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FEW OBSERVATIONS

DEFINITION OF A CONTACT HAMILTONIAN VECTOR FIELD IS LOCAL ! QUESTION : CAN WE HAVE

GLOBAL HAMILTONIAN VECTOR FIELDS IF THERE IS NO GLOBAL y ? (YES
!
)

DO WE GET THE SAME VECTOR FIELD IF WE KEEP H AND CHANGE
Y
? (NO! EASY) IF NOT

,
HOW SHOULD WE

CHANGE H ? (EASY TO GUESS
,

NOT EASY TO PROVE!

X PRESERVES 2 I
.
E

.
CONTACT HAMILTONIAN VECTOR FIELDS ARE SYMMETRIES OF 2(AND NOT

SYMMETRIES OF Y) .

CAN WE DEFINE X NOT USING
Y ? (YES < DIFFERENT GEOMETRIC LANGUAGE NEEDED!

DEFINITION : LET IRY DENOTE THE MULTIPLICATIVE GROUP OF NON-ZERO REALS (IRY = IR103
,

%).
A SUMPLECTIC PRINCIPAL BUNDLE IS AN IRY PRINCIPAL BUNDLE P TOGETHER WITH

A HOMOGENEOUS SYMPLECTIC FORM W.

-

(PM,, h, Us* = su weR(P)
# NONDEGENERATE AND CLOSED

PEIRY h : IR*x P <P

h(s ,h(t,p)) = h(st, p)
i Ms : Pfp1 < h(s

, p) =P

Ms-ht = Ust

EXAMPLE : (T *Q)* <IPT*Q W=

Wake +
Wa =pind (a pi)oh = (q" , spi)

h
*

Wa = d(spi)ndqi= sapindq"-swa
THEOREM : CONTACT MANIFOLDS AND SYMPLECTIC

PRINCIPAL BUNDLES ARE EQUIVALENT

NOTIONS!
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(M
,
2) DEFINES (P,

M
,
T

,
h

, w)

P =(29x T*M > 20 - A LINE BUNDLE OVER M.

REMOVING O-SECTION WE GET AN IRY-PRINCIPAL BUNDLE WITH ACTION BORROWED
"

T=

5m/(z) +
FROM A VECTOR BUNDLE.

PROPOSITION : P IS A SYMPLECTIC SUBMANIFOLD OF TAM

PROOF :

WE HAVE TOSHOW THAT i * WM is A SYMPLECTIC FORM IF i : (20 < T*M is THE INCLUSION MAP.

S
#

CLOSED-OBVIOUS
,

NONDEGENERATE - TO PROVE

LET US LOCALLY CHOOSE A CONTACT FORM ON OCM AND DEFINE THE MAP

T : OXIR
*

-(2
%

)
*

<T*M (A LOCAL TRIVIALIZATION OF P=(2 %
+

(M)-

1
(x

,
s))) by

In
* [ *Wn = (20In)

*

&(0n) = a((oly)* On) = d(sy *On) = d(sy) = asy + say

(asny + say)1(n
+1)

_
n+

1yj(n
+1

+ (nt)ggd- = O i
. E. (Ig

*

WM IS NONDEGENERATE

) AND i *

Cn IS

2n +2 FORM ON A MANIFOLD
#0 O BECAUSES AND M NONDEGENERATE

·

OF DIMENSIONInte
BECAUSE M APPEAR MORE THAN ONCE

T
IS CONTACT

W=
*

WM IS HOMOGENEOUS BECAUSE WM iS HOMOGENEOUS

↓
GLOBAL !

REMARK : IF (M
,y) Is CONTACT THEN Po =Mar WITH W = lety) = etatIM + etdy is A SYMPLECTIC MANIFOLD.

Po IS BSOMORPHIC TO THEPOSITIVE" PART OF P
.

IN THE LITERATURE TO IS CALLED A SYMPLECTISATION OF (M, Y)
WE HAVE CONSTRUCTED A SYMPLECTISATION OF GENERAL (M,

2).
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(P,
M

,
T

,
h

, c) DEFINES (M, 2)

# DEX(P) D(p)= h(p)=he
S= 1

DIS INVARIANT

Thy)D(p)) = as sh+
(u

,
(p))=s(h(p) = Thy

HOMOGENEOUS

&
HoMOGENEs-

PROPOSITION W=O

Y
VARIANT PROOF : SinceWest Then IpW= w

w = zpw = dip + i do
=(x)P LOCAL VERTICAL COORDINATE

A LOCAL

#
===

- - A LOCAL SECTION OF POVERO
,

OXR* (x
,
5,

Fu
< hi(UC)eP Trivialisation

D+
2 58 = = *

y PROPOSITION :

M
IS A LOCAL CONTACT FORM

aS

101 YINVARIANT PROOF :

1. E
.

A PULL-BACK

Ir
* O =

sy
① M Ij

*
w= [r

*

(d) = d(sy) = asny + say
SINCE WIS SYMPLECTIC

,
So IS If

* W
,

THEREFORE

Of (Fr* w)vm
+2

= (dsey + say)
-n+ )

= (+1)Snds
g 1

.
E

. M IS A CONTACT FORM



#
PROPOSITION : KEN M DOES NOT DEPEND ON The CHOICE

OF A SECTION T

PROOF :
-

Y

101 T : O < P on M18 WE HAVE t() = f(x)t() For feeP(One) 8 to

J' : / > P ↓
un0 + 0 S(p) = f([(p))s'(p)

① M

y = 50 = 20 = 1y
CHOOSING AN OPEN COVER OF M AND LOCAL CONTACT fy = y => keny = keny'
FORMS ASSOCIATED WITH LOCAL SECTIONS WE

GET GLOBALLY DEFINED 2 = KenM

REMARK : NOTE THAT O IS A NON-VANISHING FORM ON P
,

THEREFORE KENYCTP IS A REGULAR DISTRIBUTION ON P.

IT CONTAINS A VERTICAL DIRECTION
,

SINCE <O
, DY = (ipW, D) = w(D

, D)
= 0. 2 is A PROJECTION ON M

OF Ker O.

EXAMPLE : WHAT IS P FOR M = J4*

WE HAVE SEEN A PRINCIPAL SYMPLECTIC BUNDLE FOR M = IPT*Q (EXAMPLE 3) .
OTHER EXAMPLES (EXAMPLES,

EXAMPLE 2) ARE SPECIAL CASES OF THE FIRST YET BUNDLE
.

WE SHALL THEN CONSIDER THE GENERAL CASE

X

L A LINE BUNDLE
,

I . E. L AFTER REMOVING L
*

WE SHALL CONSIDER

A VECTOR BUNDLE WITH ZERO SECTION WE JETS OF THE DUAL LET Us LOOK AT
Sv ONE DIMENSIONAL FIBRE

V
HAVE A IRY-PRINCIPAL i

LINE BUNDLE

BUNDLE V T* LX
Q Q Q

31*
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T* L
*

IS AN IRY PRINCIPAL BUNDLE :

IR" ACTS ON LY BY MULTIPLICATION (i
, t)ohs = (gi, St)

THE ACTION CAN BE LIFTED TO T (h)= The (q ,
t,, )0ldths)= (gi ,

st
, gi, st)

DUALIZING WEGET (a" ,
t

, Pj , z)oT
*

hs = (g , 5 t
, Pi , Sz)

THE LIFT OF IRY ACTION TO T**

(t, Pi , 2) T*

he = (qi, st
, Pi,2)

#

COVECTORS CAN BE MULTIPLIED BY NUMBERS dis = ST*

Ms (git , Piz)ths = (gist, spi , 2)
THIS IS A PRINCIPAL ACTION

.
COORDINATES

ON THE BASE SHOULD BE

(q"t , Pj , z)1 < (q, Ps , z)
M

BUT WHATis THE BASE ?

NOTE THAT WY IS HOMOGENEOUS : (6ths)
*

(dpindq' + andt) = d(spi)-dq" + dznd(st) = s(dpindq"+ azndt) =Sa

WE HAVE THEN (T* L-, ?, ?, dyth , (t) A SYMPLECTIC PRINCIPAL BUNDLE OVER WHO-KNOWS-WHAT!

THINGS THAT HAPPEN ON L* AND J'L* THINGS THAT HAPPEN ON I AND T**

L
*

M

91 & A HOMOGENEOUS FUNCTION ON
Y

Q
fr(e) = < +(g(e) ,e)

j'd'(q) = j'5(q) MEANS THAT d= X

WHERE Xe(o(Q) x(q) = 1
, dx(q) = 0 FUNCTIONS DIFFER BY THE SAME X :

fa , (e) = <+ (g(e) , e) = <x(g(x) +(g(x) , e) = x(g(x)f-(e)
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DIFFERENTIALS ARE EQUAL :

O it
offi (e) = d(xfp)(e) = fr()axXx) + X(g(x)af,() =

= dfr(e)

↳T
(s(es) = does

* THIS MEANS THAT THERE

IS A MAP FROM J'* TO T*Y*

EVERY HOMOGENEOUS F : L <I
THE MAP IS ONE-TO-ONE BECAUSE EVERY COVECTOR

is A DIFFERENTIAL OF SOME HOMOGENEOUS FUNCTION
CORRESPONDS TO A SECTION

CHOMOGENEOUS ON L IS LINEAR ON L)
(it) < = Lidgi +atf(qt) = t)(ai-a) + d

=

SUMMARIZING : WE HAVE RECOGNIZED T
*

LYRX AS JPL*. THE CANONICAL CONTACT STRUCTURE ON

THE FIRST JET BUNDLE COMES FROM THE HOMOGENEOUS SYMPLECTIC STRUCTURE ON THE COTANGENT

BUNDLE T* LX
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