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Modified Teleparallel Gravity
Å What modifications of GR/TEGR are physically meaningful? 
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Å Take the following
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Galactic Scale Physics
Can cosmologically motivated models produce new galactic physics?

- Disk surface brightness distribution

ɫὙ ɫÅ Ⱦ

where ɫ is the central surface brightness and ‍ is the disk scale 
length
- Bulge surface brightness spherical distribution (de Vaucouleurs)

ɫ Ὑ Ὅ%ØÐχȢφφωυ
Ὑ

Ὑ
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ρ

where Ὅ is the surface brightness at Ὑ, and Ὑ is the isophote radius

arXiv:1806.09677
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Galactic Scale Physics
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How do these theories beyond general 
relativity fare in cosmology?
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Local Expansion Data
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ÅCosmic Chronometers (CC): Spectroscopic dating and independent of cosmological 
models (ᾀḐς)

ÅType Ia supernovae (SN): Pantheon+ Sample - 1701 light curves of 1550 Type Ia 
supernovae

ÅBaryonic Acoustic Oscillations (BAO): 2D data from SDSS for ᾀ ςȢτ



Ὄ  Priors

ÅPlanck Collaboration (18): CDM Model dependent O Ὄ φχȢτ πȢυ ËÍ Ó -ÐÃ

ÅSH0ES Survey [Ὄ ]: Based on geometry and Cepheid variables O Ὄ χτȢπσ

ρȢτς ËÍ Ó -ÐÃ

ÅTip of the Red Giant Branch [TRGB]: Freedman et al. (2019) reports Ὄ φωȢψ
ρȢω ËÍ Ó -ÐÃ

ÅH0licow [HW]: Based on strong lensing OὌ χσȢσ ρȢψ ËÍ Ó -ÐÃ
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ɤ#$- Cosmology
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ɤ#$- Constraints
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ὪὝ Cosmological Models
█╣ models:

1. Power-law: ὪὝ ‌ Ὕ

2. Linder: ὪὝ ‌Ὕ ρ Ὡ Ⱦ

3. Exponential: ὪὝ ‌Ὕ ρ Ὡ Ⱦ

Eur.Phys.J.Plus 137 (2022) 5, 532
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ὪCDM Posteriors
Power-law: ὪὝ ‌ Ὕ
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ὪCDM Constraints
Power-law: ὪὝ ‌ Ὕ
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ὪCDM Posteriors
Linder:ὪὝ ‌Ὕ ρ Ὡ Ⱦ
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ὪCDM Constraints

Æ#$-Eur.Phys.J.Plus 137 (2022) 5, 532

Linder:ὪὝ ‌Ὕ ρ Ὡ Ⱦ
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ὪCDM Posteriors
Exponential: ὪὝ ‌Ὕ ρ Ὡ Ⱦ
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ὪCDM Constraints

Æ#$-Eur.Phys.J.Plus 137 (2022) 5, 532

Exponential: ὪὝ ‌Ὕ ρ Ὡ Ⱦ
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ὪὝ Cosmology Comparison

Eur.Phys.J.Plus 137 (2022) 5, 532

█╣ models:

1. Power-law: ὪὝ ‌ Ὕ

2. Linder: ὪὝ ‌Ὕ ρ Ὡ Ⱦ

3. Exponential: ὪὝ ‌Ὕ ρ Ὡ Ⱦ
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Scalar Perturbations
Å█╣ gravity leaves imprints at the perturbative level

Ὡ ‏ ρ ‪ ȟὩ ‏ὥρ ‰ ᵼ Ὠί ρ ς‪Ὠὸ ὥ ρ ς‰‏ὨὼὨὼ

Å Matter perturbation evolution equation ‏ :

‏ ςὌ‏ τ“Ὃ ‏” π

where Ὃ

Å Using the structure function and  mass fluctuation metrics

Ὢᾀ
ὨÌÎ‏ᾀ

ὨÌÎὥ
 „ ᾀ „ȟ

ᾀ‏

‏
We can define the growth rath measure Ὢ„ ᾀ

arXiv:2310.09159
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Ὃ  Constraints

ὪὝ ‌Ὕ ρ Ὡ Ⱦ

ὪὝ ‌ Ὕ

ὪὝ ‌Ὕ ρ Ὡ Ⱦ

Å Keck Observatory (K) and Very Large Telescope [VLT] (V): 
Measuring quasar absorption lines

Å 21 New Measurements (N): Collected in arXiv:1709.02923

Å Oklo nuclear reactor (O)

ɝ‌Ⱦ‌ data 
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ɤ#$- Growth

arXiv:2310.09159

Redshift Space Distortion (RSD) data:
Spatial distortion of distribution of galaxies 
(eBOSS, WiggleZ, GAMA, VIPERS, 2dFGRS)

Ὓ „ȟ ɱ ȟȾπȢσ
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ὪCDM Growth Constraints

arXiv:2310.09159

ὪὝ ‌ Ὕ

ὦ
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ὪCDM Growth Constraints

arXiv:2310.09159
ὪὝ ‌Ὕ ρ Ὡ Ⱦ

ὦ

ὦ
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ὪCDM Growth Posteriors

arXiv:2310.09159

ὪὝ ‌Ὕ ρ Ὡ Ⱦ

ρȾὦ
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ὪCDM Growth Constraints

arXiv:2310.09159

ρȾὦ

ρȾὦ
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ὪCDM Growth Constraints

arXiv:2310.09159

ὪὝ ‌Ὕ ρ Ὡ Ⱦ

ρȾὦ
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ὪCDM Growth Constraints

arXiv:2310.09159

ρȾὦ

ρȾὦ
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ὪCDM Growth Constraints

arXiv:2310.09159

█╣ models:

1. Power-law: ὪὝ ‌ Ὕ

2. Linder: ὪὝ ‌Ὕ ρ Ὡ Ⱦ

3. Exponential: ὪὝ ‌Ὕ ρ Ὡ Ⱦ
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Is there a model independent way of 
performing background analyses?
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What about Gaussian Processes?
Definition: A GP is a stochastic (random) process where any finite subset is a 
multivariant Gaussian distribution with mean ‘ὼ and covariance Ὧὼȟὼᴂ

Setting the each ‘ὼ to zero, the covariance function can be used to learn 
the behavior that produced the data points

Truth Best fit Gaussian
Process
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Gaussian Processes Regression
Å The covariance function contains non-physical hyperparameters — 

which define the distribution Ὧ—ȟὼȟὼᴂ

Å Iterating over these values using Bayesian inference (or others) can 
produce better hyperparameters

Å The result is a (physics) model independent reconstruction of the 
behavior of some parameter

Å This is superior to regular fitting because it is nonparametric and so 
assumes no physical model whatsoever
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The Covariance Functions
ÅSquared Exponential (Gaussian)

Ὧὼȟὼ „ %ØÐ
ρ

ς

ὼ ὼ

ὰ

ÅCauchy

Ὧὼȟὼ
„ὰ

ὼ ὼᴂ ὰ

ÅMatérn
Ὧὼȟὼ

„ ρ
σὼ ὼ

ὰ
%ØÐ

σὼ ὼ

ὰ

ÅRational quadratic

Ὧὼȟὼ „ ρ
ὼ ὼ

ς‌ὰ
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Ὄ  Priors

ÅPlanck Collaboration (18): CDM Model dependent O Ὄ φχȢτ πȢυ ËÍ Ó -ÐÃ

ÅSH0ES Survey [Ὄ ]: Riess et al. (2019) calibrated with Cepheid variables O Ὄ χτȢπσ

ρȢτς ËÍ Ó -ÐÃ

ÅTip of the Red Giant Branch [TRGB]: Freedman et al. (2019) reports Ὄ φωȢψ
ρȢω ËÍ Ó -ÐÃ

ÅH0licow [HW]: Based on strong lensing OὌ χσȢσ ρȢψ ËÍ Ó -ÐÃ

ὨὌȟȟὌȟ
Ὄȟ Ὄȟ

„ „

Distance (in „ units) between the Ὄ  arguments:
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Hubble Data (Ὄᾀ)

ɤCDM using 
Planck 
parameters
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Square Exponential Ὄ  GP
Ὄ φχȢυσωτȢχχςËÍ Ó -ÐÃ
Ὄ φφȢππρρȢφυσËÍ Ó -ÐÃ
Ὄ φφȢρωχρȢτφτËÍ Ó -ÐÃ

GaPP code from 
Seikel et al. (2012)

Ὄ χσȢχψςρȢσχτËÍ Ó -ÐÃ
Ὄ χςȢπςςρȢπχφËÍ Ó -ÐÃ
Ὄ χρȢρψπρȢπςυËÍ Ó -ÐÃ

Ὄ φωȢφπτρȢχυφËÍ Ó -ÐÃ
Ὄ φψȢτφψρȢςςρËÍ Ó -ÐÃ
Ὄ φχȢψρρρȢρτχËÍ Ó -ÐÃ

Ὄ χςȢωφφρȢφφτËÍ Ó -ÐÃ
Ὄ χπȢψυπρȢρωωËÍ Ó -ÐÃ
Ὄ φωȢωρρρȢρςψËÍ Ó -ÐÃ

arXiv:2009.14582
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Cauchy Ὄ  GP
Ὄ φωȢσωφυȢρψφËÍ Ó -ÐÃ
Ὄ φχȢπψςρȢφψςËÍ Ó -ÐÃ
Ὄ φφȢρχωρȢτχςËÍ Ó -ÐÃ

Ὄ χσȢψπςρȢσχφËÍ Ó -ÐÃ
Ὄ χςȢπυφρȢπψσËÍ Ó -ÐÃ
Ὄ χρȢρφφρȢπςψËÍ Ó -ÐÃ

Ὄ φωȢφωυρȢχφπËÍ Ó -ÐÃ
Ὄ φψȢυπψρȢςσσËÍ Ó -ÐÃ
Ὄ φχȢχωφρȢρυρËÍ Ó -ÐÃ

Ὄ χσȢππσρȢφφχËÍ Ó -ÐÃ
Ὄ χπȢψωςρȢςπωËÍ Ó -ÐÃ
Ὄ φωȢψωυρȢρσςËÍ Ó -ÐÃ



Square Exponential Covariance for Ὄ
Data set(s) Ὄ ὨὌȟὌ ὨὌȟὌ ὨὌȟὌ ὨὌȟὌ

CC φχȢυσωτȢχχς -1.304 -0.441 -1.133 0.029

CC+SN φχȢππρρȢφυσ -3.225 -1.118 -2.617 -0.231

CC+SN+BAO Ȣ Ȣ -3.841 -1.513 -3.113 -0.778

CC+Ὄ Ȣ Ȣ -0.126 1.711 0.217 4.364

CC+SN+Ὄ χςȢπςςρȢπχφ -1.127 1.027 -0.622 3.897

CC+SN+BAO+Ὄ χρȢρψπρȢπςυ -1.628 0.645 -1.046 3.316

CC+Ὄ φωȢφπτρȢχυφ -1.960 -0.076 -1.491 1.208

CC+SN+Ὄ φψȢτφψρȢςςρ -2.970 -0.594 -2.264 0.810

CC+SN+BAO+Ὄ φχȢψρρρȢρτχ -3.407 -0.903 -2.623 0.328

CC+Ὄ χςȢωφφρȢφφτ -0.486 1.262 -0.138 3.204

CC+SN+Ὄ χπȢψυπρȢρωω -1.711 0.471 -1.155 2.656

CC+SN+BAO+Ὄ φωȢωρρρȢρςψ -2.272 0.051 -1.628 2.036
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Cauchy Covariance for Ὄ
Data set(s) Ὄ ὨὌȟὌ ὨὌȟὌ ὨὌȟὌ ὨὌȟὌ

CC φωȢσωφυȢρψφ -0.862 -0.073 -0.713 0.383

CC+SN φχȢπψςρȢφψς -3.157 -1.078 -2.562 -0.181

CC+SN+BAO Ȣ Ȣ -3.839 -1.512 -3.114 -0.786

CC+Ὄ Ȣ Ȣ -0.115 1.719 0.226 4.374

CC+SN+Ὄ χςȢπυφρȢπψσ -1.106 1.040 -0.605 3.905

CC+SN+BAO+Ὄ χρȢρφφρȢπςψ -1.634 0.638 -1.052 3.294

CC+Ὄ φωȢφωυρȢχφπ -1.917 -0.041 -1.452 1.254

CC+SN+Ὄ φψȢυπψρȢςσσ -2.937 -0.575 -2.239 0.833

CC+SN+BAO+Ὄ φχȢχωφρȢρυρ -3.410 -0.909 -2.628 0.316

CC+Ὄ χσȢππσρȢφφχ -0.469 1.276 -0.122 3.221

CC+SN+Ὄ χπȢψωςρȢςπω -1.683 0.489 -1.132 2.670

CC+SN+BAO+Ὄ φωȢψωυρȢρσς -2.277 0.043 -1.634 2.016
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Can we test ɤ#$- with the GP reconstructions?
ÅThe ɤ#$- Friedmann equation for a dark fluid ύᾀ is

Ὁ ᾀḧ
Ὄᾀ

Ὄ
ɱ ȟρ ᾀ ɱȟ%ØÐσ

ρ ύᾀᴂ

ρ ᾀᴂ
Äᾀᴂ 

ÅSolving for ɱ ȟ (ύᾀ ρ) we can define

ײַ ᾀḧ
Ὁ ᾀ ρ

ᾀσ σᾀᾀ

ÅTherefore we can define the diagnostic test

fl ᾀḧ
Äַײ

Äᾀ
σρ Ὁ ᾀ ρ ᾀ ςᾀσ σᾀᾀ ὉᾀὉ ᾀ

ÅFor ἍἎἙ: ַײ ᾀ ɱ ȟ and fl ᾀ π
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Diagnostic Tests of ɤ#$-
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Square Exponential Ñᾀ GP



What does this say about the transition redshift
Data set(s) Square exponentialCauchy Matérn Rational quadratic

CC πȢφρφȢ πȢυχςȢ
Ȣ πȢυωρȢ πȢυυσȢ

Ȣ

CC+SN Ȣ Ȣ
Ȣ Ȣ Ȣ

Ȣ Ȣ Ȣ
Ȣ Ȣ Ȣ

Ȣ

CC+SN+BAO πȢφφχȢ
Ȣ πȢφυψȢ

Ȣ πȢφυωȢ
Ȣ πȢφφτȢ

Ȣ

CC+Ὄ πȢυυρȢ
Ȣ πȢυτπȢ

Ȣ πȢυτφȢ
Ȣ πȢυςψȢ

Ȣ

CC+SN+Ὄ πȢχπςȢ
Ȣ πȢφψχȢ

Ȣ πȢφωτȢ
Ȣ πȢφχωȢ

CC+SN+BAO+Ὄ Ȣ Ȣ
Ȣ Ȣ Ȣ

Ȣ Ȣ Ȣ
Ȣ Ȣ Ȣ

Ȣ

CC+Ὄ πȢυχσȢ
Ȣ πȢυυςȢ

Ȣ πȢυφτȢ
Ȣ πȢυσχȢ

Ȣ

CC+SN+Ὄ πȢφσσȢ
Ȣ πȢφςτȢ

Ȣ πȢφςωȢ
Ȣ πȢφςςȢ

Ȣ

CC+SN+BAO+Ὄ πȢχπσȢ
Ȣ πȢφωσȢ

Ȣ πȢφωυȢ
Ȣ πȢφωωȢ

Ȣ

CC+Ὄ πȢυυφȢ
Ȣ πȢυττȢ

Ȣ πȢυυρȢ
Ȣ πȢυσρȢ

Ȣ

CC+SN+Ὄ πȢφχωȢ
Ȣ πȢφφφȢ

Ȣ πȢφχρȢ
Ȣ πȢφφρȢ

Ȣ

CC+SN+BAO+Ὄ πȢχυςȢ
Ȣ πȢχτπȢ

Ȣ πȢχτσȢ
Ȣ πȢχτυȢ

Ȣ

ᾀ
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Square Exponential ύᾀ GP



Propagating ὪὝᾀ  with GP data
ÅThe Friedmann equation contains Ὢ which need to by finite difference methods

ÅUsing a central differencing approach (error Ḑַײɝᾀ ), we can assume

Ὢ ᾀ ḗ
Ὢᾀ Ὢᾀ

ᾀ ᾀ

ÅTherefore, we can remove the Ὢ Ὕ Ὢ ᾀȾὝ ᾀ 

ÅThis then gives a propagation equation

Ὢᾀ Ὢᾀ ςᾀ ᾀ
Ὄ ᾀ

Ὄᾀ
σὌᾀ

Ὢᾀ

ς
σὌɱ ρ ᾀ

ÅUsing forward differencing, we can produce a second boundary condition

Ὄ
ψ“'

σ
”

ὪὝ

φ

Ὕ

σ
█╣
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Boundary Conditions
ɤCDM (or ὪὝ ɤ) at works at late cosmological times

This implies that
Ὢ ᾀḗπḗπ

ᵼὪᾀḗπ φὌ ɱ ρ
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Square Exponential ὪὝ GP
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Cauchy ὪὝ GP


