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WHAT WE DID YESTERDAY

WE HAVE DEFINED SIMPLECTIC principal ItBundlet
WE HAVE SHOWN THAT (PT,

M
,
IRT

,
h

, c) And (M
, e) 1 o I

ARE EQUIVALENT

① M

WE HAVE FOUND (P
,
T

,
M

,
IR-, h , c) FOR M = 52*

↑ (T * (5
,
5

,
34*, RT, hs , (i)



CONTACT HAMILTONIAN MECHANICS (BY SYMPLECTIC HOMOGENEOUS TOOLS

REEB VECTOR FIELD idy =0
, <R =1

y
=-pidR

CONTACT HAMILTONIAN
H : M > IR idy= dH-Ry(Hy =

VECTOR FIELD

IN DARBOUX COORDINATES :

y
= dz-pida , R=, Miz) X=D

dy = dqindp ; Xu y
= D -pit" = -l

* Jay = Adp-Bjdg=dpd-pd
Ai= B +pD =p =U

xi +(p -u)

PROBLEMS
CONTACT HAMILTONIAN

EQUATIONS 1 IF M IS NOT GLOBAL
,

THE DEFINITION IS LOCAL

·pi G WE GET THE SAME VECTOR FIELD FOR (y,
H) AND (fy , fH)

NOT NICE TO PROVE USING (M
, y) TOOLS

2 =pi -U
3 [x y

= Ry(H)y ,
XP(H) = Ryl)H DOES NOT HELP IN NUMERICs

%
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REEBVECTORFIELD iRay =0
, <Ry =1

y
= dz-pida" Ry

CONTACT HAMILTONIAN
H : M > IR idy= dH-Ry(Hy =

VECTOR FIELD

Xp(H) = ? x(H) =

ixdH = i(idy + Ry(Hy)=) +

Ry
=

- Ry(H)H( +0)

= Ex = i +d)= R(H)y+H) = -Ry(H)y) +0)

YeSect=
dy(X+ y) = X (yy) - Y(ix, y) - y([x,4))

II = O SINCE YeC Y

Y(- H)

-Ry y([xyy]) =0 = [x,,4]e[
130



SINCE (PW) IS A SYMPLECTIC MANIFOLD
,

WE CAN GET VECTOR FIELDS (ON P)
FROM FUNCTIONS (ONP) .

THE POINT IS TO USE HOMOGENEOUS FUNCTIONS

wb G
T

*
P > TP H : P > I H(h(p)) = sH(p)

7
7

del Xe
V HAMILTONIAN VECTOR FIELDS FOR
P Hono HOMOGENEOUS MAMILTONIANS ARE

INVARIANT HENCE PROJECTABLE !

i INVARIANT!
> TM HOW ARE THEY RELATED WITH

HAMILTONIAN CONTACT VECTOR

FIELDS ON THE BASE ?

WE CHOOSE A SECTION T : M >O < P

WE GET A VERTICAL COORDINATE S AND A CONTACTForMyw = do y + say
DEFINE H : O < I H() =M(W(1) ,

THEN U(six) =SH() 10
dM(s,x) = H(x)ds + SoH(x) = w(Xy(ix)i) ① M

Xy(s,x) = SF(x)) + y(x) SUMMARIZING :

THE PROJECTION Y OF

Y On M SATISFY

w(.Xu (s,x),) =

sF(x)y - <y , Y)ds + siydy = H(x)ds + SoH(x)
THIS WE CAN CALCULATE CONTRACTING WITH Ry <y, Y7 = - H iydy = dH-Ry(H)y

-

(y, Y) = -Hiydy = dH - 7
y dy XH

, Ry) -F y= X! ForH(x) =M(((x)
14 F= Ry(H)



COMING BACK TO OUR PROBLEMS :

1 IF M IS NOT GLOBAL
,

THE DEFINITION IS LOCAL

↳ STARTING FROM GLOBAL HOMOGENEOUS FUNCTIONS WE GET GLOBAL

CONTACT HAMILTONIAN VECTOR FIELDS

G WE GET THE SAME VECTOR FIELD FOR (y,
H) AND (fy , fH)

↳
NOT NICE TO PROVE USING (M

, y) TOOLS

#IT IS EASY TO SEE : LET US FIX A HOMOGENEOUS HAMILTONIAN @ AND TWO

SECTIONS& ANDa

x= fuH(x) = M(t()) =M(f()v()) = f(x)u(5(x)) = f(x)H(x)
-------

H= fH +/ s
= fs y= 0

= fo = fy) y = fy 101
y =fyn/ ① M

>

Calculations
THREE LEMMAS

>

&

A THEOREM

-
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CONCLUSION (ABOUT CONTACT HAMILTONIAN DYNAMICS) : CONTACT HAMILTONIAN

VECTOR FIELDS CORRESPOND TO HOMOGENEOUS HAMILTONIANS ON P

WHAT IF WE WANT A GENERATING OBJECT ON M ?

WE HAVE ALREADY USED : FROM A LINE BUNDLE TO PRINCIPAL IRY BUNDLE

A LINE BUNDLE THE DUAL IR"- PRINCIPAL
FIBERWISE LINEAR FUNCTIONS ON L ARE SECTIONS

L L ↳ Of L* 11 < < iCyces) , e)

9
V

v =
- HOMOGENEOUS FUNCTIONS ON LY ARE SECTIONS

M i M OF L *

THE OTHER WAY ROUND : FROM PRINCIPAL IRY BUNDLE TO LINE BUNDLE

AN IRY-PRINCIPAL THE LINE BUNDLE THE DUAL LINE

BUNDLE BUNDLE

P Lp = Px1r/iX <p
*

= pxi/i
I

V (p , t) - (hy(p),5) (p, z) v(ks(p) , Sz)
M

FIBERWISE HOMOGENEOUS FUNCTIONS ON P

CORRESPOND TO SECTIONS OF Lp
*

P = (pT
16



EXAMPLE : PASSING FROM MONP TO HONM IN CASE M=JL* (M = T*QXIR)

wb wax I

T
*
P > TP T* T* LX >TT-

7
7 1 7

del Xe
dA Xa

V V

P T* LX

~

i X IM j Xi
>Tjx

-

M = T+QxIR

L = QX (git)==Q
*

to
w = dajndqi + dandi =

L
*

= Q +R(qiz)
= d(= pi)ndq" + dz1dt =

T+ ( = T * (Q + 1
= ) = T * Q = 1

*

x (ai5 ,
t

, 2)
,

/ = Tapinda + pidtdq" + dzd

3 (* = T + Q x 1(qPj ,
z)

-pidid
↑* - (qjt , z)) <( , 2) ay

THIS ADDS VISCOSITY-LIKE

FORCE TO THE

USUAL MECHANICAL

STARTING FROM H : TQXIR = (a) Pj,z) < H(qPi ,2) -IR ↓ HAMILTONIAN SYSTEM

WE CAN DEFINE 11 : T*QXIRRE(j7 , 2) : tH(q ,
2) = [THo(g) - xa]IR

17



COORDINATE EXPRESSIONS

XPj

M(q ,
T

, jj , z) = H(q , z)
t
T+ (x = T*QX 1

*x IR T+QXIR

on X=
on X=(

PRACTICAL EXAMPLE : VISCOSITY FORCE PRACTICAL EXAMPLE : PARACHUTE EQUATION

y =(p -Uz)
M= T*

QX1Ry = dz - GaH(p ,
z) = Ho(p) - xz

p= - "
== (p - uz) -
-Xi L (y , j) = mij + Vjz -V(y)

i = ij -Umi+ g = 0

pj= + Xpj

z = pito-Ho M(y , P,z) =qm(p--z) +V(y)v(y)= (euy-1)
um
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CONTACT LAGRANGIAN MECHANICS

IN THE LITERATURE ONE CAN FIND CONTACT LAGRANGIAN MECHANICS

IN THE CASE OF M = T* QXIR

T+QXIR = (p ,
z)) < H(p,z)Mr

THE LEGENDRE TRANSFORMATION
TQ x IR = (v, z) 1 > ((v

,
2) EIR "

N HAPPENS ON PANDV ONLY

((v, z) =(p,
r) - H(p, z)

CARTESIAN PRODUCT

STRUCTURE IS NEEDED

DIFFERENTIAL CONSEQUENCES OF CONTACT HAMILTONIAN EQUATIONS
ARE THE FOLLOWING HERGLOZ EQUATIONS

=(919 ,2)

THIS IS AN IMPLICIT DEFINITION OF

THE HERGLOZ ACTION FUNCTIONAL

HOW ABOUT MORE z(5) (0 : I- Q) WHICH is

MINIMIZED BY SOLUTIONS OF

GENERAL CONTACT THE HERGLOZ EQUATIONS

MANIFOLDS(
S
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CONTACT HAMILTON-JACOBI THEORY

SYMPLECTIC STUFF FIRST
IF

WE
CAN

SOLVE
THE PDE THEN WE Can

SIMPLIFY
ODE

1

S

PARTIAL DIFFERENTIAL EQUATION ORDINARY DIFFERENTIAL EQUATION

OF THE FIRST ORDER HAMILTONIAN EQUATIONS

NOT INVOLVING VALUES Of FUNCTIONS : H(g) = 0

iF
WE

2 j

SOLUT solve the De We Can
RECONSTRUCT

OF DDE

THEOREM (SYMPLECTIC) LET (PW) BE A SYMPLECTIC MANIFOLD AND LCP-ALAGRANGIAN
SUBMANIFOLD

.
THE HAMILTONIAN VECTOR FIELD X FOR A FUNCTION HIP CIR IS

TANGENT TO LIF AND ONLY IF H IS CONSTANT ON L

(T*Q
, WQ) SIMPLECTIC MANIFOLD

2H(gii) = E

↓ DIFFERENTIAL GEOMETRY :

HiT*
Q < IR SMOOTH FUNCTIONj (qpj)1 <H(qPi)

PARTIAL DIFFERENTIAL EQUATION

NOT INVOLVING VALUES COISOTROPIC

OF AN UNKNOWN FUNCTION S 4 = H
-

1(E) SUBMANIFOLD

H : IR"XIR" < R

dS(Q)
LAGRANGIAN

SUBMANIFOLD

dS(a) < K

20



SYMPLECTIC RESULTS :

COISOTROPIC SUBMANIFOLDS ARE ARE EQUIPPED A WITH CHARACTERISTIC DISTRIBUTION

XCTKCTT*Q X =GOeT*Q : WeTK WM(t, w) =0)
7

NVOLUTIVE !# /

- =
COSOTROPIC

PRODUCES A FOLIATION IN CASE K = HY(E) XIS ONE DIMENSIONAL
,

SPANNED BY Xh

THE FOLIATION IS
IF LCK THEN L is COMPOSED OF

COMPOSED OF

INTEGRAL CURVES OFXH j LEAVES OF X I
.
E

.
THESE

LAGRANGIAN INTEGRA CURVES

· Solve De ( = Xy(U)
RECONSTRUCT &S(Q)
INTEGRATE OS to S. T*Q

·
2 ODE ((t) = X y (u(t) · SOLVE PDE H(q) = E ,

U : I < T*Q · RESTRICT H dS(Q) AND PROJECT ONQ

· Tπ(X+ (dS))
YOU HAVE A VECTOR FIELD ON Q TO INTEGRAE

WITH HALF THE NUMBER OF VARIABLES



NOW CONTACT STUFF

NO NEED TO DEFINE ISOTROPIC
,

LAGRANGIAN
,

COISOTROPIC SUBMANIFOLDS

IN A CONTACT SETTING- NC M IS

T

/CONTACT
-ISOTROPIC ISOTROPIC

Il / LEGENDRIAN IF I"(N) IS LAGRANGIAN

COISOTROPIC COISOTROPICE / ↑
TN12x IS CISOTROPIC

-L TNCC

TNCC AND dimN= n IN 2 WITH RESPECT

TO v (or dy)

THEOREM (SYMPLECTIC) LET (PW) BE A SYMPLECTIC MANIFOLD AND LCP-ALAGRANGIAN
SUBMANIFOLD

.
THE HAMILTONIAN VECTOR FIELD X FOR A FUNCTION HIP CIR IS

TANGENT TO LIF AND ONLY IF H IS CONSTANT ON L

THEOREM (CONTACT) LET (P,
T

,
M

,
RY

,
h

, W) BE A SYMPLECTIC IRY BUNDLE AND LBE A HOMOGENEOUS

LAGRANGIAN SUBMANIFOLD L = E"(N) THEN THE HAMILTONIAN VECTOR FIELD FOR

HOMOGENEOUS HAMILTONIAN IS TANGENT TO LIF AND ONLY IF HAMILTONIAN VANISHES ON L

CONCLUSION (CONTACT) IF (M
,
2) IS A CONTACT MANIFOLD AND N IS A LEGENDRIAN SUBMANIFOLD

THEN X" IS TANGENT TO N IF AND ONLY IF A VANISHES ON N



CONTACT
HAMILTON JACOBi

THEORY

IF
WE

CAN
SOLVE

THE PDE THEN WE Can

SIMPLIFY
ODE

1

S

PARTIAL DIFFERENTIAL EQUATION ORDINARY DIFFERENTIAL EQUATION

OF THE FIRST ORDER CONTACT HAMILTONIAN EQUATIONS

* INVOLVING VALUES Of FUNCTIONS : H(ge ,Sa=

2 j

iF
WE RECONSTRUCT

SOLUTAN solve The De We Can
OF PDE

METHOD
OF CHARACTERISTICS

THANK YOU!


