.6).




Local generators of affine distributions on Riemannian

manifolds

@ For p =0, the conclusion of Theorem (2) becomes as follows:
The distribution

%[X]_,...,Xk] = {X S 3€(U) | g(X,X]_) == g(X,Xk) = 0},
is locally generated by the set of vector fields
n—k k
{*( A\ z,-/\/\x,> rac€ {1,...,n—k}},
i=1,i#a =1
where the set of locally defined vector fields

{21, Zn ke, X1, Xk}

forms a moving frame.




Local generators of affine distributions on Riemannian

manifolds

@ For p=1, the conclusion of Theorem (2) becomes as follows:
The affine distribution

EZ[[XO;Xl,...,Xk, Yl] = {X € EE(U) ‘ g(X,Xl) =
:g(X,Xk) :O,g(X, Yl) = hl} :Xo—l—%[Xl,...,Xk, Yl],

is locally generated by the set of vector fields

—(k+1) ]
{Xo}td{*< N Z/\Yl/\/\X,>:ae{l,...,n—(k~|—1)}»

i=1,i#a =1




Local generators of affine distributions on Riemannian

manifolds

where

Kk -2

A AX;
j=1

Xo=

‘(—l)nilhl J (*

/k\X,/\* (Yl/\ /k\x,>

/=1 1=1

)

k+1

and respectively the set of locally defined vector fields

{Zla"'7Zn7(k+1)7X17"'7Xk7 Yl}

forms a moving frame.




Local generators of affine distributions on Riemannian
manifolds

Remark

For k =0, the conclusion of Theorem (2) becomes as follows:
The affine distribution

ﬂ[XO;Yl,...,Yp]:{XEX(U)|g(X,Yj):hj, ISJSP}
:Xo—i-%[yl,...,yp],

is locally generated by the set of vector fields

{XO}L-H{*< "/\P Z,-A/P\ YJ) :ae{l,...,n—p}},

i=1,i#a j=1




Local generators of affine distributions on Riemannian

manifolds

— p P P
| Ecomme (o A vine(An)

, =1,ji =1

)

and respectively the set of locally defined vector fields

(Z1,.. . 20 py Vi, oo, Yo}

forms a moving frame.




Local generators of affine distributions on Riemannian

manifolds

RENEILS

For k+ p = n—1, the conclusion of Theorem (2) becomes as

follows:
The affine distribution A[Xo; X1,..., Xk, Y1,..., Yp] is locally
generated by the set vector fields

s (o)}

i1




Local generators of affine distributions on Riemannian

manifolds

For k4 p = n, the conclusion of Theorem (2) reduces to:

A[Xo; X1, -, Xi, Y1, Y]
={XeX(U)|g(X,Xi)=0,g(X,Y;)=h;j,1<i<k1<j<p}

= {X0}7
where
P k ma
Xo= /\ Yi A /\ X
i=1 =1 |ln

é(—l)""h,-. <*l /P\ /\/\X,/\*(/\ YiA /\X,)

j=1j#i I=1 1

)




Applications to dynamical systems

The aim of this section is to apply the main results from the
previous section in the case of linear/affine distributions associated
to conservative/dissipative dynamical systems defined eventually
on an open subset U of a Riemannian manifold (M, g).




Applications to dynamical systems

Before stating the main results, let us recall that a smooth
function F € €~ (U,R) is said to be a first integral (or
conservation law) of the vector field X € X(U) if £xF =0, where
Zx stands for the Lie derivative along the vector field X, or
equivalently one say that X conserves F.

Similarly, a vector field X € X(U) is said to dissipate the smooth
function H € €=(U,R) with dissipation rate h € €=(U,R), if
ZLxH = h.

In the Riemannian setting, these conditions are obviously
equivalent to g(X,VzF) =0, and respectively g(X,VgH) = h,
where V, stands for the gradient operator with respect to the
Riemannian metric g.




Applications to dynamical systems

In what follows, a vector field X € X(U) will be called dissipative
if there exist k,p € N with k+p > 0, and a set of smooth
functions {/i,...,lx,D1,...,Dp,h1,...,hp} C €<(U,R) such that
the vector field X conserves I1,...,/x and dissipates Dy,...,Dp
with (corresponding) dissipation rates hy, ..., hp. If p=0, the
vector field X will be called conservative.




Applications to dynamical systems

Hence, one can apply the Theorem (2) in the case of linear/affine
distributions associated to conservative/dissipative vector fields
defined eventually on an open subset U of a Riemannian manifold

(M,g).

Theorem

Let (M, g) be an n-dimensional smooth Riemannian manifold, and
fix k,p € N two natural numbers such that k >0, p > 1,
k+p<n—1. Let h,...,h, € €~(U,R) be a given set of non-zero
smooth functions defined on an open subset U C M, and
respectively let Iy,...,lx,D1,...,Dp € €=(U,R) be given, such that

{Vgh,....Vel,VgDy,...,VD,p} C (V)

form a set of linearly independent vector fields on U.




Applications to dynamical systems

Then the solutions X € X(U) of the system

fxllz-"zgfxlkzo,
Dy =hy,...,. LDy = hy,

form the affine distribution (consisting of dissipative vector fields)

Ql[Xo;Vgll,. 00 ,Vg/k,Vng,.. 5 ,VgDP] =
Xo—i-%[vgll,. .y Vgl,VgDy,.. .,VgDp],

locally generated by the set of vector fields

(k+p)
{Xg}@{*( N Z/\/\V D/\/\V //):ae{l,...,n—(k+p

i=1,i#a Jj=1

pa—
—




Applications to dynamical systems

where
=)

P :
. Z(—l)nﬂh,‘@,‘,

P k
/\ VDA /\ Vel
i=1 j=1

l/\ % D/\/\V /,M(I/\v D/\/\V/,)

j=1j#i

and respectively the set of locally defined vector fields

{Vgh,.. . ,Vgli,VgDi,....VgDp, Z1,. ., Zo (1ep)}

forms a moving frame.




Applications to dynamical systems

A dynamical version of Theorem (4) can be formulated as follows.

Theorem

Let x = X(x) be the dynamical system generated by a vector field
X € X(U) which conserves the smooth (functionally independent)
functions

li,....lk,D1,..., Dp S %W(U,R)

Then the perturbed dynamical system
x = X(x) + Xo(x),

with Xo given in Theorem (4), is a dissipative dynamical system,
generated by the dissipative vector field X + Xy which conserves
h,...,lx, and dissipates Dx,..., D, with (corresponding) dissipation
rates hy,..., hp.




Applications to dynamical systems

@ For p=0, the conclusion of Theorem (4) becomes as follows:
The distribution

%[Vgll,..‘,vg/k] = {X € %(U) | Lxh == %xl = 0},
is locally generated by the set of vector fields
n—k k
{*( N Z,-/\/\Vgl,> :ae{l,...,n—k}},
i=1,i#a =1
where the set of locally defined vector fields
{Zla-"aZn—kvvgllv"'7Vg/k}

forms a moving frame.




Applications to dynamical systems

e For p=1, the conclusion of Theorem (4) becomes as follows:
The affine distribution

A[Xo: Vgh,...,Vele, VD]
= {X € :{(U) | Lxlh = =%xl = O,DfxDl = hl}
= Xp +.’£[Vgll,. .. ,Vg/k,Vng],

is locally generated by the set of vector fields

—(k+1) 1
{%}Lﬂ{*( N\ ZiAv Dl/\/\V /,>:ae{l,...,n—(/<+1)}J

i=1,i#a I=1




Applications to dynamical systems

where
k —2
Xo = Vng VAN /\ Vg/j
J=1 k+1
k k
(=1)"thy - <* N\ Vel Ax (Vng AN Vg/,) ) :
=1 =1

and respectively the set of locally defined vector fields

{Ziye s Zn-(ks1)s Vehs -, Vi, VgDi }

forms a moving frame.




Applications to dynamical systems

The first part of Remark (5.1) (namely for p = 0) provides a set of
local generators for the distribution given by the conservative
vector fields X € X(U) admitting the set of (functionally
independent) first integrals f,...,lx € €°(U,R).

Moreover, if p=0 and k= n—1, then the conclusion of Remark
(5.1) becomes as follows:

The vector field x (/\5‘:1 Vgl/) generates locally the distribution of
completely integrable vector fields

%[Vgll,...,Vgl,,_l] = {X S :{(U) ‘ Lxh = =%xlh1= 0}.




Applications to dynamical systems

Remark

For k =0, the conclusion of Theorem (4) becomes as follows:
The affine distribution

A[Xo: VgDy,...,VeDy) = {X € X(U) | ZDj=h;, 1<j<p}
= Xo —I—}:[Vng,. . .,VgDp],

is locally generated by the set of vector fields

{Xo}td{*< n/\p Z,-A/P\Vgoj) :ae{1,...,n_p}},

i=1,i#a j=1




Applications to dynamical systems

where

p
/\ VeDi
i=1

== p ] p P
Xo= -Z(—l)n_’h,’-<*L /\ Vng/\*</\Vng>

p =1 =1j#i i=1

and respectively the set of locally defined vector fields
{Z1,...,2,—p,VgDr,...,VgDp}

forms a moving frame.




Applications to dynamical systems

For k+p = n—1, the conclusion of Theorem (4) becomes as
follows:

The affine distribution
Q[[Xo; Vgll, ey Vglk,Vng, 500 ,VgDp]

is locally generated by the set of vector fields

{Xo}L-lj {* /F\ Vng/\ /k\ Vgl/> } .
=1 =1




Applications to dynamical systems

For k+ p = n, the conclusion of Theorem (4) reduces to:
AXo:Vgh,...,Vgl,VgDy, ...,V gD,
={X e X(U)| Lxli=0,2xDj=hj,1<i<k1<j<p}
= {Xo},
where
p

Y (-1)"'he;,

P k 2
/\ VgD,'/\ /\ Vg//

i=1 =1 n

Xo =

l/\ VD/\/\V/,/\* /\V D/\/\Vl,)

=Lj#i




Stability of periodic orbits of codimension-one dissipative

dynamical systems

The first result of this section is an explicit formula for the
characteristic multipliers of a given periodic orbit of a general
codimension-one dissipative dynamical system. Because of the
local nature of the main results, one can suppose that we work on
an open subset U C R".




Stability of periodic orbits of codimension-one dissipative

dynamical systems

Let X = X(x), X € X(U), be a given codimension-one dissipative
dynamical system, i.e., there exists k,p € N such that
k+p=n—1, and some smooth functions I1,...,lx,D1,...,Dp, h1,
..., hp € €=(U,R) such that the vector field X conserves I,..., I,
and dissipates Dy, ..., D, with associated dissipation rates

hiDx, ..., hpDp.

Suppose that I :={y(t) CU:0<t< T} isa T—periodic orbit of
x = X(x) such that I € ID~({0}), and moreover, 0 € R""1 is a

regular value of the map
ID:=(h,...,Ix,D1,...,Dp): UCR" - R"1L,




Stability of periodic orbits of codimension-one dissipative

dynamical systems

Let us recall first that for a general dynamical system x = X(x),
generated by a smooth vector field X € X(U), defined on an open
subset U C R", and respectively a given T —periodic orbit
I:={y(t) C U:0<t< T}, the characteristic multipliers of I are
the eigenvalues of the fundamental matrix u(T), where u is the
solution of the variational equation

du_
dt

and /, , stands for the identity matrix of dimensions n x n.

DX(v(t))u(t), u(0) = Inn,




Stability of periodic orbits of codimension-one dissipative

dynamical systems

Taking into account the complexity of the variational equation, the
computation of characteristic multipliers in general is almost
impossible, since there exist no general methods to solve explicitly
the variational equation.

One of the main results of this section is to complete this task for
the class of codimension-one dissipative dynamical systems.




Stability of periodic orbits of codimension-one dissipative
dynamical systems

Theorem

Let x = X(x) be a codimension-one dissipative dynamical system
generated by a smooth vector field X € X(U) defined eventually on
an open subset U C R", such that there exist k,p € N,
k+p=n—1, and respectively I,...,lx,D1,...,Dp, h1, ...,

hp € ng(U,R) such that Yxh =--- = %xIlx =0, and
LxD1=hDy, ..., £xDp = h,Dp. Suppose that
M={y(t)cU:0<t< T} isa T—periodic orbit of x = X(x),
such that the following conditions hold true:




Stability of periodic orbits of codimension-one dissipative

dynamical systems

o I C ID71({0}), and 0 € R™ ! is a regular value of the map
ID=(h,...,lk,D1,...,Dp) : UCR" - R,

o VA(H(B)s- .., VI(H(£), VDL(¥(D)), .., VD (1(£)), X (¥(1))
are linearly independent for each 0 <t < T.

Then, the characteristic multipliers of the periodic orbit I are

5 </OT hl(y(s))ds> e (/OT h,,(}/(s))ds) .

k+1 times




Stability of periodic orbits of codimension-one dissipative

dynamical systems

Next section has two main purposes, namely, the first purpose is to
provide sufficient conditions to guarantee the partial orbital phase
asymptotic stability of periodic orbits of a codimension-one
dissipative dynamical system, whereas the second purpose is to
give sufficient conditions to guarantee the instability of periodic
orbits of a codimension-one dissipative dynamical system.

Let us start by recalling some definitions concerning the stability of
the periodic orbits of a general dynamical system. In order to do
that, let X = X(x) be a dynamical system generated by a smooth
vector field X € X(U), defined eventually on an open subset
UCR". Suppose '={y(t) CU:0<t< T} isa T—periodic
orbit of X = X(x).




Stability of periodic orbits of codimension-one dissipative

dynamical systems

@ The periodic orbit T is called orbitally stable if, given € > 0
there exists a 0 > 0 such that dist(x(t,x0),[") < € for all t >0

and for all xo € U such that dist(xg,) < 6.

@ The periodic orbit I is called unstable if it is not orbitally
stable.

@ The periodic orbit I is called orbitally asymptotically stable
if it is orbitally stable and (by choosing & smaller if
necessary), dist(x(t,xp),) — 0 as t — oo.

@ The periodic orbit I is called orbitally phase asymptotically
stable, if it is asymptotically orbitally stable and there is a
0 > 0 such that for each xo € U with dist(xp,l") < 8, there
exists 0y = Op(xp) such that

lim ||x(t,x0) — y(t+ 6o)|| = 0.

t—roo
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Stability of periodic orbits of codimension-one dissipative
dynamical systems

Theorem

Let x = X(x) be a codimension-one dissipative dynamical system
generated by a smooth vector field X € X(U) defined eventually on
an open subset U CR", such that there exists k,p € N with p > 0,
k+p=n—1, and respectively I,...,lx,D1,...,Dp, h1, ...,

hp € ng(U,R) such that Yxh =--- = %xIlx =0, and

ngl == h1D1, ey fxDp == hpr. Suppose
M={y(t)cU:0<t< T} isa T—periodic orbit of x = X(x),
such that the following conditions hold true:




Stability of periodic orbits of codimension-one dissipative

dynamical systems

o [ C ID71({0}), and 0 € R"! is a regular value of the map
ID=(h,....,lk,D1,...,Dp,) : UCR" - R™ 1,

o VA(Y(E)).-.., V(H(E)), VDL(HD)), ... VDH(1(£)). X (¥(t))
are linearly independent for each 0 <t < T.




Stability of periodic orbits of codimension-one dissipative

dynamical systems

Then, if moreover 0 € R¥ is a regular value of the map
| =(h,...,ls): UCR" = Rk, and if

/'m ))ds < 0,. / ho(¥(s))ds < 0,

then the periodic orbit I is orbitally phase asymptotically stable,
with respect to perturbations along the invariant manifold
171({0}).

On the other hand, if there exists ip € {1,...,p} such that

fo hi,(v(s))ds > 0, then the periodic orbit I is unstable.




Orbitally asymptotically stabilizing the periodic orbits of

completely integrable dynamical systems

The purpose of next section is to apply the results from the
previous section in order to partially orbitally asymptotically
stabilize, a given periodic orbit of a completely integrable
dynamical system.

In order to do that, let us consider a completely integrable
dynamical system x = X(x), X € X(U), defined eventually on an
open subset U CR” (i.e., it admits a set of n— 1 first integrals,
hy...,lk,D1,...,Dp € €(U,R), independent at least on an open
subset V C U). Suppose that = {y(t) C V:0<t<T}isa

T —periodic orbit of the system x = X(x).




Orbitally asymptotically stabilizing the periodic orbits of

completely integrable dynamical systems

The idea for the stabilization procedure is to perturb the
completely integrable system x = X(x), in such a way that the
perturbed dynamical system becomes a dissipative dynamical
system on V/, which admits also [ as a periodic orbit, and
moreover verifies the hypothesis of Theorem (7). Note that using
classical perturbation methods, the persistence of periodic orbits
after perturbations, follows as a consequence of the implicit
function theorem. The method introduced in this section, provide
for the class of completely integrable dynamical systems, an
explicit perturbation which preserve (under reasonable conditions)
an a-priori given periodic orbit.




Orbitally asymptotically stabilizing the periodic orbits of
completely integrable dynamical systems

Theorem

Let X = X(x) be a completely integrable dynamical system
generated by a smooth vector field X € X(U) defined eventually on
an open subset U CR", and let k,p € N be two natural numbers,
with k+ p = n—1, such that there exist n—1 first integrals
h,...,lk,D1,...,Dp, € €°(U,R), independent on an open subset

V C U. Suppose the system x = X(x) admits a T —periodic orbit
M={y(t)c V:0<t< T} such that:

o [ CID71({0}), and 0 € R"! is a regular value of the map
ID=(h,...,lx,D1,....,D,): VCR" - R

o VA(Y(t)),....VI(¥(t)), VDL(¥(1)), ..., VDp(¥(t)), X (¥(t))

are linearly independent for each 0 <t § T.




Orbitally asymptotically stabilizing the periodic orbits of

completely integrable dynamical systems

If moreover, 0 € R¥ is a regular value of the map
I =(h,....,l): VCR" = Rk then for any choice of smooth
functions hy,...,h, € €<(V,R) such that

T T
/ hl(y(s))ds<0,...,/ ho(¥(s))ds < 0,
0 0

I, as a periodic orbit of the dissipative dynamical system
x=X(x)+Xo(x), xe V,
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completely integrable dynamical systems

-2

P .
Y (=1)"'hiD;®;,

P k
/\ VD; A /\ V/j
=1 j=1

l/\ VD/\/\VI//\* /\VD/\/\VI,)

=1j#i I=1

is orbitally phase asymptotically stable, with respect to
perturbations along the invariant manifold /=1({0}).
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completely integrable dynamical systems

On the other hand, for any choice of smooth functions
ki,...,kp, € €=(V,R), such that there exists iy € {1,...,p} for
which

/ ki (¥(s))ds > 0,

I, as a periodic orbit of the dissipative dynamical system
x=X(x)+Xo(x), xe V,

—2

P .
Y (-1)""'kiD;®;,

l/\ VD/\/\VI,/\* /\VD/\/\VI,)

=1 #i =1

is an unstable periodic orbit.




Orbitally asymptotically stabilizing the periodic orbits of

completely integrable dynamical systems

In the hypothesis of the Theorem (8), note that:

e the condition I € /ID~1({0}) implies that for any choice of
smooth functions hy, ..., h, € €=(V,R), the control vector
field Xp € X(V), given by

p k
A\ VDin \ Vi

i=1 j=1

Xo =

p
Y (-1)"'hD;®;,
i=1

n—1

l/\ VD/\/\VI,/\* /\VD/\/\VI,)

=1j#i

verifies that Xo(y(t)) =0, for every t € [0, T|;




Orbitally asymptotically stabilizing the periodic orbits of

completely integrable dynamical systems

@ each of the smooth functions hy,..., h, € €°(V,R) might be
chosen of the type e.g., h(x) = —(y?(x)+c), x € V, with
v €% (V,R) and c € (0,), since

T T
/ h(y(s))ds = —/ Y2 (y(s))ds — Te < —Te < 0;
0 0

@ the smooth function kj; € €(V,R) might be chosen of type
e.g., k(x) = @?(x)+c, xe V, with ¢ € ¢=(V,R) and
¢ € (0,0), since

T T
/ K(y(s))ds = / 02(y(s))ds+ Tc > Te > 0.
0 0




Example

Example

Let us consider the family of harmonic oscillators, described by the
three dimensional vector field

X(x,y,2) = ydx — xd, € X(R?).
The induced dynamical system,
x = X(x), x=(x,y,z) € R3, (4)

admits a 2mw—periodic orbit given by

= {y(t) = (sint,cost,0):0 <t <2m}.

Moreover, the system (4) is completely integrable, since it has two
independent first integrals, namely

I(x,y,2) =x*+y*—1, D(x,y,z) = z.




By straightforward computations we obtain that the vector field Xg
from Theorem (8), in this case has the expression

XO(X7y7Z) :zu(x,y,z)8z, (X,y,Z) € R37

and consequently it verifies the condition Xyoy =0, for any
smooth real function u € €=(R3,R).
Consequently, the perturbed system

x = X(x) 4+ Xo(x), x=(x,y,z) € R, (5)

is a codimension-one dissipative dynamical system associated to
I,D,uc €= (R3 R), ie, Lxix! =0, and respectively

$X+X0D = uD.

Since Xpoy =0, for any smooth real function u € €(R3,R), we
obtain that [ is a periodic orbit of the dissipative system

x = X(x) + Xo(x), for any smooth real function u € €=(R3,R).




Hence, by Theorem (8), we obtain the following conclusions:

e for any smooth function u € ¥*(R3,R) such that
J2™ u(sint,cost,0)dt < 0, the periodic orbit I of the
associated perturbed system (5) is orbitally phase
asymptotically stable, with respect to perturbations along the
cylinder 171({0});

e for any smooth function u € €=(IR3,R) such that
J2™ u(sint,cost,0)dt > 0, the periodic orbit I of the
associated perturbed system (5) is unstable.
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