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A CONTACT MANIFOLD 16 A_ MAMIFOLD M
TOGETHER WITH A CERTAIN DIsTRIBUTION

E.
EXAMPLE 4. CONTACT STRUCTURE onf M=T*QXxIR,
o J(QxR) CONTACT DISTRIBUTION & |6 SPANNED By ALL
VECTORS TANGENT TO TFIRST JET PROLONGATIONS
QxR THQx R > (df(g), {(a)) OF FUNCTIONS
I P ] s oF o . of 9
4 6 C7(Q) ')'{- R o >4t (Frr T o t 2 <
W \l/ ,> {- v i (q,"} e/-:g%t{i'zwf(q,)) v °9, K (a?’ 39 aq/ aPA Ei‘_ &=
VARYING \f WE CAN CHANGE P
& THI& ARBITRARILY / ARBITRARY
= _‘.9_, .i L = l: .?—‘- .2 . _3__. TANGENT AT
- < aq} TPz oP; > ;i, (aq,‘ P ez )+ % 2Py j @7 2)
ARBITRARY
A cARTAN DisTRIBOTION
o dim Q=m , dim T'QxR =dn+d eum & =<n
x(p) (%)
. = P'Z
2 L2 - - T*
°[e>_f>'{>§.LT*PvazJ‘“§;¢C MN=T*Q xR
A LIOUVILLE FORM
; £ oN T*Q cCe <3%7 *Po'éaz‘) %>
1 :
o &=ker Y S2 (m)a7= o{z,-P,dq, = efz,-GQ
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EXAMPLE X. Tue mOBlws BAND CASE
/_\W#E ACTION 15 LINEAR P

2 — k ON THE SECOMD ARGUMEANT
(@: % k- (X'j) L (x+k,-.2/zl (~4) 3)
/,7 \74\5 C"'< q,+P82.’9P>

A LINE BuNDLE
OVER &%

(4)P12) qeInoc

(@.P.Z) 7,53042;’—5
-2 2
C < +P 22! 8P> C <ail Pazl J alo >
w £ g-g), pep, =2 in | grgedi pl-p, o2
IN E THE (DORDINATE o " A Tls = IN & some COORDINA-
TRANSFORMATION (5 29, TP5Z =aq/l *Poz 'aq/+ P’az - — -P){ =-§};. TES CHANGE SIGN,
IDENTITY ° . 2 8 BUT st T (s
il Cog°Pex ""P> (o P - op7 " <oqtPan §F~> WELL DEFNED

7'%: A== ,o'do;l C= ker T

76=dz—’0d% CT=I<,9(‘/7
=Y <~ O WY

THE DISTRIBUTION & 15 WELL DEFINED, BUr- THE FORM
7 15 Nor. IF THERE WoULD EXIST A& GLORAL TForm
SUCH THAT kew o¢=C THENY
7 /> +4 o £

On 0: gp=fy, ONU 9 =97, , o ol /70=5{5r7u

-4 od &



EXAMPLE 3. PRQECTIVIZED COTANGENT BUNDLE [PT*Q

IN (T*Q)™ = T*Q \{Oy} WE DEFINE 4 RELATION

E 15 DEFINED AS A KERNEL ©F LOCAL FORMS.

M - T*Q% = PT*Q

FoR SINPLICITY : Q=R"

U "{ [(?f:, Pd‘)lv P #Oj COORDINATES : (q/ J,

UaM

k=41

T*® > (g, p;)

ON U U, HE HAVE P, #0,p #0O

COORDINATE CHAAGE :
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(k)

o « /C7k) 15 0NONVANISHING : doom ker 7 = m- (k)
- C= ker 7
—— (k) ce)
oo U U, 9 = fﬁ-T 9 LE ker 7 - kw7 ké{/f,...,nj
y)

WE HAVE DEFINED A DISTRIBUTION & OF DINMEASION -3 on 4 MANIFOLD
N=PT*R" oF DIMENSION <n-L. THE SAME Chd BE Dode o PTX X

FOR Ay @

EXAMPLE Sa. - O =56° PT*S" =S WE GET A CONTACT STRUCTURE OF THE
TOTAL SPACE OF HOPF FIBRATION

OF ONSTANT DimensioN
LOCALLY SPAXAED BY SMOOTH
vecrog TFIELDS

DEFINITION: A COXTACT MANIFOLD 1S 4 MAXIFOLD (M TOGETHER HWITH A REGULAR
DISTRIBUTION & OF CODIMEASION 4. WHICH 15 MAXIMALLY NONINTEGRABLE

(‘df/m Ex=dimM-4 /

‘3: ™ >TM/ C NoTE THAT Y DEPENDS ONLY O
v i CC) V() W(x), I.E ITis A TWO-FORM ON &
€ Sec
)
/ V‘Y-N) g[v‘&»@ g(\ﬂ[\/w} V(F)N)

v(vw)= Q(LVWI) B A

MAXIMAL NONINTE GRABILITY MEAANS
Y 15 NONDEGENERATE

l C 6 oF evead dmexsion, Mis oF ooD DMEANSIO
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DEFINITION : LET (ME&) BE A CONTACT MAAIFOLD. LOCALLY DEFINED
A-Foem 7 SUCH THAT = ken'7 5 CALLED A CONTACT FoRM y

~
=

F..

PROPOSITION: A COATACT Form 7 SATISFIBES 74(d7)"" +O IF dmM=u+d

PROOF : o
Oem ’T‘M/ AND & <T*W ARE A PAIR oF DUAL BUNVDLES

4 &
/75:9-‘(;’07) 96 Sec [c‘f/;)

VSl & 7 NE DEFINE A4 TWO-FoLm ON C?/g
THE SAME VP TO A SIGH

Ex ¢ o) —— (7, (W) € R

LET us TAKE VW € S (&) suck THAT  V(x)=v, Wx)=w Ao carcouaTe
d7(\/,hl} = \/47,N> - N<7,V> = 7([\/,w3) = -47,V(7/‘,w)>

d COINCIDES HWITH VY IF WE TRIVIALIZE TMHN AND &° veing
7/2: /C;”% N xR 7

IT" FOLLOWS TH41T dw 15 00T DEGENERATE 0O« E, kerdy 15 THEN A~ DIMENSIONAL
A4AD HAS TRIVIAL INTERSECTION HWITH & 7

( d7)"“ Does AoT vAmISH ol &, 7A(d7 )" DOES AT vAdISH OF TH

T

Am .
NOTE THAT xFr7 5 GLOBAL | THEN 7A@7) IS A VoLuME ForM
THEREFORPE M Is oe;z—:/rm&E
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THERE ARE GSEVERAL (BEFUL NOTIONS IN CONTACT GEOMETRY DEFINED

TRADITIONALY IN A LAXAGUAGE OF CONTACT FORMS. LETS THINK O©A THEM
oL A WHILE/!

S
—

F..

WEOQEM:@AQBOUX) LET BE A CONTACT FoRM. FOR EVERY XENM THERE EXISTS AN OPEN
SUBSET M>E ax AAD COORDINATES (Q,LfPJ',Z) IN & SUcH THAT 7=d2—}>"dg‘

/,45v A CONSEQUENCE

C.—.— —9—-1-2_9_)_9——-
o REEB VECTOR ¥FIELD 15 Sogf TPz oy,

7

€ : = = IN DARBOUX VAT, =2
Q7 X(U) ?7__;0!7_@)(7,27) 4 iV DARBOVX COORDINATES ??7 2

RECHP VECTOR TFIELD SEVERELY DEPEANDS Of . CHANGING 7 TO 7’=f7 WE RADICALLY CHANGE
@7 — T 15 dol TRUE THAT L., 15 PROPORTIONAL ToO 2,7) THE " DIRECTION CHAXGES IF ONLY
Vﬁ IS X0T A CONSTHANT FUffCT/OZ/

— WEINSTEIN conJecTuRE
o CONTACT HAMILTOAIAN VECTOR FIELDS
He C=(R) THE FOLLONING COADITIONS FoR X, € X(m)
X, - d7 = dH - ?7(!4)7 <7, X,>=—H# ODeFwe X, omQueLy.

(o
)(" I5 CALLED A CONTACT HAMILTOA AN VECTOR FIELD

/‘/C
o PROPERTIES OF Xy Yebecl [X] 7T 7 s
) sﬁe,@y »P%S
L7 g d<o > eiedy - dy(Xy,Y) = X, <92 - YL 9,%, > Lo, [y 1> Soe

Pl
By

] ¢ c
=~dH + dH -4'37(#)7 - 727(}97 V(H)- Q,,(H)(%Y) => <’7; fo ,Y]> =0 => Xu.YJ 55



