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Goal: We study cosmological models using teleparallel
theories of gravity

Proviso: An observationally consistent cosmological
model does not imply the underlying model is consistent
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Outline

Standard gravity and the motivation for modified gravity
Introduction to Modified Gravity

The Teleparallel Gravity (TG) formalism

Background cosmology in TG

Perturbations in TG and their observational consequences

Concluding Remarks
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Introduction

* Einstein 1915: General Relativity (GR) R%5,,
source of curvature
Levi-Civita connection: Zero Torsion, Metricity

* Einstein 1928: Teleparallel Equivalent of GR
(TEGR) )
Teleparallel connection: Zero Curvature, Metricity /

&
T}LV

arXiv:1903.06830
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Fundamental Physics

Standard Model of Particle physics + GR
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Cosmological History

Dark Energy
Accelerated Expansion
Afterglow Light
Pattern Dark Ages Development of
375,000 yrs. Galaxies, Planets, etc.

Inflation

1st Stars
about 400 million yrs.

Big Bang Expansion

13.77 billion years



Can we describe the early universe?

Dark Energy
Accelerated Expansion
Afterglow Light
Pattern  Dark Ages Development of
375,000 yrs. Galaxies, Planets, etc.
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Adding Inflation
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General Relativity and Standard Modifications

e Einstein 1915 - GR:

1
= — [ @ y=gl7) + [ d*ey=gL (g )

S

1
= Ry, — zgwR = 8nG T,

2 o

with T,,,, =
MY =9 89y




Late-time reasons for modified gravity

Energy budget of the universe over the decades

2000's

Galactic Dynamics: Flat rotation curve
problem 1990,0

5 5 Dark Ener \
Dark Energy: Late-time acceleration =

Ordinary l‘ur}\
viatter:
\ > Ordinary Visible
Matter

WMAP Science Team

Planck Collaboration




Modified Matter | *

Dark Matter Detection Attempts:

2000 - MACHO: MACHO microlensing

2010 - DAMA/LIBRA: WIMP particle interactions
2014-2016 — LUX: WIMP particle interactions

2015 — The Axion Dark Matter eXperiment (ADMX)

o 2016 — IceCube: Sterile neutrinos
i of et 2016 — LHC: Supersymmetric particles
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The Hy Tension

flat ACDM
_ . or.s " /
Planck Mission b 4 /’
(predictions from 4.0 :
the CMB) 17 . . A
Planck (Planck Collabaration 2018) 73.311 The SHOES Project (mainly Cepheid
® DES+BAO+BBN (Abbott et al. 2018) ® . bl
@® SHOES (Riess et al. 2019) . 111 varia eS)
@ HOLICOW 2019 (this work) 73.871
@ Late Universe (SHOES + HOLICOW) ® \
68 70 712 74
isibl d -inf d —1 —1
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The Modified Gravity Landscape

Einstein-Dilaton-
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arXiv:1512.05356
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Inspiration from Particle Physics

e Gauge Principle: Replace by

produce compensating fields

e This results in the

Can we apply this to gravity?



Gauge theory of gravity

* Formulating a gauge theory of gravity (1956 onwards)

» Starting from special relativity (SR)

- Applying Yang-Mills theory to SR
- Result is Poincaré gauge theory (curvature and
torsion appear as field strengths)

* Torsion is the field strength of the translation group

arXiv:gr-qc/9402012
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Modified Gauge Gravity

One can always (supergravity, conformal,
metric affine,...)

In all of them, is related to the gauge structure
of the theory

Here, torsion opens the possibility of having a quantum
theory of gravity



Modifying Gravity

Accelerating Universe (1998): Thousands of works in

modified gravity (f (R), Horndeski, Galileon, Lovelock,

massive, Weyl,...)
These are almost all

Can we

using torsion?

arXiv:1106.2476




Rethinking the connection

Spacetime tells matter how to move; matter tells spacetime how to curve

John Archibald Wheeler
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The Teleparallel Equivalent of GR (TEGR)

: This is the simplest torsional theory of gravity
* Tetrad (e“,): Relate the tangent space (g,, = nabeaﬂebv)

* Use the (L5 = e ?0,e%, +e,°w%,,)
instead of the Levi-Civita connection (Christoffel symbols)

: Measures torsion (T%,,, = I'Y, — [}

* TEGR Action: 1

_ 4 Einstein (1928)
S = — T f d*x e[T] Phys. Rev. D 19, 3524

1 1
where T = ZTPWTPW + ETP"“’T

_ PVvU
vup Tpu r,



Modified Teleparallel Gravity

R=-T+8B

B « VAT4,
* f(T) Gravity: Inspire by f(R) gravity
— 4 _
§ = | d*x el=T + ()] + S

« Taking a flat ( ) cosmology: g, = diag(—1, a(t)? a(t)?, a(t)?)

: _ 2

g2 BTG (D) T il
— 3 Pm Z 3 fT

4G (P + Pm)

A=-
1 — fr — 2Tfrr




f (T) Effective Dark Energy

* Interpreting the modification to TEGR as a dark fluid

8nG ppg = Tfr —g
81G (ppr + ppr) = —H(fr + 2T frr)
* The (EoS) turns out to be
PDE (f =T —=2Tfr)(fr + 2T frr)
= —=-1 1
“DE PDE t1+w) (1= fr = 2T frr)(f — 2T f7)

* |nteresting model to study

arXiv:1005.3039




f(T) Gravity Models

1. Power-law Model: f;(T) = a4 (T)?

2. Linder Model: £,(T) = a,T, (1 — 7P T/TO)

3. Exponential Model: f5(T) = a3T0(1 — e_pT/TO)

arXiv:1005.3039




Dynamical Systems Approach

 Can we extract from the Friedmann
equations? These are generally not solvable in closed form

* Take the (k% == 81G /c*):
3H? = Kk*(pm + pr) + A

ZH + 3H? = —(K2/3),0r + A arXiv:1712.03107

* Introducing the dimensionless variables
2

K Prm K Prm K2 P
== YES =g Mg




Dynamical Systems Approach in ACDM

* Friedmann Equation: 1 = x + y + Q,

* Together with x, y = 0, this gives a triangular physical phase space

* Dynamical system: x’ = :—; =x(Bx+4y—-3), vy =y(Bx + 4y —4)

Y
+R

0.5

-0.5

log(a)




Dynamical Systems Approach

R
M

Accelerated expansion
(radiation/matter — dark energy
transition)

0
1

1
0

Dark energy

CETTMENEICYETT -

1 Saddle point Future attractor

1/3 | Unstable point
0 Saddle point

Radiation
“—— dominated - Past

attractor
\ Matter
dominated -

Past attractor
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Dynamical Systems in f(T) gravity

* In f(T) gravity, the dynamical system is generally considered with
one additional variable H = F(H) = —%(1 + a)eff)Hz

Behaviour

arXiv:1710.10194

f1(T) = ay(T)°

Semi-stable Minkowski transition to stable (unstable) accelerating (decelerating) de Sitter
critical points

For b < 1, we recover the sequence: Big Bang—Matter dominated—de Sitter acceleration

f2(T) = a,T, (1 — e—P\/W)

Semi-stable Minkowski transition to both stable and unstable de Sitter critical points

For p > 0, a correct transition redshift is recovered, and a consistent matter dominated era

f3(T) = asTo(1 — e7PT/T)

Similar critical points as £, (T)

Realistic deceleration — acceleration sequence for p = 1/2. Larger values of p yield better
observational agreement

Levi Said, SEENET-MTP 2025 - 28 of 61



Dynamical Systems in f(T) gravity

unstable stable
de Sitter

stable

unstable ]
de Sitter H Behaviour

de Sitter e \ late accelerated
o Large Big bang or bouncing
i‘;‘f&i‘;ﬁi \\ . ea“gx;;;eslie;;ted cosmology transitions to a
q<0 . (inflation) decelerating cosmology
./. / decelerated decelerated q<0

¢  Transition /' contraction expansion Intermediate | Correct radiation era

"_Ir'"l-p
: \ “{dark energy)
|
|
|
|
|
|
i

Scenario A / (H<0) (H>0) ] ._ i
Scenario B Small Consistent transition redshift
Scenario C /* to late-time accelerated phase
I.’ q>0 Fate General all cosmologies evolve
[ | to a de Sitter fixed point
[/ i
I 1l A
0 i arXiv:1710.10194
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f(T) Gravity Field Equations

e Extended Action:
1

S =
l6mG

f d*x e[-T + f(T)] + Syt

* f(T) gravity field equations
a. 1 a . le PQ
we™: 4Ec (T + f(T)) = (0,T) frrEc"S,
— (1 + fr) (EATA 08, + €710, (eE %S, PY) ) = 4nGO,°
 The contortion and superpotential tensors are defined by

© 1
A _rA R y) y) y)
Kuv—ruv_ruv—_z(Tuv_Tuv_vu)

arXiv:2106.13793

1
;" ==(k", + 8T, —8T™",)
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The Weitzenbock Gauge

The spin connection, a)aw, represents the six degrees of
freedom associated with the Lorentz transformations

The tetrad and spin connection field equations:

W(HV) = 4G H(,uv) and W[uv] = 4G H[/,w] =0

The is defined by spin connection
components being zero (a)“w = 0)

a — AA C

arXiv:2106.13793




Scalar Perturbations

* f(T) gravity leaves imprints at the perturbative level
e®y =801 +y),e', =6a(l—¢) = ds?=(1+2¢)dt*> —a?(1 — 2¢)5;;dx"dx’
 Matter perturbation components
0 Y — _ [ p_m + 5pm (pm + pm)dlv
¢ _aZS;(pm + pm)dv _51i(pm + 5pm)

 Matter over-density perturbations also contribute through

o)
8y = OPm _ 302y

Pm

where V = a“v is the scalar mode velocity

arXiv:2106.13793

* For dark matter: p,,, = 0p,;, = 0
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Scalar Perturbations

 f (T ) gravity leaves imprints at the perturbative level
e®, =801 +y),e', =6a(l—¢) = ds?=(1+2¢)dt*> —a?(1 — 2¢)5;;dx"dx’
 Meészaros equation perturbation evolution equation
5 ~+ ZH}[S ~+ 4'7TGeffpm5 = ()

* For the sub-horizon limit (k > aH) :
H-1
G

Gaee —

H
dst [ xiv1010.3512

arXiv:2308.15995

* This represents a future de Sitter point where a(t) — e

Levi Said, SEENET-MTP 2025 - 33 of 61



Growth Factors

 Growth Factor (k > aH) :
om(a)

om(a;)
where a; is a reference scale factor value (normally a; = 0.1 for matter era
initial conditions)

D(z) =

* Clustering growth rate can be assumed to be linear:

dIn o,,
— ~ y(a)

a ~\y(a)
D(a) = exp (j Qm((i)y déi)
1

a

 Resultingina




Growth Factor

fom(T) = appy(T)PrLm
-BPLM
(6H§)1 (1_Qm 0)
where « = '
PLM 2fpLMm—1
Pprm = —0.22
-leo = 0.35
keq
k =100 H,
Kiim
2 Kiim
3 v arXiv:2308.15995
-------- ACDMpianck




Growth Factor

form(T) = appym(T)Prim

6H2 1-BpLM 1-0
] Where aApLM = ( 0) ( m,O)
: 2fpLm—1

Numerical solution of the growth
factor evolution equation for ACDM
(red), power-law f; (n = 0.1) gravity
(blue), using the effective f(T) EoS in
GR (black)




f (T, B) Gravity

cR=-T+B

Naturally, f(T) # f(—T + B) = f(R)

f (T, B) organically decouples second-order (T) and fourth-

order (B) contributions

Only

B is a boundary term

S

: Generalizing f(R) gravity

1
167G

j d4x 6[—T + f(T; B)] + Smat

B « VATH),




f (T, B) Background Cosmology

* As before, the Friedmann equations are
3H? = 8rG (P + Pefr)
3H2 + H = —87TG(pm + peff)

* Therefore, the effective fluid will have 2

arXiv:1609.08373

: : 1
8mGperr = 3H*(3f + 2fr) —3Hfp + 3Hfp — Ef

1 . .
87TGPeff=§f—(3H2+H)(3fB+2fT)—2HfT + f5 T — 612
e Giving an B =6(3H%+H)

£ —3Hf, — 2Hfr — 2Hf; R=-T+B=6(2H*+H)
3H2(3fg + 2fr) — 3Hfp + 3Hf3 —%f

Weff = —1 +



f (T, B)Gravity Models

1. General Taylor Model: £, (T, B) = f(T,, By) + f+(Ty, Bo)(T — T,) +

f8(To, Bo)(B — By) + %fTT(TO'BO)(T —To)* + %fBB(To,Bo)(B — By)* + O(TS,B3)

~ Ay + AT + A,T? + A3B* + A,TB

2. Power-law Model: £,(T,B) = byB* + t, 7™

arXiv:1909.10328

3. Mixed power-law Model: 7£.(T, B) = f,BkT™




Dynamical Systems in f(T, B)

For f(T, B) gravity, the time-dependence can be encapsulated in

H H?* H" dH dH
= — =4 — H' = = —
H3® H? H dlna Hda
Choosing
H H’ f

x = fp, Y = fg, 4 = 0z _ g’ W:=_6H2

Gives the autonomous system for f (T, B) gravity as

arXiv:2005.14191

7' =) —2z%
x'=y
w' = —6zx — 2zf;r — Ax — 2zw

y' =3w+ 9 +32)x+ fr(6+22)+2f; —zy —3 — 2z




Dynamical Systems in f (T, B)
* For fl(T' B) =~ AO +A1T +A2T2 +A3B2 +A4_TB, we
define fr=—@B+2)x —2w— A4,

 Dynamical analysis results in that for A # 0, all critical
points are saddle-like

 This model produces the correct epochs and agrees
with observational constraints

A=1 A1=1, w=—-A1, X =

i

===
\»
AT WY
2 0 2

— - e — A1 — = = o B
/\—2,A1—1,y—0,x—3+—A A=1A=1,y=0,x= 7

A= SN \%@F@ =

N
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Dynamical Systems in f (T, B)

e For f,(T,B) = byB* + t,T™: ;Bi“\{iﬂ?}/’i—\% A m\ik;;[\\\

e For (T, B) = f,BkT™. \
A£3mg2k 2) fO =8 m= : _4

Jv
0
w

HFEE mae
ﬁ\ %&%ﬁ h‘f [

Both models can produce ACDM but for
some cases crosses the phantom line




Scalar Perturbations

f(T) gravity leaves imprints at the perturbative level
e®, =801 +y),e', =6a(l—¢) = ds?=(1+2¢)dt*> —a?(1 — 2¢)5;;dx"dx’

Matter over-density perturbations also contribute through
0Pm

0. =
™ pm

Four Branching cases occurs that depend on

IT:=fp+ fr
Y= ng + 2frp + fr7
Z = fip — frr/BB

arXiv:2009.02168
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Scalar Perturbations

- Branch A{Il # const,Y = 0,E # 0}:
4Y

Gepr = =G 36H*(fpRfTT+2E)+3Y [T
* Example: f(T,B) = f1(T) + f2(T)f3(B) + f4(B)

- Branch B{Il # const,Y # 0,Z = 0}:
* Examples: f,(T,B) = f(T), f,(T,B) = —T + f(B)

4H(2fp+H)
(fg+2H)’

G
* (Gplesr = 0 (Gplerr =G

arXiv:2009.02168

Levi Said, SEENET-MTP 2025 - 44 of 61



Scalar Perturbations

- Branch C{Il # const,Y = 0,Z + 0}:
4

Geff: G3(fT+12H2fTB)

- Branch D {Il = const,Y =0,E = 0}:
* Unique case where f(T,B) = f(R)
AG

terr Ty

arXiv:2009.02168
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Tensor Perturbations

* Taking tensor perturbations for tetrads fields
e®, =60 ,e', =6+ %5!{5"%]-,( = ds? =dt? — a?(6;; + hyj)dx'dx
* Produces a gravitational wave propagation equation (GWPE)
. : k*
hij + (3 + aM)Hhij — (1 + aT)?hij =0
in the Fourier domain

1 dM? .
> iS
HMZ dt
the Planck mass run rate (M7 is the effective Planck mass)

* ar; = c% — 1is the tensor excess speed and o;;, =

Levi Said, SEENET-MTP 2025 - 46 of 61



Gravitational Wave Propagation Equation

* Conformal time (dt = adn): ds? = dt? — a%5;;dx'dx’ - ds? = a?(dt? —

§;;dxtdx’)
* The GWPE becomes h{ + (2 + ay)H hj; + (cik?® + a?u®)h;; = 0
where H = a'/a is and u is the

* This gives a solution

arXiv:1807.09241
arXiv:1710.04825

Z,LLZ 1/2
~ ILGR

\ )\ I
| |

Amplitude modulation Phase change

hew




GW Observations

Can we use GW observations to detect modified gravity?

Strain (10~2%)
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The Era of Multi-messenger Astronomy

GW170817 GRB170817A

LIGO-Virgo localization Fermi Telescope

Mot = 2-74‘t8:841}MG)

AT = 1.7s

M%l...

__ +7x10716
Cr = C_3%10-15

=== \/irgo observatory
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Moditied GWPE

* f(T) Gravity: h;; + (3H —?)h i hij =0

* f(T, B) Gravity: h;; + (3H — % |fr — fre(6H + 6H + 39HH)]) hij —

0
fi (T) = ay(T)”

T lj a2

kZ
—h;j =

2

=

0.0005 — _ ACDM _

0.00025

CT = C
in these case

]
RAAARA A

-0.0005 |~ —

arXiv:1008.1250
arXiv:1810.03942
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Matter coupling

Do non-minimal matter coupling terms give interesting cosmologies

* This produces an action O = g, OMY

1
4 _
1671do xe|l-T+ f(T,0)] + St

S =

 Hence resulting in Friedmann equations:
8nG  f(T)+ 12H%f; Pm + Pm
+ fo

2=_ .
H === Pm 6 3

o pm>

H = —41G (pp + P) — H(fT - 12H2fTT) — H(pm — 30m)fre — fo ( )
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Matter coupling

f(T,0) =aT®
= alp,,, + A

4
a =m;A=AHg

Solid curves: ¢ = —0.01; A = -3
Dotted curves: « = —0.02; A = —3.5

Short-dashed curves: ¢ = —0.03; A = —4

Dashed curves: a = —0.04; A = —4.5

Long-dashed curves: « = —0.05; A = =5

q(z)

0.5

20

arXiv:1405.0519




Horndeski Gravity

Horndeski Gravity: Produces the most general second-order
theory that contains only one scalar field (in standard grawty)

1
S = 16ntd4x\/—g[L2 +L3 +L4+L5]

where
LZ = G2(¢,X)
LS — G3(¢,X)E|¢
Ly = Gy, XIR + Gy x (¢, X)[(@p)? — ., 0]

1 ~
LS = GS (¢:X)guv¢;”v T EGS,X((I)» X)[(D¢)3 + 2¢;u,v¢;va¢;aﬂ o 3¢;uv¢mvu¢] )
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Teleparallel Horndeski Gravity (TeleDeski)

* TeleDeski Goal: What is the TG analog of Horndeski theory?

* Conditions: (i) Field equations must be second-order; (ii)

terms cannot be parity-violating; (iii) contributions can be at
most quadratic in torsion

* Extra contribution: Ltele = Gre1e (D, X, T, Tax, Tyec, 12, ];) [

- linear coupling with matter, J; - quadratic coupling with
matter]

arXiv:1904.10791
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GWs in TeleDeski

hi: + 3+ ay)Hh;; —(1+a;)—h;; =0
TeleDeski GWPE: ¥ ( u)Hhij = ( T)a2 i

2X . 1
ar = M2 (2G4,X o ZGS,qb o GS,X(¢ o ¢H) I 2GTele,]8 o E GTele,]5) =0
8 1
where M2 =2 (64 — 2XGyx + XGs g — GXHGs x + 2XGrelej, + 5 X Grelejs — GTele,T)
: : 1 dM?
Running Planck mass: Continues to observe a;; = V2l

: Opens new possibilities for reviving Horndeski

gravity arXiv:1907.10057

Levi Said, SEENET-MTP 2025 - 55 of 61



GW Polarization Modes

Metric tensor
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TG Polarizations

- GR:

- f(T) Gravity:

- (T, B) Gravity:
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Scalar Perturbations in TeleDeski

1+

o Perturbation:eAf[ 0 a(1—¢>]

e Second order action°

s& =t (Zn)g [dquz +6DY2 — 6F Y2 — 6G¢ip — k2(~B? — 2692 + 47 ¢yp)]

where
c/q == XGZ,X + ZXZGZ’XX - 2XG3’¢ — ZXZ + GB,q)XXGTele,X + ZXZGTele,XX
2 .
B = GTeleTyee T EX(ZGTele,]S + 2XGrelej; — 5Greles + 3GTeleys;) arXiv:2301.04457

C= GTele Tyee T XGTele,1, T %X(‘L(;Tele,]8 + GTele,]S)

D= (¢GTe1e L)

€= G4 - X(Gs,¢ QBGS,X) — GreleT T 2GTele Ty T éx(_ZGTele,ls + 2XGrelej, — 5Grele — 6GTele,]3)
F =Gy —2XGyx + XG5 g — Grele + % (GTele,TVec —X GTele,IZIZ)

G = —PXGsx + BGuag + 20XGygx + > BCreter, + PXGretexs,

H =Gy — 2XGax + XG5 ¢ = Grere;r + GreteTyec + 53X (267elefy — 2XGrelefs + 5Greles + 3 Grele s )
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Stability conditions

* Ghost Stability condition: Wrong kinetic sign
2F(3C + 2F)

C

* Laplacian Stability Condition: Positive scalar mode propagation
—2C + BCE

= > 0
BF (3C + 2F)

> (

s

arXiv:2301.04457
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Conclusion

* TG offers an interesting alternative to traditional ways to
modify gravity

e TG satisfies a number of desired qualities, and offers a more
consistent picture of modified gravity

* TG can fix problems in traditional modified gravity
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Thank You
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