ContacT NoTeES
MAGURELE 4RY

_|_

X



Notes foer e wmini course im Duchovet

s mencowrse is gupposedd fo be abaet Ct?/wllaoﬁ ) Wl 15 o poot of  dassical doffevenhal geomehy ﬂ 5
a v v down o Eavll’ fubjec ot ALeapt 1 oa,é Cousext. Coxu,{’ﬂc# Shieckere 18 a el example o
retved  fewoor jdz/

qeom it Shudure | whitk WMég CoU k14 o‘F a  men (ﬁaz(;vf tove tier Wity tome ity
c.g. Dol oy ol , Forssom mowwfoldl or /Lu,éwz Wl ol tonue owo an A Lig qroup or
o ohe Qroupoiof . TS fhame  we Hialt ”‘“”j Q /W,ave,u,(foof %o?a#&f/f with @ o{,mrff /ujm:mwf (;(,e,yfmbwhou

of a fpeteal .
Defoae e qve a forawal  defiachon, det o ook ab fey  cowonucal exatcplto of o tombac awaufol:

@ L& wo lrake Wéf /lmw,ﬁ')/ﬁf 6 owdl comsmder jmcho/us ow O as sechoa of e bovid buudle f}}f QK —>Q
Flagt gat of S sechon ok poad geQ umets of fhe d»,[{wwm,l df(y) aud olue ch;) Ju ouoltied
wordls " IA(QxIR) = TXQ=K . TF is aguu @ Lbuudle over Q coitte  Lhe elusti isred  set of Sechows  bei
o[o/u.,?ahom. of MChDAS yoe Sechoms o# e /orr/m q/l—> ( df(y), £ [q,)) Ler € dewote Hre dushibubou
wmwl lo veoh?frs ewt 10 grapus dwoj,o oms. Let wy wuse wordiaates o see  hat kiusl 0[
ved—afrs L&«EL{ Lo elLshy uhozu waf PO Tu T*QxIR He wil we cooodimotey (G[/(]’.)u,z) Jet of a
‘ﬂuwoh'om Fv*’*“ﬁ/) (s j;vem /63 .
-ﬁ —}— ‘/ar(mm%
L (gt QxR o S+ 3 %D o 2,
Y <q/ ) 'aq/é’ ﬁq/ ) W M‘“‘g l;mw Q1o T e ﬁ GL +ac¢aP& 61% aq/ o2 a(aq/i * 48? Piaz
Pe Pi
ne (,O(,LL L’-e 1 axle l”&\ﬂ»a’ ,POM’%t (q/ ”'3‘] |2_)

6\»\/\/»%\’»&&%) = < P az ) an 7
X= (P,Z) dem o n (di/m Q= /VL)

dim T QKR = S L

As for Ue propevhin of &) feb us mote  lak L—@q/ ol 2 9 = & T leefore &5 mob  imvolutive,

as o meattel of Lock i+ is Lle W{If Woomp of 1mvofbve, bk Fi o /5 sowe#w/ugo we will disscuss T whlke,

Delove e pass fo the secomd example, Leb wo mohte b & = ker ?e —Q(/f/l) dz.
70 @\Zgjwh&wz

The (oqrm /5 bolly  olefmed om N Course ofer ome 7 ym
(5 Cbioo ok,47 SWJ@ »[&éﬂ E= kg/VE‘V} uh 7 S wﬁﬂ/&?w%ta’ due db nI{JZA,OLL(////»? Jorm & “P. dl;



Ts  ameaws Ut 7=8—dz is ot ouly globolly  defimed, bt i Uus  cane, abo et lasidied.

@) Tie sewwol exauple s im  some  sane gpmuddad o Ve [t ome o L5 alo about e
gets of soaue seckioms, fut lheoe is ome ves importast diffeveccce Wil aapect to e ot Queceefac

Lt B dewocte Ve Mobiun boud wilk e jufiadte vebid divedhion im a seuse ok B =/Pl/z whete
Z acks om IR? acwfrm‘/uef fo e (Fod/mcdn L K
AC' (XI%) = (X + ki ) 6'4)@610%0/% s Lpameod im q&

The Lmeonty of adiom ‘m e secondd awgumeut meaus Wt B —> 3% s a vedot ( /&}ue) Awale. Probasi
2evy hod ws et B aw a menolst s mot emverdable A7a/'m we Cowide” M=O”[Bj [e. eis
of Sechoms. Tm woachaots e oAl ol Lok Lke jm e f)'ﬁﬁ‘ cxcbwf/f, ﬂwu,ue,é? f( (CL,zj we  woading
by im B awd (ifPf 2) ave (woadiarater im  T'B Hieu
e <%+(P§2~,(—39—[;> deam B, =L diam M =35
To see Ll dﬁ‘[fweucc Beroeen Uui e le owef Jae eviols  Oue /&# LS qo d%’ﬁ&f mbo e Shucture. |
The Mobius bomd D caw be descrbed /63 Mo  coovowmate domeosms o @{«&J cortée f/oom/oma%e rrousihom
meaps. The gauwe We taw ser about JBQ Pehures ave about D, but we Uunmk oaboet Jgé.

{%/D/' z’) az'e]:ﬁar"f

(GAPI 2) q,6 Jo 2 [

e 02 2 In & T /2 12 2
C <8$+Paz ) 8P> I’ I- '— I —LM_—$I I C <afil 'Pf)az, J 8})) >
%'@) ?’P(Z’Z’ %=9/+ZII P:—P z2=-2
Im A the hausformahon I B the hrausfoaamahon
S S . 2 @ _ 2 r_a__ _ , . . 7 .
16 idewhty so of tourse 29, +P§Z 8%' +P oz %’4— p%— 9—%;4.(_’;)(_692—, ?_%D_=_é97_’, is wof wleuhg Auk  sih)
E s nell defimedd o E (gioa in tooncleieate;) &

S50 © ] 2 = y . 3,4 5
op = PP o pdm &= {dprPamidd = {3q+P8 &) vt wfned



Unuweo coomdisater we tawe wike oue [oams ap im  ex
i we Mwve @, - dzZ - p

We e wvite

ax,u/p/e 4. In O we Aave %

=dz~/qu,)
’dq/'. L{s/z'zug comouate  haw }b{fﬂmhba we 7&1— Yok  on

Ganyg
m £ /7fu= 70 bk w F 74{= —70 /744= dzl— }:)qu/{= ——aiz-/—Pdli

,70 = dz _Pd?/
Sames ot foams awve moOrvamshuao owd hae ke wuue keomel thy hove fo deffor b&
Wu%f/&ba,ﬂ;b/u Ay mom - vammm fxuch'o/n. TS (ﬁ,uuch'o/u et 48 A om E ouwd £ om F , monever JB s
wmmedteof. Smoo fuuch'od,t hap vlue A ok Sosue dwr‘/wf- aud -4 ou  edwtier Vyofw has fo wssuue vValue O
Some where om Hie Ne lhave (heverefpae acacued @' ombadickiom .
Tue comclusriom +s

Hie dishibubom ™ Z s weld defimed oo Hie  wiole TB, but + s wob e kewmet of anny
g}obﬂug defmed oue foaam,

@) Tne Humd exauuple, on aalhe dass of exax,uf/as s IPT*Q , ie. Projechviacel mww Auundle.  Let us Oﬁ'mﬁ foke
Q=R" for ,n"mop//‘ailg. T

M = T*I/2”)7N= l?)hx(l@n\{%}/ﬂ) whege (Cf,itp.{)“’ ((ZL‘,AFJ') }o/r some A+0.

Now ne will defme C  om M wiag Local comtact foams: let U M dewote am evem subser of M aqiveu
Le fo//ow;'mj condifiom ic (/é i P g by

0l
U, = {[(%Ll PJ-)]- Py +oj =M  He have of turse ch: UM Ton Uy ve tau [mhoduce Loal

. : - (k) )
coorols mato (%L, an,__,Tk_,k, JT::; , ,J/';k) wheve %‘([(Q,P)]) = <$L I ([{q/,p)]) - P Th e wordivates
ne de{ﬁ‘/ne : Pk
EIE MR D) .
7 - dg/ s Jr. dg Ok Uendd, we have P70 oucef P = ©O. The toomoleuate thauge
1 paot LT " areaols
_ (k)
v¥K W P (k) Pa w I (3 A
‘H/Ll;.S gOfT/IAA_ adoen Mot ,';.*X, . = —— J - = JiL- o= 1) ) . =
. L P v Px v a ko ar
Yo om 4’{% A - 2 :
4 Ly b2 Jh i K k Lkl (1)
=do\/ +Z, n-olq/L= dq/ # 2 —‘{'—k) dq/h, ﬁrd% =C/L (dq/+2. J;qu/+J| dq{>=4ﬁ«7
] vih ith g ) 3y Gtk {3 V7
v ¥k g+l K_J

odd kue aewovimg 14L



L) (k) (k)
We fave oot N om U U, whee o, *?
¢ J YAmE k" He 2

defime o dustaibukion of  dpaensom ot cack
4s auoiier exaple of a Couckact owShibubom.

X
The swiuc cau be dome  for mefold  Q areplac R”™ e we o have M= TPT*Q =<T*Q)/U
For e Low diwmewsiomod ex:iz(% we Cau take Q-2 %w evewy  fiber of e o7eoh'vz'zed et
Aundle 15 a wacle. Ne hwave e budle of wader ove S Th" wel e orr #agz ﬁ)n’ e Jutoaial +o
Show Ut fao# P

IR od ot He ?eé heve 15 o wudact shuchure on Uie lolal space of
e Ho/o,[ Qlfv){bm}z‘om S5

We fave seew e exawpror of e posa (M) Eae bme we hod a wonifolod of odd demensran
auwd a dishibutiom of todimeusiom oue “ie  jm pavkiwdoo of eveu diameusion. Al feaot m hio  faw
capen we Aowe clecked Mot  Uus  disdaibebon s oot judegaable . He dief mot check 12 im e Huad
exaueple, fut Hie Fluakiom 15 He swuue Tu one of Hie examplth we have clhecked Mot the dushybubom  cannot
Ae deseribed as {he keimel of o 3,60&52,0 oue - foaraun . Locot  oue (fmws ol Hus {NO)D&)Q{ of CoRvSe alwwzo
ex; gt

(¢)

O . Fomwms 7 o %k) howe e souve kermet. G/Oéa/g Mﬂ?

et of e puanfoled A of dimeneiom Du-d Tics dishihehon

Now ie e +aue C{ozf iy de({/rw‘#om of o cowtacd shuckcare

DEFINITION - A nowfoldd M J’DC?@'HM"/{ wih a

maxivmdlly mom-integrable 15 called o coutact
d AV}

L/max:'/ma,t’ /wom—r'mfﬁrm,&'& 165 Im Some  Seuse e

codeameusom A, ngd/o/re +a k. Uie  quokiewd T we obfawm “ome duppmevmroral Veckoar buwdle over A
(vechor buamdler wilt oue demeuso &'bws il be caued Lie ,&cau’/w). Let wo dewote ,6J S;:T/Vl — T/ﬂ/c
e dwojed—;'ou assoaated fo MA? Hee 7'w01’—iw+, Now T cour de&/uf Je (fo//ow/'mg onap:

& &meC > T/Vl/c V(OW) = g([\/, J/J](tnc@ wheve V' aud W oave vecrhoor }{e&{'\s Lot
vollhey 'm Z  mued  SU ot ‘/(Z(Q}'))=’D‘)
J'\/(—E(NJ)"LF

cﬁu,tau‘ ustorbubo.  C  of odimewsion 4 wheo 15
et folo |

qooste of 1@&».270'0,(;7'&' . Our dustribubion € s of




Let us  fust check Hak e defuchdba com mot depeud om e dhoice . vedor feldls V ol H, dwov;'a’eo/
Wiy howe covreck vatueo v aud o For ¢ ET(Mm) de calodate

§(LVAHI) = g (#LVHI* VDM ) 7 g (Lvk]) + ViH)p(H) = f g(Lvin])

Q s Aeinear =0 because HWis im &

Tue above (aladabom Huows Heat S)(C\/, wj) de)wewds Wé{ o veduw of Vawd W oattlte /;o;'/ui- of M — wmeo devivatsve
imolved . The awap v is lheu an Mh'.s(j/mmehr'c hio OQMW o & wite vedor vatween. Maximual Mom;'/u??/ra_
Llty  coudibom  means Head  {ewd O(a/r/m s momdeqenevate. Mok, Hwat smce  is a pio-foom mondepeuesn
Mecs ol C amunt be of eveu dimensioam . Thes im furie acous et N ;}Lsc,q et be of odd d,{,'/mwgq'oﬁ,

lombock Jpams: We mowe alm Hoteo! Wak Lo every Conkoch  cushribukom i 5«'\/3@ Qo a kefmel of
some  coakact Joram. Spmchmer Nlus  combact foraa caud be gtob d@f,}wwf Al eveu Vim Hwose  caves i
wot wmgue Secaumse  mulhpl /:;7 it Ay @ aonvauHu JuThda 3,{./9) auottier, 671401,6(7 oost  owtack
{arm- Noveolletess  comboct ngr S are ij u,zew i ochee , o felwo Aok af- Hesa 0\4(270&){784.

DEFWNITION : odel (M,E) be a wutact momfold . A/a /ﬁomﬂg deﬁ}ww/ omne fofr/wz, q om M Wt
C=tcp/rf7 whevever 7/5 depaed 1s called a wmback foaon.

Conkact forams ave vy mon-vprwsletp, hmce ob  eaur gomd Hhe kemel s seod 40 Mo An - diwen -
Somal.  The cpmdihom of N moxiaald  ap '/u/te?zra@/&'? of ° & s exa%&sswf s %/ows

An
(x) /7A(d47) + O ool meaws el 4 s @ volumte  Joam ou e doduar ofy. He tou see awowr
Wk sumdeed ,7 mol  be bod = 1f M s Aot oneutable Uieh we o mol ove
6 global vouwe formu defimed ou it Tie ahdve womdihoSh omenws Yak dy s aosdeseyesate ou
. lel ws Mmow assuute Q iyl et we Lawe dwosew  awu om sbme open O e M. Tt spaws
am  amebulodor & °<c TV (lat e be veved as a dedd vekhr Abuwdle of Mfe - We Arave ter a
Locad  seckiom of &stga Uus sechom He depme a two  forauw om & /65 Hee le//ow/‘/aaa Joromuete

Eng© 2 (54) k> g, () > R
On e olier howd Led ws {ake 2y \/{Neéec[d") 0.8 dmrw'mmé() (ol le defm}af 7,M calewlate
d//(\/,h/)= \/4/%"’»’>"N(/7,\/> . 4/7, [\//NJ> = 47, V[ V,H)) p fo a J?'g,u 9/17 wimade Wl P whew e



Toviakize ol & ° owsl TH v Wb, . Ome o ew see Yot e comdibion of quaxuwal Ww'ﬂv’ﬂf/aﬁvhl&
comuader wilh e (ool ho OVKUAIA% %a}ugo Mmdﬂ?wwwﬁe omw & whit o ewcodedd iwdeeo! jm - ()

Tntoe awe  scveond  Useful  Awobous  aetated ko condort geomshy dat  ave  podiho depued i e lawng,e
of omtact formus. Befooe we  elissouss Mewe e yﬁwuj dwahg% wnte  oue /WO{/ Méﬁa/jm 1

Theorem ( Dawboux mwaw conckact forraus ) Let 9 Se a et Joonu . Fo eveoy pormb  Xe M Yoy exits
a mepourhoos! O coovdumates (gt pz) ) mO suck that z7=dz-;>,'d@‘.

As a cousequeuce, Mere s also u moraual Yorau of & combact dushibubon, ik im Dowboux  poadiaater s
8[[/*6{4 as
=L e B> e wson i e

Omee we bwe o  comkact foom e o dej'/w a %ecb velor feld @,7. 14 s um'qudér de/'/mzd ’f] e \follow/‘/ug
Mo comduboms )
Qfl df7= 74 @747 =4 | TL s eacy fo sce Wad im Povhoux coomdiacaltes ?7:52’

U, 9 amsl dZ we tau abo defme  combact Mauwullonuau veckr fetls | e assowake o vetky fetd b every
Juuﬂ:gwu om M- “For 7deﬁ'mwf om Gl oud Jjonr He COO) we tave X, e X(0) lute ot

Xﬂwf M Ky Jdy - dd- R,(#)y

Am Taupoghoud  propesty of a sumupleche  Mowwibboruwan vedor fetd 15 Head i pleseaver Yhe Houthue it e from.
Led aswﬁeu azécg;b/;f @ozf 7 /o(jfgf Mow »éamf‘g Lok im owr cane i

X
AT

9t %@/ - - Al + - Ry(#)y - - %)y

lonkack Howwlhrwan  vector feéd does awot cousewe Hie  couksct fornw | Mowever Jhe M/«ff & dwowh'o/ml
o e condact foraw. Tl ptows Heat dhe duch a petod  owsene the  coubact duhibubom

Ve 6@(@ ozfrd}’: [)2‘[, YJ e Sec () 7 v(#)
doy (X1 9) = Xy <900 = <4y - 7(L4 v])
(> B ()< 9

20
964)= V) = <9, LD



The pooblews we Awave ok Wie defpawhou of o contadd  Mowllonvion veckor pields  aue e /ollowmgo:

@ Huis depauhon is Local | what i Wee que aco global  coukact /mm.? cau we Aawe %Oéal comkact  vector

protds? (ves!)

Do we et e rawe ey peld f e deep e Moitonwine wil 6&0417’1‘3 2 (a0)) what
® /SOW ZWUM beteer  Harwdformans a/fa/ vethkov  felels il ceffeneed ww,z/lai ilozxizg 7

@) He buave clheckesl et o‘fX 7¢0 ) b Xy powewer & Guce condact Havw Monam  veckr
U/ e condact gdudAbueboce  qud Aot Candact e we old e

petels owe syommemes of
able to deﬁfiﬁ Wew  towwelor ©jllout | tondoct foraus - low we ol Muws? (Esl)

Tue woy o addmess e ﬂwoﬁfm wtl be o Aok od Juew /mm Q Jv#al[(»( deflereccd &mfn,dl A ved. To dus
eud ITTwill imfrosce w0 @ wmed  comeept owd ovoy'm,{l ek s Caelabou o (boﬂd—aol(? h&

mom-2¢e0 aeols | i.e R = (12\{05) )

OerINITION :  Let IRY dewote a mulbpliolive rougp of
etee) il & /&ow?wm ,séfm%/e’c/fc

A sympleche Fm'mcz," Auwdle 5 an RT - mmupad fusdle fog
Joram de,(}w'/boea/ o a Jokod Space £ He tofald space of e Juaslle

POR" h:R<P—P b PP e (R o s wondepenotate oud dosed

Notediom : T\l/ x
m bt A(sp))=A(ss b o h - A4 b Tt s of
/ ) P) t 7% te # Oﬁa{&f iﬂxﬁ?&x&(]w

Example : We have seew ow ex e o ombock M»ufo&f ﬁ&étéf a We]'ech've wmx]w Auaclle. Our
assoueaderd exauuple of a Syaupleche  priovupoal - Audle woitlel be © (T*Q)X =(T*Q@)\ {OQCQ)j I-e.
a whw,?w bwdlle ot zevo sechom’ aewcoved as a Puwlle over  Uie O’wq'eoh'u@ Lo et Huwstle .
As  R* ‘achou we lake 7'%% /mwpraM /6(7 mown-2efo aeals . We tau wilg Check ey 15
MW7>faww : : /

U * = el (tp; ) adgl = & dpyadg’ = L
Lookvtwe b Hus exauuple Yo plobably (au guen witad o expect — 6 suawpleche
Mdp' ﬁ dﬂ zo/w Hee' bare meOen, . Theve /‘oaxmffre — 61/605{

om P %lmduceo a coadacN shucbure
leche m'ma!paﬁ Ludle ossocaleof. L1 aﬂﬂwu}s Uik

a seuse (M, C) las a W
oquialent woboms! Ne &l nwﬁ e orareopoacdence  deou.

d}r[/uapol Auvdle Stouckure
comboct shucheae i

J&fg e It Ol&a@



Eveay comtock (M. &) defime (BMITI'&J“’)

Tuz symplechc  pmimepal  buwdle woveponding to o givew  wadack (M ) e e fuwkd wlle e /'ijwed&ieuﬂs
He Oéf(/v wseel . Lef Mew M be of demeusion In+d oud e & 5 of nvauk Zu. As poeviows He
comnd et ° audl dewote TP ~(C°)X whuie s oue awdlutobor of C wille frmwuc«ﬁ zef0  Sechom.
This a sbaeacw otd of TH*M, as a Aucdle over M s of aqouk ome, o a sbtwawefold i+ is of
ML VOMN  nt 4. 1t Is alpo 1mvowotd ol fr%fec# #o W/—:&:Lo‘&x—/*;b/u Ay Mon-2e00 ael Aiteuddels
elecwents of P owe toveckors, evefore Jr(ug cos be omuhiplied /gy Ws.

(P=(<f o) g — X mukplita b The eleweent we oo aot lkave el s o squepledhr  groudare .
PO R — o To Uus eud e Lowe M ﬁ//ow%f (]voaﬂ}h'om.-
Coveukoas
/ TJ, “PROPOSITION : “Pis o suplechc wbronefold of of T*M.
Iml M PROOF :  Festaichom oA Wy P cau Ae uvevet oas a (?ul,t~/back
P ’% e imclusion . Moaeover, Lo we tow choose o conkact
xm. awd Mualtze P ovew apert ubset &of M.

He fuwave Uieew I7 (7Xl/3>(9(x',s)l—> 6767367'*/%. Let- ub exarcerme I7)’a),7:

w7 =I,7* Wy = I; (dﬁﬂ) = J(I; 9}1) g @f((fﬁ?)*ﬁﬂ) 1 4[67) ——dé/w7 + éd/7
\ Wus  foaw s o@wx%g closed as g def{ewekal of wweﬁéw‘/uga. To clek /uoxm’e?euwaa He  raludate
(LO,7)AM+1

n+d Ab+]

o AU
=(d5m7 +<sdf7)m = olaAfyA(édf7)M+3 d7) = <5hd6/\/l7/t(d’17) # O
Ne omcluede ok W, 15 a S Jeche dformu on GxR. T# 5 a Lol ekﬁe&hbu of LJM/ wm 8 hiwaltrabomn dwol/;bfﬁa”
/fé( 7 Thes Pt 7«#&9 dnoo,é awef Ve  whole  (Omstouchom. H

Note Mot i % 1> globol s wsowmary b cousder By = NxR 2 (xt) WT=d(e*y) =e£a/7+e*dw/
P s gw«/ech'c wdl® isosoplut do o porhve Oaw)f"of P=mxR*, ie. for s>0 wj L /8=t



Eveny (P T, 4, w) defme (m, &) =@t e’

Now we twat e olier mﬁ aound aud ALook (@4 a (ombocd TV(P) \
Herucheve a,ssogoa,\“evf o a gwea K* %/wf/eoh'c dwmwo;oal [ )

Aualie . {‘“’""““.

Led V ke o vewbeal Vedor petst ‘
_ o - d
V(p) - olT/ A (p) df/ /&et; (P)

S=4 t=0

/
4

Vs imvowvaud wilk /rMODed o 4 V(ﬁt(}?)) ’e{%/(/ﬁé(/ﬁb(p)))=e%ls%/&t(,&é(f;))=—_h (V(P))
6=4

_ /ﬂpm?eawcw
(9=4/V W “ProrosiTion  WJI=d0 | je w6 exad .
/ L ruvavmant PROOF  we kuow Mot w i fowoseneows , whik meows A > =50 O{?CD-=£3’
,&mw;oc?eueows

a7=of7w’=o/[z;7w)+ 7),751'43‘ = cf[@) o

Now Let ws clwose a Llocal sechow of P>m, T+ provieles P wile a Lotod hiviadbiia bow T_’[ZL)= U IR
aund a Locod veshiad cooodirabe s. L(,h'/bgo Hus  (oonolbabe e Qur  wote

ot s,,,"? V(p) = % He cow also depme a oue foorm ¢/&. bace 015 Ao 29220

r / we kuwow Hwhd s is jmvaowant. T meaws Mk it s q fu,&l-/éac/c of fome’ ome Jorw
/,ii/ \ from e base : y
= 1
‘ —: ———————— ) g@~f*7‘ 7642[%_)
‘(“;_ ———————— : PROPOSITION Y 25 a Kocad comboct ﬁ)«m
I PROOF :
S given o Local hiviakiaodivn of P Iyt RS> o(s,x)—> b (v(x)eP

M ’EZ{ defpowihon I *(0) =S
I_q_*(w)cl;_*(afgj = 4(57) = d&/t/7 + 60’/7

Aﬁﬂ

Now we wse e Mmde?w@fiﬁ aﬂgu/wem‘ e other ool : +0 beawse L s s do/pc/a'c, dyis a dx,ifvfw"
Mcmdvﬁuw ng}m@ O+ ( .s/w7 + <Sda7)A(M+’)= oM d /\ﬂ7/l(d/z7)/“’L Mwacfofre /7 5 a tg{uiaol— Jofrw.



Our  Cawdeolote /m C s mow keaw , beb lode suoe Wak He hove a well aefaed (arLobaﬁ desinbubion e
Sl meed owolliel d'wod?ohhm: 7

“ProPoSITION : Let % He deﬁ/w&rf an above ol e e 912 a dechon Tt k&f7 doeo Lot de/owa/
ou e cloce 0/ v
“PROOF Let us examume Ve diflevence betncenn I ausl Ty He Aowe

RO c*n -4 6 T* o= L6 aud T'(x)=F(x)T(x) Jor fome monvarwshin
r,\/ 1 M A fumchion f depaesl om Hu orichind

§( < ‘ il
‘7 —/"‘:i_v_') 5[7;): Vf(t(f))) (sf(P) Qﬂwe olo QAL ME 5’2 v T
ol [ ] Sme £6-Fr 6550 @ hae Mat gLy, or fy - g T e

dead Yl ol fmxms a’eoé'/ue Wie souue dishipubom & o
M

He caw Lok o & ao a da«ofechbu o e deamet f 6 Ti towkarms a veahiat divechon ie. < VI(p)>y, momeoves, hnce
O is Mowogeueows , Hee icearuel s imvaordte. T tou e  be 01407ec!eaf o a coustawt auek dittoibehon on
M. The foct et Hus destoribubou is toukact  follows WM e ALotal (Oihdeaabions above.

For Yo completmess F our OWFSL’M&M/M, we  thodd o Aok Jor Ve R s auplecht  Mrimapod  Aiadlle im aes
exauflw. Ne love seem aly Wk v Exawuple @ we lLave Je ?=(7dl‘®)’< over’ M =(T*Q)"/~ . Pol olsr
log we falt treat 1—07 Lf‘j J{wcawbgo Had Heve s o cowowtal  Cowfact Shuckoe ou e Holas &pace
Te.

=
of & faHd 7‘&’ Audle of a Lewe Hu Exm[)la @ ol @ Lol /6&0/&? o Jus ﬁa,/le7o(6[

Leb wowr o L —>M dewote a Liwe buudle, wwin is a oawk ome veckor Suudle over a aeawfolel M L™ e fuall dewote
e duat Lue buwdle avd B LT — L ool zero sechom cemoved. Note ot L s an R 0941}14&')9(% Auwdle
il aeopect o muwcyumﬁ‘ou 537 aeaty Koaavwed ' froom e wwdem%wup weckor  buudle.

L. <



Our ausen ek of itdenert witl aow Ae T*L™. We will_ thao deak it s a praupal R sqauplechs Buudle otk
Jlue u,wderr%o'/uj Coutack ?eo/umhj ,&smérp Jlo b gz FL* To céam@ Mmeahters e fhealt 4y ALocal CLooadepeates.

Let dheu (x4 t) Abe adopted (oadumates om L with t feusp a fbre  Limeos wondiunte. Tie sure  oomdomaten
o Ao used m L codle e tomdibom £ +O. Thew He Spavcecet with towstauckinp toomdowakes (k6 XY )

im TL*. Tf He «ewove zevO sechou évou,L L we obtaim, mitead of a Hiue buudle, ou R* ’}w;'/ua,)w bundle
e o aihom deworedd /% /&6) S+0

(x", t)e ,46 = (x”', 57&)
Tuis achom cou e Lfted 4o TLY qued THLY The Lft b TL s Juot @ foumest map:
(X‘it/x'b‘, {;)077&6 = (X”, st x"‘:\s;&)

—

bace M, is a deffeomenrplism, e @ wesdel T as @ map. The amfl—wl’ cooceioder ow THL>  qpe
(¢ ¢, p; 2). He lave Then

(X,:It'ﬂl Z)OT*/%s ¥ (X[/ ét/ PJ" SZ) el ﬁr é_ (Xi’t/Pd./z)Oij—é'= (XL' 6i’_/ Pu.' %2)

The achou we soll adua% meeel s Trh, Cowposes! cofle mulhpltahou /% s i {be Auadle T — L™
The /mu,&h‘/bf map bl deuotes! bg 6&’7;(/46

(X':,-bl IDJ'Iz)o dT*’&é = (XL/ S'b/ 6PJ/Z_) (d-r*/‘l,)é b ST*/&é_

We have wow e achom ik b on TXLX He wau m%gb check , Wal fhe toronuiat Sﬂ/m/o/tch'c fprom  @x whick 5 e, beanse
s a colfwwciﬁwf Aundle i adua/g Awmoymwm W mfec% do Jus achom. The’ aniert Haé] W& Ao check Hoim oooteate; :

&DLX = df)i/‘ dcz"wt dz adt (0{:’*’&5)* @yx ~ Cf(éﬂ')/ld@[ * 0/2/16{(5-&) = é(o/ﬂ/td(zt--l- ozadt) - S )X

The épue ,lamjo ey o camie be  ofome ?wbu,g He (ow woe fhe defirtine of e Liowville ﬁﬂ’m Ox aued diow Wt
it s /ﬂwmwm Thew ¢ x =0fﬁg\’ s ab ,&O/ww?wwtw Now we fave e /d/owmf ;‘mﬁnmmﬂs :

(T*L’j , |, deed, “75_\”“’ Aowogenoeo Squaplecht Jorm Wlak s /uu"ssahgy 5 a bwe mauefold awd propchow.
7 Gnce e hite ol lews d:ax)aﬁnfafh 8 JILF we stea
e ~ bolat ce e IQX achm MOWw L’MJ{?L{C okt * X NJ'{L*

ol a Aundle T AR" B



Py e = JHLT

Led ws tousndeo e maliral Lorrespond euuce Sobueew,  sechoms  of L* o ,Zw(woqmeocw dfuwc/z;pm om LT

L* To evwé( (Lowas) Sechou ﬁ/ L¥—M  Jhere cormesponrls @ ,&,onuo?eumw
lBT QKu,t/to('tbn v{v om L™
! o ()= <s(wrw), 2>
JIL* . ITf e Mo sechoms S, G lave
e sowe gk ab xed # Taly) = Aly) T (y) (£) = T, (q), 4> = AT (50,2 = Ay £, (o)
/mmsﬁa,czl duey duffer by I Y ‘E‘D. ¢ PR - Mgl de
omulhplucaton @ fuuchom Yo, = Al
N —> R uck dr(<)=0, - *
M) = 4 Forr ema A ovel x we 39}
T (%) = (G (x) &> Uz(f(t])= /\(g)ﬂ(gj) ewm(l) = ee(k‘fﬂ)(kF \(’J\I () dr(x) + \(x o{"ﬁv (2) - O(Vf’%[e)
Jor Y avouwdl X. ¥ :

Moaeoved Of},—x/&s (@f‘fv&)) = afov (,&‘S(z)) whwett  peans  Hiat
(2) 5va<é( zw,w/o7ewwm (]Auohb,u ﬁomzaoozw{s ere 15 a map Jome  IU* fo TR /A
fo soame sechom
TTiis muap s one-ho-oue, Mecause (4) cveyy coveckor de TL™ 5 a
deffeverbhat of a Leogunger eows Juuchon:

(K, bo )= i wot $(e) = b (L (xbxt) v

N e
o Korto) = AL (%o %o



CONTACT HAMILTONIAN MECHANICS

ne idea /Vd@ combact shuckeve i mecltaruis ?oea fock b Guitav Hr/%oz (/f&?/ //853) audd HNAs e extee s
deva&o eef g m eonuent  AMELLaLULS Group- T+ as densed o deal willy dﬂssﬂ'd;ah'va Syt witetee
Mot (w; {ae smw,{,e of ¢ leche  muecupterts  wnewe o Mowelttonvon s allw aous/hg% om /mfecbmm,
Lievefoae, If Mowidonan eeeds fee /Hteoa Laumnot ,@m dittiposibs. O {le olwer Aot
AHomibionman,  Mecliosmts ,&aue ot e o oot dffeoeedial epuakbivou Lo
fechc Mo lhorwan  on oS Soque /aww/edgg about e Jolubbdas 'evew il We ave
able o solve e 'o,u.s exples éﬁme aboo (e e fo Calles! S leche 1t TOADYS D
mmm%ﬂu& E?Lca,&b/us ol /éou,moleef . twd eyor everw i Ao s lehro S
Tﬁe n?f(;a_

v auothed” gepmuelmic Sudure ko be appropr pribe (Fozr deo- closs of s Zm‘-ﬂ{,u s feot 0
m(mf’ Hew @uwﬁ?fp //udm/ua/;/p ¢ o wote opwa &?wz};%cs uhxujo Hie Cotecept of ow exdericat /On’[é’

As we ove puewkiomed Aefore | comdact  Mowwlbonuon  puedeoscs s Wessc,af m teomus of  cosdact Jorrus
ouwd Heeb vedor id@fs Lek (e spett ot e 6?u,a,¢vom o d’mf%“% omee mwoae audl few , as wiwal, fook

Jor Oymbleuw

Lek (M, E) fe a couback A/wam(ﬂ»&vf @l o comdact forme y. e coue Wen defue o Reek vedor fietof £

A SSo et o /7/63 e fo//ouﬁm«ao oude homs: 7

R Jedy=0 Lydm=4 _ A aow lawsee Reeh vedor held oloes reot /(sd,o The defpawhon  sho
7 7 4 7 7 efmds om /7 Ome tase e(éﬂu o, Heot Z\(iu veo}or/ Je TM 4f¢25’ %
we ' Lo wawa/ o Local towtact  foaom ww Maul ? ()= - a{x,au(?;
meaus  duatwah mp ke ResB veor pelsl Tf we Use Davboux toonolisotly for 012 ol
M Rye 2 i 4 pelet. T¥ piog’

Using 7%:7/ ?7 we au defime e MuwKosuan vedss feld X, fo evey fucooll Mdﬂbm A om M:
MM— R Xéfek(m) = X,; - doy = J&l-?@%(#)y X%cw7=—nﬂ£

Lo s coloctate e Howslonsnse toulac vedor fied Ky for a givee Movuidbonsiee Jusakion i Povboux

- dz-pdq, -2, M(gpi=) e A"a%ﬁ daﬁ + DL



: | C '
’- dz- pda’ @7:592 , Mg, pz) X, - A—%—+@Jgﬁ+®§

0/47=alo]/£/\d)ob- X J7 D - /DAL‘ | | |
XMJd7 A" ap; - qu/ 8;{ ‘Z M%dﬁff%efz— (%‘g)(#z-@.d@d)

74 P, 02
o ot Lo oM __odl _
’4'9]%' ®d aJJ'f)daz, CD‘Pz‘aTgb-/%
.L._ @/f,(___
N 8/HégL sy ) %;7%]@” 1" opi
4 op; 29 9u o2 aK 52 <l o
P’L % P Pd 'a—czr 'I"PJ Py
As we cau see, if A doeo met depud om =z, we geb usent Atowidion 2 =@'%’H¥_—/ﬂ
r/?wa%o/u& J/Orr ous! (Fmo some e, Ae (o Solve ({Lom P
z 0’)1‘0[/[436&19/ l&e eUIOws MO owe Saﬂv : ’T—Br M =TrXQ * IR us
ven o aepomob eeee ol a0 b0 d lec,h‘c Cowe . Tar s e we Hwave lzzo/eoﬂ;om Uffo/m
% to T*Q mwe(f?fre He (o ?d- ,&ack e 0 ts  ouce we Lwwe e equat Ous,
‘Teal /mwm,uuw,é Liaboms 3 A o T"& R, ak Leanst +0 W«;)z teavledge.  Hamce s Hek
cone bat | Ueeu 0 X‘ S 5,(;oba£ T 7wwa/ Aoweves ve Mave e dﬁo owmjo Owo,&um wt% Mo Fo ~

) &O/LL%Qc# ag{/ua,cu,ws

(1) Mo boruan todkact vedos felds owe Local [as defaced /&P/fe (2) Tuee s duffiedh aelakonstup Aelieew
Mwﬂommmwdvecﬂodﬁ%a&: if He mm#okee e eofzébo{lWW Jooraw Ay ekl
<T A MOV Al Huee jxuuﬂ:m we Atewe do amddy g]‘p MMLM Ay e uc/yom. J_L~F mﬁgﬂdf
Aconesto -

m,m‘ She seem. as Q. e Aot (aaa) ou  aon - ou;m@a,b/e /WOM fotts Luwp ot /(fe 340

MLaLL <FOfrcz veu veckor f;e&m” {eat 18 M%WMMW (24) T ve S(2) Ay duaect” tolidodors
ool o will be buwed wudor dieeks of 7@15 5 Aetouse Ve fuwe foauwdo de e for @ dgpenst

o Dwvhoux coomduaodes. T He W we Avewe e (oordeate m/w! Hu Gebs muessy. He

cau el ws. womicua}m audf djnl Lt &?7//; hodeol W@ I{_ag wu [pleasact= 7044 Heat-

wiooweld ool de Hud ek Mcw do A ouu&e// (2) Fro Govw{laf view e{_ ey cod  meddiods

%ZM Lolole  qob o,L' co Mo Aoz /w,emi aﬂo& mot seew wiefud féeuiw,se mellie) Mo oo
wor  coukact foame owe /vaL cousevved alotep fle fg Weeefoore” pac lie wg@a% He leowe )
b Auodd  eour ?wﬂué’hﬁc ;/M-a(TVu}M‘ou Geopem® | gye wawwéj Abaved O/u 1eq  flatl  Soawe

qomuselnc  ftmudduce oo amugwe todeedion. (4) Comtwnckt Mosumbboneau  vecksr (f;e/)efs elo preserve



do poepeve a cowdack Shuckee, Wit cou be seere i e /of/ow;'rﬂap gy Aoty C‘f=lw7. led w Hhew take
Y6 Sec (£), theu <7,V>=O et foore ozCXH<7,‘/>—-O

O- e (g 1> =Ly, ¥ ) + <7, LAy 73> = <o, L5 51> => [K ¥leC

Ls =0

Tues  fows Wl oadad Mowmboruan  veckor /}‘eﬁefs ave proper gmme/néo of e coudacl  Hauckure Mtwe{}aw Yew oty e
o 070554}57)&' fo 76&&)‘&/9 e someliow v g/ﬂbagw obgects aeloded o . He swosr aoud aﬁm)ac& Condoct Mowwl
fomuau  veckod ﬁ&&d’ﬁ fyom e dvm‘w‘ of wew of pmmepal £Mlﬁch2; R*fwnades.

Simee () is o sanu/aleh'a meonfoled e 15 Weve o cowrse Hhe [roceeture ef 3mwaﬂn'n,§ Moo veckoa febls
{eve . The 0794M s Aod o wse ,&ouaa?we s  AMewbornuas .

T*p s 5= M:P > Y /&Ozwo?wwm) ol tle Meeoten 4{(&6(,;))44{[,3)
(K, )=l Mavabonvon vedor  fieisds  for omwogemeoes  Mawuitonuans
i 5 i / \ ave mvaviout b acopect o 4 M,M%yyﬂ foee, ave 0#07‘04:2-,6/&
TT /fwwc;emm Monwogeneorco om M, Leb us check How luey ave o o " Moarui g -
[ AUl )e. Wo?'echw/c toawau coukact veckoa feels ™ om M.
-
Xy
M STV T v,_,"P
For lat we meed @ qickure ve Move aly Lod, waite s a Lot sechom T of P owd e r 54 <
. T , , P a il
assowaled vevhctal  woatiaate s, He er dwow oab Yo leche <fo/mu w0 o A ‘ g
gxf”e“w/ as e e e :)
L) = 6/6/17 + 6dr7 | (

Ay Mowogeweowo Hamibtomon wu M be ootten 00 M(sx) = sH(x) Jor HE)=A(qeo).
L o mow Aook C{O” Xy it UL se}hmf

dM = H(x)de+ sefH(x) = W(Xt,_‘)/ X/Ff/ s imvagiaut, ww(i(fOn'e s of e {ﬁ}mm, Xzﬂ:éF(K)'a%—+ Y (x)

a fuuchom om M (a vechoar fiedod om M



M = Hx) s + sd H = a)(/ffH,-) = 6F(K)7—<7,V>o(§ + 5 7;>, d7 = —<7,Y>d5 + é()‘_'(f’()7+ 0;70/7)
lomqpaving fevmo oty He souue toloww we agek e foHlown <my¥y=-H 2,0y = dH = F(x)a . Fuuchom F o be
“ﬁoﬂtﬁd % w/uﬁm.ch'n,jo bolt wdes wilte Keeb vec&o/rf}»ewf%?: l . Y 7

/ d7(v_,1«7)= 27(#)—P()c)(7,?7> -> FG)=Ry(H)
Ewwmaniy , udlbhons Jor Y ave (7,V>=—H, ide =dl/—l?7(#)7
whuc Mﬁ%f e  comelehons (ﬁyr e condact vellow (f»e(;e(’ (forv Aowuitlonuay, Hx)=At(Ti0) defned /w Lbee /a/mu 7
Coambact M vechoor felils awe heaefone dwojed—;&)us of wwal Movwbosuou veckoy petets  for Lo eweows ‘Ha
i lhomaus. I fenws o doiaw mummercal talcedabow it s o vevy goad awnemage — it aueoro Wk e Aove fo houws foa amn
e  coudact Aowuwltoawou bl fo a lechc ome |, upgtasrs " | e e eguokom  Wh owr Jfavoeorte W’E(’hz
imkequadons auwd ew gt O&){Y?&L e lLimdecessow of e luhom. Theve ave aloo o wuite s O'Vr,@[au e @

vavtabiomed way ol we vavbowal :'zwagrra}f)m. Leb wo mow spend a far awoments om ke Subjed of czwwaﬂ:uf
objecks od  Cobart Mawwllpruinn veckoy (ﬁ‘e&aﬁs.

LE e ave hapy ewoupl il a Junckion haite 15 defimed au o R™-pmincipal  puudle an a gewesah,

obyect %fra Aasutorman  comkact veckoo
peld  we auay Leave if ab (ab. For e purposen of bulding e ou afproode fo Comdadt dytbenis g pupub Hosk o dwao a Q-
‘ , Qj i e i i
hap  djeck JAiver " glown o Ve (o avoufolol [lself.  He tuove a,lcrﬁadg disscussed e (ossoge d[xozou Lee Moo, fo
: Yo followip -
primupat Auwdley lat deo aep

L =LX ¥
%ﬂoh%ﬁm a Lome bunde f;tl/f we Build on IRX—(m}uuPﬂl A pedle ,@j reonagp e 2eco sechom : P\L HWe weel ato e dunt  Suwelle j
N

hewanse Yen we tou fave a wrmpordece befdeen fonmogeecars Jeenchous on P-L” ouel  sechimes of LX—M. Our 3@%&0@4@% byt for
for & Hawwltoman condact vedor et onuld Wew he a sechow of Vbe appogpriabe diwe  fundle. T woud he leme wioful to

dwoo  bow to Swdd s fuslle arrowa&sf we kow P e loo fo ek im e W?I'ﬂ/‘g 2efo. The auswer |s (reeaﬁ}/dg pacple
ome Ao fo wuse e assownbed _buwdle comstauchon :

From ?—7/”. He pass bo LP:P"Q/}Q* uhmf e followl}tf achom 6.(09’,/1‘) = (,&6 (p), é’—) . The duu,é LY o atoo de vieveo!
s o assounded buwelle by lue ackom  S(pz)- (bslp) 52). Taewe s a caworutal ideckficahom of Lo™ wite P,
The +. e of ke zero sechom is omeposed of. eguivaLece classey o e (fozr/m Lpo] =4 (pio): Z—(p')=Z(/o)5.
Tu eadk ~eguivalevce dass duffevert e e zero Sechome  Mewe s a aepvenewdabive il secoaed  eleww eed eguat 4o 4.
Ne love Jute e peap  Pop > Bp,zr)je/.ff. The ackom of R om LX oeads & Clpm] = [(hsCp), )] =L[p,sm)].
Lt mow  pg ke elenents of P ovew e sawue porwk xeM. Thew fee cxds S, suck ot p= 4 (g). The oxsmakou fetiecn
E(p,n“)] awsf [(9,2)] oeadds Mew :
£ [(@,=)], E[P,zr)]>= zZM 5, [, 2)]=C4,(g),tz] W=/&5°/ZL4 /&i[fu:/&ﬁ_(/ﬁt@)j}wsw DEFINED
e

4[(/{%(‘?/)1*-28, [pal) = tzm_f_‘_o =

2¥3S0



< E(%\ZDJ, eL(p)] D= {LQ=T, L{psn)])> = 265 =5 (=zass).

ewtows Mowcbtosan oud s vedkos %@&f awd a ondbacl Marwdosvonu

e M= JI* or evew puoae O?veuisc&?
W,

THT* Y ——— T 72

EXAMPLE : Let ws aow aualgzc e (Passage O(yo/m ,&o/uw7
awed o towkack Hawwitorwan vedor feld o ane of @ wediacucal cxaceple,

M= T*Q x Rb; whaete 15 a,wa{a a Locat 0!2)!11./1’? o IL*
w
T*P ——— TP e geuevdd pickuae, .ra)ea/,bffo/r JU* s e

/ >
N Ne sl woak wit e assumiphon Wk T* | X

L=QXR . Im e [followiasp we feald kool

. coooduacater , R* ackhon “audl alt Ve eleteeeds J
X, \V4 of e Shucteae : P
/Y) > T'M J L-

X

s TJ'LX

L= Qs (gv, &) L"=mxR* (g°¢) t+D
L*-qxr* (gt =)

THL=T*(QxR*) = T*QxR*xR* (g4 T, ¢,5) @i = dg'adiy + dtadz = dglad(ep))+dt adz =

- dq/b-a(p,'di' +Edpy) + dtadz <

(q,L., '[?)°/£15= ( Lll.st -
o ’ j . = déA(dZ < dyb'dci‘) + £ d‘ZL;‘d/’L'
(q/"lJJJ-;tIZ)O JTxféé '—'(%LI SJG-,St, 2) T T

TUF=TQ R (g'p,2)
T p ‘ , ; . -
> J* deads im wordiaates (g, P;12)eT = (q/bl ;’4 ,2)

Projechon T
The metabou Lebueen e Aomogeueos

Houue. y MHonwldp ey
a m’.ﬂaww d On T'RAR'<R X, -0 2, p2H o s 7 2¢ s
W : _ % A= .+ T T = ree (K _%)~_
: P opy 29, 0z °oT 2} T T oPw 22
/HW'T‘ HEIEmAL (=) ©_ o 9 oK p o
il SR A S P ) i -1 o )2
2 kL X4 °p; °Y* ('ag/s * Pz )am f ( Pe 2Py H) 92



Theve ade  Ho Omﬁcﬁ;zaz orawsples e /»uag et Jo WQ{T condle

PRACTICAL EXAMPLE : VISCO&ITY FORCE PRACTICAL EXAMPLE : PRARACHUTE EQRUATION
. Q=R
L %’/;{7 (p-¥2) g N=TAAxR,
M“T*GX”Z 7= C[Z— 9@ H(Pl Z) = HO(P)— 1—):—@! . lﬂf_ N 252 B (4,92)
a% m w
o o z2=P (p_92)1-M
f B g on)E Eoes  TEbe :
il ;L‘/_, s B y) )
Ol/ —‘P (,:[/L= % / %—XIIM.% 1-%-7—0
Pl _’% + AP ]
The 2 Lagonug: e
2- p ¥ty ez e g /“(%\P'Z)‘ofm <P“2)&*‘/(Z”r) ) %q“ (e™-4)
L I

Gustay  Her
A834 - /{;753?402




CoNTACT HAMILToN —JACOB) THEORY

/ﬂeam/,éﬁo/u—ﬁ?w[ﬂ &?ua,hwu s a dassicd Pow+ of aupleche Mt eleDULCS . Z’Je(fme we pass do He  comtnct  tape, L Houlsl
deke ws to oevienw e S feche  vernom O[VOMC e = geomuetac daomd‘a( ved. We may Lok ab e adtabou  Leieem @

AMawwwdbon. - Jacolr &?m,ﬂ;oa aud o AHowudon eguokos iu bio Hu : @ He waud fo solve @ (powhal deffeetial equakiou
of e fird onder {( ameoms of a ceotaum  oaak, duffwemhial  equakionon e olker w zrouuef . WE wael o
solve a duffroutf ozrduuwg def{eveubat eguaton Lm,uf o5k /Wf/ﬂr avhal mﬁwmaa equohom. ZD:sm'ﬁaoduu&o

tedr antal d»#;udg whele | He swalt Aook Uee qeome&a /@o/.& Ov/o/o)aus

@) Faom a PDE +o a Hamdblomizn ODE

t/tmuf Q. yauplecht Hauckeoe e tom deat rjk @ Speuat kind of o gavhal deffeornhal equahtous of o fat Oz;der—ﬂwwd%
Wuose Jaa} do mot jmvolve values of wakaown J&/ucéa'cm Tm hodehomol motohom spuw a PPE Joar ome funchom 4 of
seveval vavwables (g g") taw be wotten a0 F(g!, #;) =0 wheae w,; dewotes o pavhal dorvahe ufpgr. Tm  muome
eometaic e He  wouldd wwdertoust lus equakom ar o wwmdihon for e difftoenhal of a feacchont.

Tws wwx B fofau aulad et JOzrcuxg m,(mfo!,e( K. He depime a whbawowwfoled # <T*Q by e ardibon & =F7'(0)

Jor a ccotrwa FT*Q —> R pud say feed 46 E%(R) is a swolubon of He equahva g ab eawk f;m'u/# du(g) € €.
Note ot K, ar a MMWJOM od “todemeennon A (e ave comdiboms for Fof tourse) is QA (okohopic S b e folof
ol TXQ. Tuis mueaus Jaat L (wwes &  ome - disneuhroncos ovavacteanitic tuitabuhom . Chavactenisbe dertaibibous  of oishropic
J‘u/bmm%[o/&fs e 1mvlubve. Heve it s of (e aubaedbl  fuce e deforbubor 5 pue  dymensombl. Tleds pueaes Jwb K
Joleaked by oue demennondl  whrudewfolels (allest chavactensbis. The duavnctentbe didribunow s spauned Ay Jue  Mamil-
-hwwfcw veckor petd Xe o8 a Jrachou dqf»w & Nao, i @ 1s a joluhone of e er?ua}—;bm JUew Jbe /MLCL? du(®)

s a mbmamfo/eef (e ¥ . Momeoves, 1+ s a (r o jubmuswfotst of TEQ , Mevefore it auni be Lowfofd of
Leaver of dbe clavacteosibc Jo,&a,hozu Assufuomga We e paest e Ha,ff’oﬁomw aaf X He A«ag sobve PPE  jm e
Pollowor Hi

RS . Our fou comelohous fowbl  comns of vatue of « om a whbwarefplbl Ne@ of

i odvanenons 4 owsl  a vare of deffevewkato ak poIMs o A Thew we raw
. toludate  chavackesutics Rowhagp Jromn éowu,dazgj vadues ae  geb  Lhe
conpimons éi— | dla.?ua,u?a,u feb gt folel zéeug Mz goapl of “dlu. Fumchouw Uk dself Caw be
% o Jouuel /GJ :Mfﬁaaﬁ,a&p a,(,oMg e  chaactenifics.

T




) From MHowsdowoan O9E 4o FOE .
Now we ave Aookipep Joor Jue Soluboms &f Mowulloran egrations CFM o preu Mowbborwau M:T*Q —R. Lot us
assume ot e can pref a wolubom of e  AMawudon- Jacobi equokom M (dS)=E. Ta covaduseate e fose
/P{CG}",%—;)=E. Tue jawasge L5(R) s a olaﬁfr ' Mﬂzwauoob&f loadovamed ian @  Coifohopic b dwoun fo tf #7 ()
T powseelow He Houu bonwan Vedkoa peld s W fo  dS(Q). d//uoww}og dS He tawm usider a vedor flelof
Xg defimed om @ el fucte ot it s dS5- qetaded ik Ko > i-e.

Td5(Xg (Q/’)=X4c (efSCq,)) Twes Hay we frave o jadegoale a vector pelel Ko wib  fioaf e  vasiables e
faw b Aacl. The joLehoses Ao Meew ke Loftel b T*Q Ay aueaseo of dS.

Botl (frocedues awe fased o ,S\(:{M,Lplech'c J{W'Jo,ujawb{ Jeeomrewe Wab (ow be Joar/ucdaﬁea/ as ﬂéllows:

THEOREM et (Pw) he a Sqaccpleche meaefolef H:P—— R ke a smool [uwchon amsf LcP ke a oﬁﬁﬂ’ﬂufom
bt foel . Thew Xy s Hougent do L if aud 04{{7 i§ His (lowﬂg) tomstant on L.

The onced,um% 4. oudl & fome Jee Maumebton- 7awﬁz' xﬁoo(«r ave 7'm+ clever aﬂmmm of Jeus fiw'hﬂ h}wfle hézmdoleoh'c Weeomeee: .

“Tne s(rjm%oled{o Coushuchoms nepeattd above oy o geuevamrzed to e (ave ot our dzaub'aﬁ deffereelsnd ﬁm};bm delpeuds on wluey of
funchon. The equahom isetf & ew o mbtwowfobl n I(RXR)=T*QxK  kwaky grven a0 o Adevel set of soaue fuuchone . Tu croveliiates
o quit i (aoe He Jave &~R* ne Awove F(gh o, u)=0. T*QAR i a wdad duarcfold woilb globol avact Jorom . The whole
fsohropfc, w{:ohropfc ol olcu; au  Subuowfodot Ausmess (o be z?eueua&‘zed fo e tombact comtext. For exawple Re wowld call

a submosufold K =M coipohopie  heu TKaE, is a wisohropic  Jubspace of  Ex with awpect to e bo fosow ¥ (m’ oy 1§ He howe
cosen e  condbact V(a/r/m,) fle sowue abod T ' ausl fm}rolon'c_ e /WASL alpo thow Wil e fevep sct aga aegquloes amwchoa 1§ e
wiphopic subeeavefolel of M lule | im e I=T*Q<R or tuove gemeant M-J'L o gt pralorsabon of G sechom [ fuachom)
15 Q o&7€udn’8 ubmedufolol of M. Legeudve hibtestudodst 5 a wiwhopt aasce for ozoamp?a» subauonfo el .awf[ed—a'c tase,
re Mmool I'so}YO/v:&:.

Aow we cou neFeqj- e  yhole O’)focedu(‘rg of Ws&}ag waL @ dwwl-fal d»{-ﬁwa.d—‘u e<7ua}y'om o£ e (Fon,m P(%b’ulud')=o o Ahe o(rd,«,'mva

dul{efestal eqm'om of e foaaw .. s 15 (ue goat whei ve /mjhé Wouet 1o oo gomue colodakiows m  Cooqduaate do see ueak i

what : Tue geoguefric /EacQ&Md is ao i+ Was Befooe : FT(O) is a covsohroprc  subaudu. foLof leeacfoae 1 kas o davockenshi feliakom

By oue oliaue poial tbtBufolds  wlled  chavacteorhes. A oLegeudve  wbmearJodt condoswedd 1w 4t s adroes (;0/1—790&&‘7/ of Hese
actefithes. L ks aow fiuod au eguabom for chovactevisbes of K=F70). He wlt womk ix ooclaiotes (g, p=).

Am  elewent 01‘9%-+,6;'§F—J_+C§92— Aelorgs to TKaE it

q“'a%% +,€J-§§j+og—zﬁ =0  aud c=ﬁ-a‘. The Sa'{wvﬂeofq'c auhichator im E s Jeew Sfa,uwe@/ /&(7 veckoars e ke fprau
d



OF 3 _ _9_)‘;—_+P-B_E 2 4 fQE— 2 Mus is a vatue g He tordoct Howdvidow vecur felols ok poraks T =0
OpPy ogJ °g¢ t oz 2p; X 9p, 9z

Let us aow J{;/rnuda,(zc [e conbact Mow'loum 7aw£vr' W ep, ru e [04;31
Mol dc’f{ﬂ,u'};bm 54 a[cywd/rc MMJD‘O‘P Voot soms L is° oLepeudne wh

demeunom m owegl TL<E tou Be (yeplaaeaF /33 Uhe JD[low;ﬂzéﬂ

e of £3m-«191eohb R o‘m'zuu)vo.l Auudles. The m»?{
i is meosTpedl oud isohopic, e, ke it s of

“PeoposiTion LeM is o Lgedre swbmowfoled 1Y owd outy f TT(L) <P s a A[aﬁ(r an whiwoufodof of (Fo)
Peoor: id e diamewnom e M is nrd | Wew e duamenson of T(L) omud Be mit 7L > T (P) s Lagnr :
5 @ wwou o fbveo , L omun be of diwewnon o jwhi 5 @ correch  dimennom JM L. ITf we
e s /m[J/ech'c Jorm  cau be writteu as

b TT(L). We have llew

ouwm.  hmce T(L)
clwose a vewbtald (oondinmate s {lew
J= dszar7 + sdv  wrth ” be/}taa e Aotal  coulact /mm. Let veTT(L) The vvhtat veckor 5 aboo betougs

0= co(,—agg)v) = </7,v> Tt meawrs at TT(v) € Z J nge}oy‘g L i ;}o/w/g,‘c.

] Simee Pis ,szu,lﬂv/ro/vé; He tau woe dhe § plecht Ow/owé] ot Hate ak X is faugent  fo
=W (L) if awdd " o L Ms cousout om VT(L). Bud A s Jaﬂmca’ fo fe Ao eueols  (hle
(L) s &afpo;wf b be wiou of (ﬁ'bm of  R* ackon. Tws auears Yol Jus  Captout st fe ©.
Ty Bl lhex abo X »fa—Ufeu} o L aeef H vauittier on L.

‘ =
?’f's‘ﬂ/q'r / / He bave Jtew tue ooubact  Mowwlion Tacobs Jeomer V% free:

M/ THEOREM: et L Ae a legendre  ubmnsufolof of M. Theu XHC is hufw} o L if aot oug if H vaeutties on L.

M Lo us mow Lok ab  Jlus 1w Awooe , miecdiairtas " wg, e exploore e lleoree  for
(e awe of M= T*Qx IR ouel MN=32L¥

M=T*QxIR »(pz) Ls=4'6(Q)= {(ef’s(g),S(q,)) : 79@5
P= TH@xR") - T*QxR**xR o (7, T,2)
T: {(:T,'E,z) — (%‘12}
M P—R aeads HM(FTz)= TH(Lz) for H:Ml—R

Comback MM’/M" &?udﬁbm 15 H(%&(%)) .S[%)= O im toondiacales H[‘?,[::’?SZ/ 5(@)) =0 (*)



Lot us deuote ,6’:1 o« dhe profechion (= Tqopr  T*AxR—Q L S isa soluhdou of /%am}vwﬁwéi wabom (x) lhew iﬁl/'edam‘maf )(Hc )
iwehaf omdihions ok L o ke obtmised [frow hogedoovies of Ml vedor field (X;/.4$(Q)), wlucl, agauac cuks Yo Aol of
clegrees of frecoloser By Mat. d

M= L%

What will Me lbe  ingaedents o a v dou - Jacoly Ybeomew !

P We taok wlte a fime Auvdle
e /%(w/wl@w—]awb{ Lleovewr s mow a sechom S of L¥— Q. Tue Lo

W!g@—fc Pnscyipal Auwdle wlyile we deterawcmed o o  THLX
a sechon of

L—Q audl ibs dust L*——>Q&. The solubore of
eweenes Hgumtbonuon  Leven o ow azﬂwofm'a!@

. Nt 5 deer fbe m/rw/w/wzl//t:f totact Movuloavaw? TE 5
LP*. The ?uwh'ozu 5 a0 lhal is LP* fod P THLE?

PROPOSITION : Foa P=T*L™ He 766 LP > g% * E?L , LP*’—" JUFx L*
A sechioa of Lf’*_> J'L* caw eew be lHQuHJ:t'fﬁ{ wite e o JULY— Lt wvm}uf e idewhhy o Q. The Moo - 7(16057'
wabom moo aeads <(*6)=0. IT{ S is a Soluhom eof s equakion theu Ha,’eo@om‘w of Xy will jawhat conedihows ou ('SCQR)
o be oblawmed froau brapedbory vechoar helef ou ol . echiol Xl . uw Q.
e o Cﬁ'o a/ e of o a ® s o grejecho of T/\I"SCQ) o



