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CONTACT HAMILTOM AN MECHAXICS (BY SYMPLECTIC HOMOGENEOUS TDOL.S)

REEB VECTOR FIELD
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SINCE (Pw) 15 A SYMPLECTIC MARIFOLD, WE CAX GET VECTOR FIELDS (on P)
FROM FuaACTIONS (or P). THE POINT Is TO USE HOMOGEAEOUS FUNCTIONS
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T*P > TP H:P—R Jf(ﬁs(f)))‘é/fffp)
em( %
N dH = CJ( ert) ) MAMILTOAIAN VECTOR FIELDS FOR
P / HOMOGENEOUS AHAMILTONIANS ARE
¢ HoMOGEMEOUS T INVARIANT HENCE PRQIECTABLE ]
v X, v INVARIAT |
m > TM HOW ARE THEY RELATED HITH
HANILTOOIAN COATACT VECTOR
FIELDS ©Od THE BASE ?
WE CHOOSE A sSecmiod G:M2>28 —>P T P
WE GET A VERTICAL COORDIAATE &S AND A (CDATACI FoRM 7
5=4 ,
W= d6A7 + 6d7 K‘
DEFINE H: O —R  H(x) "/f{[ﬂ"(x))) THEN H (5,x)=5H(x) r;" """""
dit(ex) = ()els + sdH(x) = @ X, (52)," ) m
X/(% (e ) = 67:(*)3%" Y SUNMARIZING :

O Xy (o), ) = oFlrdy = <7, />ds + 5 by dy = H)ds + odiE)

THS WE CAN CALCULATE CONTRACTING WITH 137
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COMING BACK TO OUR PROBLEMS:
@ IF 7 15 00T GLOBAL, THE DEFIMITION s LOCAL

S STARTING FROM  GLOBAL HOMOGENEOUS FULANCTIONS WE GEIT GLOBAL
CONTACT  HAMILTOAIAN VECTOR FIELDS

@ WE GET THE sAmE VECTOR FIELD FOR (7,H) 4vo (fy, [H)

AoT /TICE TO PROVE 0sinG (M, 2 j TOOLS

? I7T 15 EASY TO SEE : LET Us Fix A HOMOGENEOUS MAMILTOXIAN A AND THO
SECTIONS < AND o’

v's o H(x)= H (+'6 ) = H (f6)7(x)) = £ (5T ) = fHE)
e & oops P TEE A LEC AR

7ty THT

Lemat 1. Niech Xy bedzie kontaktowym hamiltonowskim polem wektorowym zwigzanym = hamiltonianem H
na rozmaitosci kontaktowej (M.n). Wiedy XyH = —(RyH)H, gdzie Ry jest odpowiadajgcym jednoformic )
polem Recba Dowdd. Pola X ovaz Xpyr sa poprzez warunki

Douwdd. Zapisujac warunek na pole hamiltonowskie

Xynsfn) = —fH, 0]

Xy sdy = dH — (R, H)y Xysgad(fn) = d(JH) = Ry (FH) (i)

i 2wezajac obustronnie réwnanie wzgledem pola X, otrzymujemy Xuan = —H, i (i)
Xpgady = AH — Ry (H)y (iv)

0= Xy odH - Xy 2 (R,Hy

THREE LENMNAS i et g sl

Rozpisujae warunek (i), otrzymujemy

ajace wszystkie powyzsze
wige sprawdzié warunki na

arunki jednoczeénic.
cienia 7 pochodnymi jednoform

o Yad(fn) = A(7H) = Ryy(FH) I
Lemat 2. Niech X, X, beda hamiltonowskimi polami wektorowymi na rozmaitosci kontaktowej (M, ) zwiaza i Yodf An+ fdn) = Hdf + fdh = fReq(fH)n
nymi z funkejami hamiltonowskimi f, 9. Wtedy X ;(g)+Xo(f) = —=Ry(fg). gdzie R, jest polem Reeba zwigzanym Y(f)n—Yandf + fY sdy = HAf + fdH — fRy,(FH)n.

= jednoforma 1 Korzystajae » ki, do ¥ spetuia (), po skrbeeniu otraymujeray

Dowdd. Pola X, X, sa jednomacznie wyzmaczone przez warunki

Y(f)n+ Y sdy = fAH = [Rp,(fH)n

Xpadn=df = (Ryfn, X, sdn=dg - (Rygn @ Dodajie stronami Ry (H)g, otrzymujemy
Z antysymetrycznosci zwezenia wynika, ze S Y adn — dH + Ry(H)n) = fRy(H)n = SR gy(FH)n = Y (f)n.
Xy (Xpadn) = —X7 5 (X, ody) Poniewaz f jest nieznikajaca, ¥ spelnia réwnanie (iv), jezeli

Xy o(df = (Ryf)m) = =Xy 2(dg — (Ryg)n) . S
SRy (H) ~ fR,(FH) ~ Y () = 0. 5}

Xo(f) + (Rof)g = =Xs(9) = (Rya)f
X,(0) 4 Xo() = ~Rof0) Po rozpisanin Y (f), korzystajac « Lematu ) otrzymujemy
- [Ry(H) = [Ryy(fH) = Y(f) = fRy(H) = [Ryy(fH) + Yy (fH) + Ry, (f*H)

IRy (FH) + Yy (FH) + [Ryy(FH) + fHR gy (f)
H) + fHR p(f) )
() + [HR 1, (f). &)

Lemat 3. Niech f bedzie niczn
(M, fn). Wiedy X =

jaca funkcjg Hamiltonowskq pola wektorowego X na rozmaitosei kontatkouej
jest polem Reeba rozmiatosci kontatkowej (M, 1),

Dowdd. Hamiltonowskie pole wektorowe X na (M, fy) z funkeja hamiltonowska f jest jednoznacznic wyznaczone .

przez warunki e ¥y jest polemn hamiltonowskim dia jednoformy f 2 funkeia hamiltonowsle f. Korsystajae » Lematu T
Xofn=—f,  Xod(fa)=df - fRys(F ostatnie dwa czlony upraszczajy sie, stad otrzymujemy

Z pierwszego réwnania wynika, se X3 = —1. Rozpisujac drugie réwnanie 0= [Ry(H) + Yy (H)] O]
XU (Xomdf + fXodn=df — [Rys(f)n. Na mocy Lematu [ wyrasenie w nawiasie znika, wige pole ¥’ spelnia wsaystkie warunki ()-(iv)

Lemat [[] gwarantuje, ze X (f) = —fR,(f). Dodatkowo X5 = —1, stad

A THEOREM

FXadn=0.

Poniewai. f jest niez
obydwu pdl wynika,

a, X spelnia te same warunki jak R, 7 dokladnoécia do znaku. Z jednoznacznosci

o
Stwierdzenie 1. Niech Xu, Xy bedq kontaktowymi hamiltonowskimi polami wektorowymi zwiqzanymi odpo-
wiednio = hamiltonianami H, | H na rozmaitosci kontaktowej (M.n), gdzie | jest nieznikajacq ciggla funkejg na
M. Wiedy Xu = X
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CONCLUSIOA (ABOUT CONTACT HAMILTOAIAN DYAAMICS ):  COATACT HAMILTOTIAN
VECTOR FIELDS CORRESPOAD TO HOMOGENEOUS HAMILTOTIANS O P ;,w

WHAT IF WE WANT A GETERATING OBJECT of M f

NE HAVE ALREADY USED: FROM A LINE RUADLE To TPRIACIPAL R BUNDLE

A LInE BUADLE THE DuAL R PRITCIPAL
X x FIBERWISE LINEAR FUNCTIONS O L[ ARE SECTIONS
L L L oF L* W—> <<r(§>(,c)),,e>
? l, d"J, z \|/ HOMO GEYEOVS FunNciods o LX ARE SECTIONS
M M M OF L¥

THE CTHER WAY ROUND:. FROM PRINCIPAL R BuaDLE TO LINE BUaDLE

AN R* - PRINCIPAL THE LINE BUNDLE THE DUAL LINE
BunpLE PUNDLE
P Lo=PxR / Lo*=PxR
_ P e P /IR X
J, (pt) ~ (Alp), & (pi2) ~ (s (), 52)
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FIBERNWISE HOMOGENEODS FoACTIONS ON P
CORRESPOND TO SECTIONS OF LP*

X
P=Lp
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COORDINATE EXPRESSIONS
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PRACTICAL EXAMPLE : PRRACHUTE ERUATION
Q=K
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CONTACT LAGRAN GIAXN  MECHAI!CS
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TN THE LITERATURE ONE CAd FIND CONTACT LAGRANGIAD MNECHAFICS
IN THE CABE OF M=T*QXKR

T*@ X IR 9(}),2)  m— H(P,Z)eR
TR « K S(VIZ) —> [(viz) ek ¢

THE LEGENDRE TRANSTFORMATION
HAPPE4ZS O P 4OV ONLY
L(v,2)=<pv>-H(p=z)

CARTESIAA PRODUCT
STRUCTORE 1S HEESPED

DIFFERENTIAL COASERUEACES OF CONTACT HANILTOYIAN EGRUATIONS
ARE THE FOLLOWING HERGLOZ EQHUATIONS

d /L) _ 8L 8L 3L ] -
wilog) ogitoz by 2222
8 S A S S R 4

THIS IS Ad IMPLICIT DEFINITION OF
THE HERGLOZ ACTion TFoNcTiOn4 L.

Houll /43007— MOQE Z(¥) (a’:I—MQ) HHICH IS
S S NNIo2eDp BY  SOLUTIONS OF
GEMNERAL COITACT THE HERGLOZ EQUATIONS
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CONTACT HAMILTON -JACOBI THEORY

LE THE POE THEN we (o,
S),

sympLEcTic STVFFE FIRsT| i, @
o % Oop,
5 /\f
PARTIAL ODIFFERENTIAL EQUATION ORDINARY DIFFERPENTIAL EQUATION
o OF THE FIRST OFDER HAMILTOA1AN EGUATIONS

o NOT 10VOLVING VALUES OF FUACTIONS H(qj,%ﬁiyo

@ M<

THEOREM (empiecrc)  LET (Bw) BE A SYMPLECTIC MANIFOLD AND LCP —A LAGRANGIAN
SUBMANIFOLD. THE HAMILTONIAN VECTOR FIELD X, For A Fuacriod H:P—— R IS
TANGENT TO L IF AOD OdlY IFT H 15 CoNSTAANT ON L

(T*@, wQ) EYMPLECTIC (MAYIFOLD

@ C‘,L)'aq,> E
/

PARTIAL DIFFERENTIAL EQUATION

+ quFE‘RENT\AL GEOMETRY . H -T*Q > ,R SMOOTH FuNCTION
(9'1p;)— H(g'pi)

NOT INVOLVING VALUES %E H-L( COISOTROPIC
i w
H: R xR —K,

d@(@) LAGRAAGIAN

SUBMANIFOLD

d5(Q) = K



SYMPLECTIC RESULTS:

AR
T*Q —
COI50TROPIC SUBMAAIFOLDS ARE ARE EGUIPPEDL A WITH CHARACTERISTIC DISTRIBUTION y,
K XCTK <TT*Q X‘{VGTLT*@’ ¥ weTK (7, L.J)=O\Zl
7’“ (v'owmg]\
\,/ PRODUCES A FOLIATION IN case K=H'(E) X1is one DIMENSIONAL, SPANNED  BY X
wIsOTROPIC
] THE FoLjaTIoN [ IF L c IC/THE/I/ L 15 CoMPOSED OF
COMPOSED OF L R
INTEGRAL ComvES OF X, S LEAVES OF X I.E. THESE
LAGRANGIAN INTEGRAL CURVES
e SoLve ODE X=XH(O’)
* RECOASTRUCT oS(R)
e INTEGRATE &S +4o S, T*@
\,\A\;\;/;_?‘? &
@ ODE b/(t)=XH(a’[t)) . sove Poe  H(gY %}=E T2
T T —— TR « ResieieT X, dS(Q)  Aap PROYECT 00 Q

° TWH(XH(GQ‘S)) \

YOU HAVE A VECTOR FIELD 94 (Y TO INTEGRAE
WITH HALF THE AJUMBER ©OF VARIABLES



NOW COATACT STUFF
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id” O NO NEED TO DEFINE T&OTROPIC, LAGRAAGIAN, COISOTROPIC SUBMA NIFOLDS
4 INA CONTACT SETTING
T ONTACT -
3 e J M/ TSOTROPIC IS0TROPIC
£ c 15 . -
Lo
/,? LEGEADRIAN iIF T (N) 1S LAGRANGIAN

CoI80TROPIC COISOTROPIC
/<_._./L ™Wece

XI—KNnt’x 15 COWOTROPIC
TNCE AND  dimN=n IN C, HITH RESPECT

0 v (R ol/7)

THEOREM (empiecric) — LET (Fw) BE A SYMPLECTIC MAXIFOLO AND LCP —A LAGRANGIAN
SUBMANIFOLD. THE /IA/?)ILTO/YIA/V VECTOR FIELD XH For A Fvacrion H:P >R IS
TANGENT TO L IF AdD oOaly IFT H Is CoNsTANT ON L

THEOREM (contacT)  LET (RT,m R™ 4 w) BE A SYOPLECTIC R pUNDLE AND LBE 4 HmoGeagous

LAGRAAGIAN SUBMAAIFOLD [ =T (#) THEN THE HAMILTONIAN  YECIOR FIELD TFOR
HOMOGENEOUS HAMILTONIAN |6 TAAGEXT TO L IF AND ONLY IF HAMILTONIAN YANISHES O L

IF (M) 18 A CONTACT MANIFOLD AND o

(&5 A& LEGENDRIAN SLBMANIFOLD
THEN XHC IS TANGENT TO N IF AND ONLY

IF  H VANISHES on &
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PARTIAL ODIFFERENTIAL EQUATION ORDITARY DIFFEPENTIAL EQUATION

o OF THE FIRST ORPDER CoNTACT™ HAMLTOMIAN EQUATIONS
o% INVOLVING VALVES OF FudcTions : H( qf,%—s—i,é(q,)) =0
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