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THE PICTURE ILLUSTRATES

THE CASE Q = IR
,
M = IRS

A CONTACT MANIFOLD IS A MANIFOLD M
.

TOGETHER WITH A CERTAIN DISTRIBUTION

2
.

EXAMPLE 1. CONTACT STRUCTURE ON M = T*QXIR

/54QXR) CONTACT DISTRIBUTION 2 IS SPANNED BY ALL

VECTORS TANGENT TO FIRST JET PROLONGATIONS
Q X IR T*Q X 1 = (af(o)) , f(q)) OF FUNCTIONS

~

f feco(a) ↑

pie ~ It Cap ,=for)=
Q VARYING & WE CAN CHANGE pi

THIS ARBITRARILY

& P
dim Q = m

,
dim T*QX1 = 2n+1 dim Ex = 2m

j (M , 2)
x= (p ,z)

+pi] =- + E M = T*QXIR

A LIOUVILLE FORM

↓ ON T*Q 2 =[ +piz)
12 = key -x(m) = y = da - pidq" = da-Da



EXAMPLE 2
.
THE MOBIUS BAND CASE

1 THE ACTION IS LINEAR

B = Riy k. (x ,y) = (x+k2T, (1) +y)
ON THE SECOND ARGUMENT

↑
A LINE BUNDLE

OVER S1 M = jB
,
2=< +P2)

&
q=π ,

y=3

I* · ·
U

- I - dat I- -# · F
(r,p, 2) qeJ0,it Onu = Ev (qp, 2) geji, sit

2= (q +p 2= ( +pe
in Eq =q , p =p, z =z inF= q+2 p= -p, z=z

IN E THE COORDINATE IN F SOME COORDINA-

TRANSFORMATIONiS a +P= +pa + P= + (-P)() =- TES CHANGE SIGN,

IDENTITY e = a +P = (+ )=+
BUT STILL 2 is

WELL DEFNED

yo
= dz-pdq 2= Kern yu

= %2- polo 2= Ker Yu
Mu=0

>

Tn =40

THE DISTRIBUTION 2 IS WELL DEFINED
,
BUT THE FORM

Y
IS NOT

.

IF THERE WOULD EXIST A GLOBAL FORM

M SUCH THAT Ker

y
= 2 THEN

- + 1oNE -

↑

N 0:ofg ,
ON n =

gyn ,
On On Mo=g7Yu

2 1 -1 ONF



EXAMPLE 3
. PROJECTIVIZED COTANGENT BUNDLE IPT*Q

--

IN G*Q)" = T*Q10p3 WE DEFINE A RELATION : prp" () Sp(p) =Tr(p) , fxto Xp = pl

M = + +Q = PT*Q

2 IS DEFINED AS A KERNEL OF LOCAL FORMS

FOR SIMPLICITY : Q = IR"
,
T*Q = (q" , Pil

Un = [ [(qPi)]=: PROS COORDINATEs : (q" T .... Th .....h)

M qi([a ,p]) = qi
([a ,PJ) = PO/PK

ON MyuMe WE HAVE PetO , PutO "y = dq+
COORDINATE CHANGE :

j + k ,l-
=

=dadadad
==3 S



ON U IS

NONVANISHING simHera S 2 = ker
on 1.1ne ke(1 , . . ., my

WE HAVE DEFINED A DISTRIBUTION 2 OF DIMENSION 21-2 ON A MANIFOLD

M = PT* IR" OF DIMENSION CU-1
.
THE SAME CAN BE DONE ON IT*Q

FOR ANY Q

EXAMPLE 32 : Q =3" PT*S = 33 WE GET A CONTACT STRUCTURE ON THE

TOTAL SPACE OF HOPF FIBRATION

OF CONSTANT DIMENSION

↓ LOCALLY SPANNED BY SMOOTH

VECTOR FIELDS

DEFINITION : A CONTACT MANIFOLD IS A MANIFOLD M TOGETHER WITH A REGULAR

DISTRIBUTION 2 OF CODIMENSION 1 WHICH IS MAXIMALLY NONINTEGRABLE
1↑

dim 2x = dim M-1 S
g: TM

< TM/e NOTE THAT U DEPENDS ONLY ON

V(x)
,
W() , IE iT is A TWO-FORM On 2

V
,
WeSec(2) ~ v(ufw) = g([v, qw3) = g(2[vw] + v(f(w) =
u(v , w) = g([v, wj)

=fg([v , ws) = fr(yw)
MAXIMAL NONINTEGRABILITY MEANS

W IS NONDEGENERATE

~ 2 IS OF EVEN DIMENSION
,
MIS OF ODD DIMENSIO
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DEFINITION : LET (M, 2) BE A CONTACT MANIFOLD.
LOCALLY DEFINED

1- FORM Y SUCH THAT C= Keny is CALLED A CONTACT FORM
·

PROPOSITION : A CONTACT FORM Y SATISFIES ye(dy)V" tO IF dimM = Gnth

PROOF :

OcM TM/y AND . 2
°

CT*M ARE A PAIR OF DUAL BUNDLES

y =
2 - (0)

yese(2j)
Ep

= keny

USINGY WE DEFINE A TWO-FORM On -p :

THE SAME UP TO A SIGN

2x2 = (0,w))) < y, 0(5,W)YER
4

LET US TAKE V
,
WeSec(2) SUCH THAT V(x) = 0 , W() = W AND CALCULATE

dy (vw) =< y , b)
-

W(y , V)
- y([v, w]) = - <y , 0(,w))

dy/yCOINCIDES WITH O IF WE TRIVIALIZE TM/2 : AND COUSINGT
MX IR

IT FOLLOWS THAT d is NOT DEGENERATE ON 2
, Kerdy IS THEN 1-DIMENSIONAL

AND HAS TRIVIAL INTERSECTION WITH 2

(dy)1 DOES NOT VANISH On e
, yndy)1" DOES NOT VANISH On Th

NOTE THAT IF
M IS GLOBAL

,
THEN yudy)'M is A VOLUME FORM

THEREFORE MIS ORIENTABLE
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THERE ARE SEVERAL USEFUL NOTIONS IN CONTACT GEOMETRY DEFINED

TRADITIONALY IN A LANGUAGE OF CONTACT FORMS
.

LETS THINK ON THEM

FOR A WHILE!

THEOREM : (DARBOUX) LET M BE
A CONTACT FORM

.

FOR EVERY XEM THERE EXISTS AN OPEN

SUBSET MODEY AND COORDINATES (giPj , 2) In O Such That Mdz-pida"
As A CONSEQUENCE

REEB VECTOR FIELD +Pi

RyeX(0) : RySdy = 0
,
< y , Ry) = 1 In DARBOUX COORDINATES Ry

REEB VECTOR FIELD SEVERELY DEPENDS ON CHANGING Y TO y =Fy WE RADICALLY CHANGE

Ry- IT IS NOT TRUE THAT Ry , iS
ProportiONAL TO Ry , THE DIRECTION CHANGES IF ONLY

- IS NOT A CONSTANT FUNCTION

< WEINSTEIN CONJECTURE

CONTACT HAMILTONIAN VECTOR FIELDS

HE TO(R) THE FOLLOWING CONDITIONS FOR XiEX(M)

Xisdy = dH -Ry(t)y(y, xy) = - H DEFINE X UNIQUELY.

XIS CALLED A CONTACT HAMILTONIAN VECTOR FIELD

PROPERTIES OF XI
↑

Does
↑

PRNOTRESE==<y,x + yay = YeSecty - <y ,[xi &

6
=

- dH + dH - Ry(H)y =

Ry(H)y y(h) - Ry(H)(x) = (y , [x7]) = 0 = [x,7] =23
,7


