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2 P. TUDORACHE

1. THE FIRST HOMOTOPY GROUP AND COVERING SPACE THEORY
1.1. Homotopy between two continuous maps.

Definition 1.1. Let X and Y be topological spaces and f,g: X — Y continuous
maps. A homotopy from f to g is a continuous map

H:Xx[0,1] =Y, (z,t) = H(z,t) = Hi(x)
such that f(z) = H(z,0) and g(z) = H(x,1) for x € X, i.e. f = Hy and g = H;.

In this case we write H : f ~ g and we say that f is deformed continuously into
g. If we imagine the parameter ¢ as representing time H represents a continuous
"deforming" of f into g.

We call f and g homotopic if there exists a homotopy from f to g.

In what follows we shall use for convenience I = [0, 1].

If f~ f" and f’ is a constant map, we say that f is nullhomotopic.

The homotopy relation ~ is an equivalence relation on the set of continuous
maps X — Y.

Proof. Reflexivity: Let H(x,t) = f(z) be the constant homotopy. Then f ~ f.
Symmetry: Let H : f ~ g. Define the inverse of H as H™ : (x,t) — H(xz,1—1t).
Since H is continuous, H~ is continuous. We have that H~ (z,0) = H(z,1) = g(x)
and H™ (z,1) = H(z,0) = f(x), so H~ is a homotopy from g to f, which implies
g~ f.
Transitivity: Let K : f ~ g, L : g ~ h be given. The product homotopy K * L
is defined by

R

We have (K * L)(z,0) = f(z) and (K * L)(x,1) = h(z), so K * L is a homotopy
from f toh = f~h.
(]

The equivalence class of f under the homotopy relation is denoted by [f] and is
called the homotopy class of f. We denote by [X, Y] the set of homotopy classes
[f] of maps f: X =Y.

A homotopy is said to be relative to A C X if the restriction H;|A does not
depend on t (is constant on A).

Proposition 1.2. If f,g: X =Y, h: X' = X, k:Y =Y’ are continuous maps,
then f ~g= foh~gohandko f~kog.

Proof. f ~ g = 3H : X x I — Y continuous, such that H(z,0) = f(z) and
H(z,1) = g(x).

Define H' : X'xI — Y, by H'(2',t) = H(h(z'),t). Then H'(2',0) = H(h(z),0) =
foh(z"). Similarly H'(2',1) = g o h(z’). Then H’ is a homotopy from f o h to
goh= foh~goh.

Next we define H” : X xI — Y’ by H”(x,t) = k(H (x,t)). We obtain H” (z,0) =
ko f(x) and H”(x,1) = kog(x),so ko f ~ ko g, since H” is a homotopy between
these two maps. O

Definition 1.3. Let f,g: X — A, A C R". Suppose that the line segment from
f(z) to g(z) is always contained in A. Then H(z,t) = (1 —t)f(x) + tg(z) is a
linear (or straight-line) homotopy from f to g.

We now turn our attention to the case of paths.
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FiGURE 1. Example of path homotopy

Definition 1.4. Two paths f and f’ mapping I into X are said to be path homo-
topic if they have the same initial point zy and final point z1, and if there exists
a continuous map F': I x I — X such that

F(s,0) = f(s) and F(s,1) = f/(S)
F(0,t) = z¢ and F(1,¢) = 21

for any s,t € I. We call F a path homotopy between f and f’. If f is path
homotopic to f/, we write f ~, f'.
Ezample 1.5. Let X denote the punctured plane R? — {0}.The following paths in
X are path homotopic:

f(s) = (cosms, sinms)

g(s) = (cosms, 2sinms)

Indeed, as shown in Figure 1 it is clear that the straight-line homotopy between

them is an acceptable path homotopy. However, the straight-line homotopy between
f and the path h(s) = (cosms, —sinms) is not acceptable, for its image does not lie

in the space R? —{0}. Intuitively, one cannot deform f continuously into h without
passing through 0, so f and & are not path homotopic.

Just like in the case of regular homotopy, one can prove that the relation ~, of
homotopy between maps is an equivalence relation.

Definition 1.6. If f is a path in X from zg to 1, and if g is a path in X from x;
to xo, we define the product f * g of f and g to be the path h given by

hs) = {f(28) for s € [0, 3]

g(2s — 1) for s € [3,1].

(1)

The product operation on paths induces a well-defined operation on path-homotopy
classes, defined by

[f] (9] = [f * gl (2)
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Proof. Let F be a path homotopy between f and f’ and let G be a path homotopy
between g and ¢’. Define

F(2s,) f 3
His.t) = (2s,t) orsG[O,Q]1
G(2s —1,t) for s € [3,1]
F(1,t) = 1 + G(0,t) for any t = H is well-defined. H is also continuous by the
pasting lemma.

We leave it to the reader to verify that H is the required path homotopy between
fxgand f'xg. O

The operation * has the following properties, which we state without proof:
1.(Associativity) [f] * (g] % [A]) = ([f] * [g]) * [A], if they are defined.
2.(Right and left identities) Given = € X, let e, denote the constant path e, : I —
X carrying all of I to x. If f is a path in X from zy to x1, then

[ # [ex,] = [f] and [ex,] * [f] = [f].
3. (Inverse) Given the path f in X from z¢ to z1, let f be the path defined by
f(s) = f(1 = s). Then [f] = [f] = [ex,] and [f] * [f] = [ea,].

We also have the following:

Theorem 1.7. Let f be a path in X, and let ayg, ..., a, be numbers such that 0 =
ag < a; <..<ap=1. Let f; : I — X be a path that equals the positive linear map
of I onto [a;—1,a;] followed by f. Then

[f] = [A]* o [fnl.

1.2. The fundamental group of a topological space.

Definition 1.8. Let X be a topological space and xg a point in X. A path in X
that begins and ends at xg is called a loop based at xy. The set of path homotopy
classes of loops based at xg, with the operation x, is called the fundamental group
(or first homotopy group) of X relative to the base point z(. It is denoted by
™1 ()(7 S(}()).

From the properties of the operation * given in section 1.1, we see that when
this operation is restricted in this way, it satisfies the axioms of the group. Before,
it could not be an operation for a group since it was not defined for any two pairs
of elements of X. Now, for any two loops f and g based at g, the product f *g is
always defined and is also a loop based at x.

Definition 1.9. Let a be a path in X from zg to x1. We define a map
G&:m (X, z9) = (X, 21) by
a([f]) = [a] = [f] = [o.
We have
a(2s) for s € [0, 1]
ax(fra)=1< f(4s—2) for s € [3,3]

a(4s — 3) for s € [2,1]
Since « is a path from zg to x; and & is a path from x; to xy we obtain that
ax (f *a) is a loop based at 1. This means that & maps 71 (X, z¢) into m (X, z1).
Theorem 1.10. The map & is a group isomorphism.

Proof. We have that
a([f]) = alg]) = [a] = [f]  [o] = [a] * [g] * [a] = [@] = [f * g] * [a] = &([f] = [9]),
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hence & is a homomorphism. Next we show that & is invertible. Let 8 = &; we
show that [ is an inverse for &: for any [h] € m1 (X, x1),

B(R]) = [B]* [1] * [8] = o] * [h] * [a]

O

Corollary 1.11. If X is path-connected and xo and x1 are two points of X, then
m1 (X, x0) is isomorphic to m (X, x1).

Proof. Since X is path connected, there exists a path « from xg to z1. As before,
we can define &, which is an isomorphism from 71 (X, zg) to m (X, z1). O

Definition 1.12. A space X is said to be simply connected if it is a path-
connected space and if 71 (X, ) is the trivial (one element) group for some zy € X,
and hence for every z € X.

We express the fact that w1 (X, x) is the trivial group by writing 71 (X, z¢) = 0.

Lemma 1.13. In a simply connected space X, any two paths having the same
initial and final points are path homotopic.

Proof. Let a and S be two paths in X from zg to 1. Then « 3 is defined and is
a loop on X based at xg. Since X is simply connected, the loop is path homotopic
to the constant loop at xy. Then

[a] = [a# 8]+ [B] = [ex,] * [8] = [B].
O

Proposition 1.14. 71 (X x Y, (x0,%0)) is isomorphic to w1 (X, x0) X 71(Y,v0), if
X andY are path-connected.

Proof. A map f:Z — X xY is continuous iff themaps g: Z - X and h: Z = Y
defined by f(2) = (g9(z), h(2)) are both continuous. Hence a loop f in X XY based
at (zo,yo) can be thought of as a pair of loops g in X and h in Y based at z
and yg respectively. Similarly, a homotopy f; of a loop in X x Y is equivalent
to a pair of homotopies g; and h; of the corresponding loops in X and Y. Thus
we obtain a bijection m (X X Y, (zo,y0)) = m1(X,z9) X m1(Y,y0) given by [f] —
(lg], [p]). We have [f]  [f'] = ([g] * [¢'], [n] = [2']) = (lg], [A]) * ([¢'], [W']), so it iSDa

homomorphism.

If h: X — Y is a continuous map that carries xop € X to yg € Y, we write
h:(X,z0) = (Y,y0). If fis aloopin X based at zg, then hof: I = Y isa
loop in Y based at yy. The correspondence f — ho f gives rise to a map carrying
m1(X, x0) into m (Y, yo)-

Definition 1.15. Let h: (X, 2z9) — (Y, y0) be a continuous map. The homomor-
phism induced by h, relative to the base point z is the map (hy, )« : 71 (X, o) —
m1(Y, yo) defined by (ha, )« ([f]) = [l o f].

In cases where no confusion may arise in regard to the base point we will denote
(hgo)x bY D

If F is a path homotopy between the paths f and f’, then h o F' is a path
homotopy between ho f and ho f’, so h, is well-defined.



6 P. TUDORACHE

Since (ho f)x (hog) =ho (f *g), we have that
ha([f1%[g]) = [ho (fxg)] = [(ho f)* (hog)] = [ho flx[hog] = hu([f])*h(lg])- (3)

This proves that h, is a homomorphism.

Theorem 1.16. If h: (X,z9) = (Y,y0) and k : (Y,yo) — (Z,20) are continuous,
then (ko h)s = ke ohy. Ifi: (X, x9) = (X, x0) is the identity map, then i, is the
identity homomorphism.

Proof.
(koh)([f]) =I[(ko
= k([ o f]) = ku(he([f])) = ks 0 hu([f])-

Corollary 1.17. If h: (X, z9) = (Y,40) is a homeomorphism of X with Y, then
hy is an isomorphism of w1 (X, xo) with 71 (Y, yo).

Proof. Let k : (Y,y0) — (X, 20) be the inverse of h. Then k, o h, = (ko h), = i,
where i is the identity map of (X, zg). Also hi o ks = (ho k). = j., where j is
the identity map of (Y, yo). Since i, and j, are the identity homomorphims of the
groups 71 (X, zo) and 71 (Y, yo), respectively, then k, is the inverse of h,. O

1.3. Covering spaces.

Definition 1.18. Let p: E — B be a continuous surjective map. The open set U
of B is said to be evenly covered by p if the inverse image p~!(U) can be written
as the union of disjoint open sets V,, in E such that for each «a, the restriciton of
p to V,, is a homeomorphism of V,, onto U. The collection {V,,} will be called a
partition of p~!(U) into slices.

Definition 1.19. Let p: E — B be continuous and surjective. If every point b of
B has a neighborhood U that is evenly covered by p, then p is called a covering
map, and F is said to be a covering space of B.

Here, by neighborhood of a point xg in a topological space X it is meant an open
set of X that contains xg.

Example 1.20. Let X be any topological space and 7 : X — X be the identity map.
Then ¢ is a covering map.

In order to see this, let g be a point of X, and U a neighborhood of zy in X.
Since i~1(U) = U, we have that U is evenly covered by i, and since zg and U
were arbitrary, we have that every point of X has a neighborhood (and, in fact,
all of its neighborhoods) that is evenly covered by 4, so i is a covering map for any
topological space.

Let p: E — B be a covering map. Then p has the following properties:

(1) for each b € B, the subspace p~!(b) of E has the discrete topology

(2) pis an open map

(3) pis alocal homeomorphism. That is, each point e of E has a neighborhood
that is mapped homeomorphically by p onto an open subset of B

Proof. (1) Let U be a neighborhood of b that is evenly covered by p. Then p~1(U)
can be written as the union of disjoint sets V,, that are open in E. Since V, is
open in E we have that, by the subspace topology of p~1(b), p~1(b) NV, is open
in p~1(b). But this intersection contains only one point, and any point of p~*(b)
can be written as one such intersection. Therefore we have that all the one-element
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subsets of p~1(b) are open, so all their unions are open. This means that p=*(b)
has the discrete topology.

(2) Let A be an open set of E and x € p(A). We choose a neighborhood U
of z that is evenly covered by p. Let {V,} be a partition of p~1(U) into slices.
Let Vg be the slice containing the point y such that p(y) = z. The set V3N A is
open in V3 as a subspace of E. Since p maps V3 homeomorphically onto U, and
homeomorphisms are open maps, then p(Vg N A) is open in U, and hence open in
B, so it is a neighborhood of x contained in p(A). Since & was an arbitrary point
in p(A), we have that p(A) can be written as an union of open sets in B, so it is
open. Then p is an open map.

(3) Let e € E and « = p(e) € B. Let U be a neighborhood of z that is evenly
covered by p and {V, } a partition of p~*(U) into slices. Since p(e) = z € U, we have
that e € p~1(U) = U, V,,. Then there exists o such that e € V,,. Since p is a covering
map, it maps homeomorphically V,, onto U, so p is a local homeomorphism. O

Theorem 1.21. The map p: R — S* given by

p(z) = (cos2wx, sin2mx) (6)

1S a covering map.
Proof. Let U be the subset of S! of the points with positive first coordinate. Then
P U) = UnezVa (7)

where V,, = (n— %, n+ i) On the closed intervals V;,, sin2mz is strictly monotonic
so p is injective. Also, p carries V;,, onto U and V;, to U. Since p|V;, is bijective
and V,, is compact we have that p|V}, is a homeomorphism of V,, with U and, in
particular, p|V,, is a homeomorphism of V,, with U. Proceeding similarly for the
regions of S with negative first coordinate and with positive and negative second
coordinate we obtain open sets that cover S' and are evenly covered by p. This
proves that p is a covering map. O

Theorem 1.22. Let p: E — B be a covering map. If By is a subspace of B, and
if Eo = p~1(By), then the map po : Eg — By obtained by restricting p is a covering
map.

Proof. Let by € By and U a neighborhood of by in B that is evenly covered by p. Let
{V.} be a partition of p~!(U) into slices. We have that U N By is a neighborhood of
bo in By and V,, N Ey are disjoint open sets in Ey. Also, Uy (V,NEy) = p~1(UN By)
so U N By is evenly covered by p and any point by of By has a neighborhood in
By which is evenly covered by p. Since p maps V, homeomorphically onto U, its
restriction to V, N Ey is a homeomorphism onto U N By. Then p is a covering
map. O

Theorem 1.23. Let p : E — B and p' : E' — B’ be covering maps. Then
pxp :ExE — Bx B is a covering map.

Proof. Let b€ B, b € B’ and U and U’ neighborhoods of b and b’ that are evenly
covered by p and p’ respectively. Let {V,,} and {V3} be partitions of p 1 (U) and
P~ (U’) into slices. Then (p x p') "' (U x U’) = Uq (Vo x V}), which is a union
of disjoint open sets of E x E’. Since V,, X VBI is homeomorphically mapped into
UxU' bypxp,pxp' isa covering map. O
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1.4. The fundamental group of the circle.

Definition 1.24. Let p: E' — B be a map. If f is a continuous mapping of some
space X into B, a lifting of f is a map f: X — F such that po f = f.

A

X?B

FiGUrE 2. Correspondence between f, p, and f

Lemma 1.25. Let p : E — B be a covering map and p(eg) = by. Then for any
path f: I — B beginning at by, f has a unique lifting to a path f in E beginning
at eq.

Proof. We cover B by open sets U that are evenly covered by p. Since f is contin-
uous and [0, 1] is compact, f([0,1]) is compact and we can find a division s, ..., sp,
of I such that f([s;, s;+1]) is in an open set U for any 7 and we consider one such
case. Let {V,} be a partition of p~(U) into slices.

Define f(0) = eg. Since f(s;) lies in some V,, consider it lies in Vp.

Define f(s) for s € [s;,5:11] by

F(s) = (Vo) "' (f(s))- (8)
Since the restriction of p to Vj is a homeomorphism from V; onto U and f is
continuous, we have that f is continuous on [s;, $;+1]. Similarly we define f on all
of I. By the pasting lemma, f is continuous. One can see from the definition that
pof=1/[.

In order to prove uniqueness, consider another lifting of f beginning at e, f.

Then f(0) = f(0) = €. Suppose that f(s) = f(s) for all s such that 0 < s < s;.
As before, we define f(s) = (p|Vo)~1(f(s)). Since f is a lifting of f, it must carry

[, 8i41] into Pil(U) = UaVa. f([81;8i41]

one of V. But f(sl) is in Vp, so f([si, si+1]) is also in Vj. So, for s in [s;, $i11], f(s)
must equal some point y of V; lying in p~1(f(s)). But, since the restriction of p
to Vp is a homeomorphism, there is only one such point y, namely, (p|Vo) ™1 (f(s)).

) is connected so it must lie entirely in

Hence f(s) = f(s) for s € [s;,5441]. This can be done for all intervals [s;, s;41], 50
f is unique. O
Lemma 1.26. Let p : E — B be a covering map and p(eg) = bg. Let the map
F : I x I — B be continuous, with F(0,0) = bg. There is a unique lifting of F' to a

continuous map B
F:IxI—-F 9)

such that F(O, 0) =ep. If F is a path homotopy, then F is a path homotopy.
Proof. Define F(0,0) = eg. By Lemma 1.25 we can extend F uniquely to 0 x I and

to I x 0.
Now, by the Lebesgue number lemma, we choose subdivisions

S <81 < ... < Sy
to <ty <..<tp
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of I fine enough that each rectangle
Ii X Jj = [Si—l,si] X [tj_l,tj] (10)

is mapped by F' into an open set B that is evenly covered by p.

Given 79 and j; we assume that F is defined on the set A which is the union
of 0 x I, I x 0 and all the rectangles I; x J; such that either j < jo or 7 = jo
and i < ip. We also assume that F' is a continuous lifting of F|A. In order to
define F on 1;, x J;, we choose an open set U of B that is evenly covered by p and
contains the set F(I;, x J;,). Let {V,} be a partition of p~!(U) into slices. Since
F is defined on A, it is also defined on C' = AN (I;, x J;,). This set consists of
the left and bottom edges of I;, x .Jj, so it is connected. This means that F(C) is
connected, so it is entirely contained in one of V,,, say Vj.

Now let po : Vo — U be the restriction of p to Vy. Since F is a lifting of F|A, we
have that for any « € C

po(F(z)) = p(F(z)) = F(x) (11)
so F(z) = py "(F(z)). Therefore, we may extend F to I;, x Jj, by defining F/(z) =
po_l(F(x)) for x in this domain. Similarly, we can extend F on I x I. By the pasting
lemma F will be continuous.

For uniqueness, note that our construction allows the use of the previous lemma
to prove that once the value of I:"(O7 0) is specified, Fis completely determined.

Now suppose that F is a path homotopy. Then F(0,t) = F(0,0) = by for any
t € I, s0 F carries 0x I into by. Since F is a lifting of F', we have F(0x ) = p~1(by).
Since 0 x I is connected and F is continuous, the set F(0 x I) is connected, so it
must equal a one-point set. Similarly, F(l x I) must be a one-point set, so Fisa
path homotopy. O

Theorem 1.27. Let p: E — B be a covering map with p(eg) = bg. Let f and g
be two paths in B from by to by and let f and g be their respective liftings to paths
i E beginning at eg. If f and g are path homotopic, then f and ¢ are also path
homotopic and a homotopy between them is given by the lifting of the homotopy
between f and g.

Proof. Let F': I x I — B be a path homotopy between f and g. Then F'(0,0) = by.
Let F : I x I — E be the lifting of F to E such that F(0,0) = eg. By Lemma 1.26,
F' is a path homotopy, so F(0 x I) = {eo} and F(1 x I) = {e;}. The restriciton
F|Ix0is apath on E beginning at ey that is a lifting of F|I x0. But F(s,0) = f(s)
and its lifting is unique, so F(s,0) = f(s). Similarly, F|I x 1 = §. This proves that
F is a homotopy between f and §. O

Definition 1.28. Let p : E — B be a covering map, and let by € B. Choose eq
such that p(eg) = by. Given an element [f] of 71 (B, bg), let f be the lifting of f to
a path in F that begins at eg. Let ¢([f]) denote the end point f(1) of f. Then ¢
is a well-defined set map

¢ :m(B,by) = p~ " (bo). (12)

¢ is called the lifting correspondence derived from the covering map p.

Theorem 1.29. Letp: E — B be a covering map and let p(eq) = by. If E is path
connected, then the lifting correspondence

¢ (B, bo) = p~(bo). (13)

is surjective. If E is simply connected, it is bijective.
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Proof. Suppose E is path connected. Then for any e; € p~!(bg), there exists a
path f in E from ey to e;. Since p(e1) = pleg) = by, the path f = po fisa
loop in B based at by, so [f] € m1(B,by) and ¢([f]) = e1. Since this holds for any
e1 € p~L(by), ¢ is surjective.

Now suppose E is simply connected. Let [f] and [g] be elements of 7y (B, bg)
such that ¢([f]) = &([g]). Let f and § be liftings of f and g to paths in E that
begin at eg. Then f and g have the same initial and final points. Since E is simply
connected, there exists a homotopy F in E between f and §. Then po F is a
path homotopy in B between f and g. So [f] = [g], which means that ¢ is also
injective. O

Theorem 1.30. The fundamental group of S* is isomorphic to the additive group
of integers.
Proof. Let p : R — S! be the covering map (6), eg = 0, and by = p(ep). Then
p~1(by) = Z, the set of integers. Since R is simply connected, by Theorem 1.29,
the lifting correspondence
¢:mi (S bo) = Z (14)

is bijective. We must show that ¢ is a homomorphism.

Let [f] and [g] be elements of 71 (S*,b) and let f and g be liftings to paths on
R beginning at 0. Since ¢ takes values in Z, we may choose ¢([f]) = f(1) = n and
#(lg]) = §(1) = m. Let § be the path

9(s) =n+g(s) (15)
on R. Then we have
p((s)) = p(n +g(s)) = p((s)) = g(s), (16)

so g(s) is a lifting of g with n as an initial point. Then we can define f % § which
is the lifting of f % g that begins at 0. This can be seen from the following:

o [pensend] _[fe)nsel0d
Pf*g) = { (G(25— 1)), s € [3.1] {g<s>, seppy I 0D
The end point of f x § is g(1) =n +m. Then
o([f1+[9]) = o([f * g]) = n +m = &([f]) + &([g]) (18)
which proves that ¢ is a homomorphism. O

1.5. Retractions and fixed points.

Definition 1.31. If A C X, a retraction of X onto A is a continuous map
r: X — A such that r|A is the identity map of A. If such a map r exists, we say
that A is a retract of X.

From this definition we can see that, for a retraction r, we have r? = r. This
suggests a way of thinking of retractions as the topological analogs of projection
operators in other parts of mathematics.

Lemma 1.32. If A is a retract of X, then the homomorphism of fundamental
groups induced by inclusion j : A — X is injective.

Proof. Let r : X — A be a retraction of X onto A, then the map roj: A — A
is the identity map of A. From Theorem 1.16, we have that 7, o j. is the identity
map of 71(A,a) for any a € A, so it is a bijection. This means that j. must be
injective. ]

Theorem 1.33. (No-retraction theorem) There is no retraction of B onto S'.
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Proof. We prove that the homomorphism induced by the inclusion j : S* — B2
is not injective. It is easy to see that the fundamental group of B? is trivial since
all the loops based at the same point in this space are path-homotopic. However,
as we saw in the preceding section, the fundamental group of S is isomorphic to
the additive group of integers which is not trivial. Therefore, there is no injective
mapping between the fundamental group of S* and that of B2, so j. is not injective.
This means that S' is not a retract of B2. O

Lemma 1.34. Let h : S' = X be a continuous map. Then the following are
equivalent:

e h is nullhomotopic
o h extends to a continuous map k: B> = X
e h, is the trivial homomorphism of fundamental groups.

Proof. (1)=(2). Let H : S x I — X be a homotopy between h and a constant
map. Let 7 : S' x I — B? be the map

m(z,t) = (1 — t)z. (19)

Here, we think of « in terms of its coordinates in a plane, for example (cosf, sind).
Then 7 is continuous, closed and surjective, so it is a quotient map. We have
(St x 1) = {0}, and 7|(ST x [0,1)) is injective. Since H is constant on S* x 1, it
induces a map k : B> — X such that kon = H. Since H is continuous, k is also
continuous. In order to restrict k to S*, we must restrict ko7 to S* x 0. Then we
have
k|S* = kon|(S' x 0) = H|(S* x 0) = h. (20)

This proves that k is an extension of h.

(2)=(3). If j : S' — B? is the inclusion map, then h = koj. Hence h, = ki 0 j..
But the fundamental group of B? is trivial, so

Gu s (St bo) — w1 (B2, by) (21)

is trivial. Therefore, h, is also trivial.

(3)= (1). Let p : R — S* be the covering map (6), and let py : I — S?
be its restriction to I. Then py is a loop in S!. Its lift must satisfy p o pg =
(cos2mx, sin2mx), for any x € I, so py begins at 0 and ends at 1. This means that
[po] generates 71(St, bg).

Let g = h(by). Because h, is trivial, the loop f = h o pg represents the identity
element of 7 (X, xo). Therefore, there is a path homotopy F in X between f and
the constant path at zo. The map po x id : I x I — S! x I is a quotient map, being
continuous, closed, and surjective. It maps 0 x ¢t and 1 X ¢ to by X t for each ¢, but
is otherwise injective. The path homotopy F maps 0 x I, 1 x I and I x 1 to the
point g of X, so it induces a continuous map H : S x I — X that is a homotopy
between h and a constant map. O

Corollary 1.35. The inclusion map j : S* — R% — (0,0) is not nullhomotopic.
The identity map i : S — S is not nullhomotopic.

Proof. r(x) = z/||z| is a retraction of R — (0,0) onto S*. Then, by Lemma 1.32, j.
is injective, so it is not trivial. Therefore, it is not nullhomotopic. i, is the identity
homomorphism, so it is also nontrivial. O

1.6. Deformation retracts and homotopy type.

Lemma 1.36. Let h,k : (X,z0) — (Y,yo) be continuous maps. If h and k are
homotopic, and if the image of the base point xo of X remains fixed at yo during
the homotopy, then the homomorphisms hy and k. are equal.
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Proof. Let H : X xI — Y be the homotopy between h and k such that H (zo,t) = yo
for all t. Let f be a loop in X based at 9. Then Ho (f xid) : I x I - Y is a
homotopy between h o f and ko f. To see this we compute

Ho (fxid)(x,0) = H(f(2),0) = h(f(2)) = ho f(). (22)

Similarly, one obtains H o (f x id)(z,1) = ko f(z). Now, ho f and ko f are both
loops based at g, so they are path homotopic. Then we have [ho f] = [k o f], so
h«([f]) = k«([f]) as homomorphisms from 1 (X, x¢) to m1 (Y, yo)- O

Theorem 1.37. The inclusion map j : S — R"1 — 0 induces an isomorphism
of fundamental groups.

Proof. Let X = R — 0 and by = (1,0,...,0) € R**!1 — 0. Let r : X — S™ be
the map r(z) = x/||z||. Then r o j is the identity map of S™, so that r, o j, is the
identity homomorphism of 1 (S™, by).

Now consider jor : X — X. This is homotopic to the identity map. One can
prove that H : X x I — X, given by

H(z,t) = (1—t)z + tﬁ (23)

x
is a homotopy between the identity map of X and the map jor. Since H (bg,t) = bo,
we obtain, from Lemma 1.36, that j.or, is the identity homomorphism of m; (X, bg),
which is bijective. It follows that j, is surjective. From Lemma 1.32, we have that
J« is injective. Therefore j, is bijective. t

Definition 1.38. Let A be a subspace of X. We say that A is a deformation
retract of X if the identity map of X is homotopic to a map that carries all of
X into A, such that each point of A remains fixed during the homotopy. This
means that there is a continuous map H : X x I — X such that H(z,0) = = and
H(z,1) € A, for all x € X, and H(a,t) = a for all a € A. The homotopy H is
called a deformation retraction of X onto A. The map r : X — A defined by
r(z) = H(x,1) is a retraction of X onto A, and H is a homotopy between the
identity map of X and the map j or, where j : A — X is inclusion.

An alternative, more visual definition can be formulated as follows:

Definition 1.39. A deformation retraction of a space X onto a subspace A
is a family of maps f; : X — X, with ¢ € I, such that fo = id, f1(X) = A,
and f;|A = id for all t. The family f; should be continuous in the sense that the
associated map F': X x I — X, F(z,t) = fi(x), is continuous.

Theorem 1.40. Let A be a deformation retract of X, and let xg € A. Then the
inclusion map

j : (A, 31‘0) — (X, 31‘0) (24)

induces an isomorphism of fundamental groups.

Proof. By Lemma 1.32, j, is injective. Since there is a homotopy between jor and
id, by Lemma 1.36, j, o r, = id,, SO j, is surjective as well. O

Definition 1.41. Let f : X — Y and g : Y — X be continuous maps. Suppose
that the map go f : X — X is homotopic to the identity map of X, and the map
fog:Y —Y is homotopic to the identity map of Y. Then the maps f and g are
called homotopy equivalences, and each is said to be a homotopy inverse of
the other.
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Let f: X - Y and h : Y — Z be homotopy equivalences. Then there exist
maps g:Y — X and [ : Z — Y such that fog, go f, hol and [ o h are homotopic
to the corresponding identity maps. Then we have

[(hof)o(gol)]=h.([(fog)ol])=h.((fog)(ll])) =h([l]) =[hol] (25)
so (ho f) o (gol)is homotopic to the identity map of Z. Similarly we can prove
that (gol)o(ho f) is homotopic to the identity map of X. Hence hof : X — Zisa
homotopy equivalence of X with Z. Since every space is homotopic to itself by the
identity map, the relation of homotopy equivalence is an equivalence relation. Two
spaces that are homotopy equivalent are said to have the same homotopy type.

Let A be a deformation retract of X. Let j : A — X be the inclusion map and
r: X — A be the retraction mapping. Then r o j is the identity map of A and,
since j o r is homotopic to the identity map of X, A has the same homotopy type
as X.

Lemma 1.42. Let h,k: X — Y be continuous maps. Let h(xg) = yo and k(xg) =
yi1. If h and k are homotopic, there is a path o in'Y from yo to y1 such that
ke =aoh,. If H: X xI —Y is the homotopy between h and k, then o is the path
O[(t) = H((E(), t)

Proof. Let f : I — X be a loop in X based at xzy. We must show that k.([f]) =
a(hs([f])) if and only if [k o f] = [a@] * [h o f] % [a]. Taking the composition on the
left with [a], the relation we must prove becomes

[a] x[ko f]=[ho f]x[a]. (26)
Consider the loops fo and f; in the space X x I given by fo(s) = (f(s),0) and
f1(s) = (f(s),1). Also, consider the path ¢ : I — X x I given by ¢(t) = (x,t). Then
H o fo(s) = H(f(s),0) = h(f(s)). So Ho fo =ho f and, similarly, H o fi = ko f.
Also, Hoc = a.

Let F': I xI — X x I be the map F(s,t) = (f(s),t). Consider the pathsin I x I
Bo(s) = (s,0), f1(s) = (s,1), v(t) = (0,t) and v1(t) = (1,t). We have F o 5y = fo,
Fopy=fi,and Foy=Fovy =c.

The paths By * y1 and g * 81 are paths in I x I from (0,0) to (1,1) and, since
I x I is convex, there is a path homotopy G between them. Then F o G is a path
homotopy in X x I between fo*c and c¢x* fi. Also, H o (F o G) is a path homotopy
in Y between (H o fo)* (Hoc)=(ho f)yxaand (Hoc)* (Ho f1) =ax (ko f).
Therefore [(ho f)*a] = [ax* (ko f)], so [ho f] *[a] = [a] * [k o f]. O

Since & is a group isomorphism, we have the following:

Corollary 1.43. Let h,k : X — Y be homotopic continuous maps such that
h(zo) = yo and k(xo) = y1. If h. is injective, surjective, or trivial, so is k..

Corollary 1.44. Let h : X — Y be nullhomotopic. Then h, is the trivial homo-
morphism.

Proof. By the preceding corollary, since the constant map induces the trivial ho-
momorphism, h, is also trivial. U

Theorem 1.45. Let f: X — Y be continuous. Let f(xo) = yo. If f is a homotopy
equivalence, then
fetm(X,20) = m1(Y, v0) (27)

is an tsomorphism.
Proof. Let g : Y — X be a homotopy inverse for f such that g(yo) = x1. Let

f(xz1) = y1. Then
gof: (X,mo)—>(X,x1) (28)
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is homotopic to the identity map of X, so there is a path « in X such that
(gof)e=do(idx). = d. (29)

Since & is an isomorphism, (go f)« = g« o (fz, )« is also an isomorphism. Therefore
g« is surjective. Similarly, we obtain that (fz,) o g« is an isomorphism, so g. is
injective. Then g, is an isomorphism, and we obtain, from (29)

(fao)e = (g:) " 0@ (30)

0 (fz,) is also an isomorphism. O

1.7. The Seifert-van Kampen theorem.

Theorem 1.46. Suppose X = U UV, where U and V are open sets of X. Suppose
that U NV is path connected, and that xo € UNV. Let i and j be the inclu-
sion mappings of U and V', respectively, into X. Then the images of the induced
homomorphisms

ix : m(U,z9) = m(X,20) and

j* : 7T1(Vv, -’1'30) — (X, J,‘o) (31)

generate m (X, xg).

Proof. The theorem can be restated as follows: for any loop f in X based at x,
[f] = [91] * [g2] * .. * [gn], where g; are loops based at z( that lie either in U or in
V. This is what we set out to prove.

First we show there is a subdivision ag < ... < ay, of I such that f(a;) e UNV
and f([a;—1,a;]) is contained either in U or in V, for each i. First, by Lebesgue
number lemma, we choose a subdivision by, ..., by, of [0, 1] such that for each 7, the
set f([bi—1,b;]) is contained in either U or V. If f(b;) € U NV for each i, we are
done. If not, let ¢ be an index such that f(b;) € UNV. Each of f([b;—1,b;]) and
f([bi, big1]) lies either in U or in V. If f(b;) € U, then both sets must lie in U.
If f(b;) € V, both sets must lie in V. In either case, we may delete b;, obtaining
a subdivision ¢y, ..., cym_1. After a finite number of repetitions of this process we
obtain the desired subdivision.

We prove the theorem. Given f, let ag,...,a, be the subdivision constructed
above. Define f; to be the path in X that equals the positive linear map of [0, 1]
onto [a;—1,a;] followed by f. Then f; is a path that lies either in U or in V, and
by Theorem 1.7

[F1 = [fa] % o [fn]- (32)

Since UNV is path connected, for each i, we can choose a path «; in UNV from xq
to f(a;). Also, f(ag) = f(an) = o, so we can choose ag and «,, to be the constant
path at xg.

Now we set

gi = (i1 * fi) * (33)

for each i. Then g; is a loop in X based at xy whose image lies in U or in V. We

obtain
[g1] * [g2] * ... % [gn] = [ * f1 % 01 % aq * fo % Qg * ..k Q1 * [ * Ciyy (34)
=[] * [fo] % oox [fu] = [£].
O

Theorem 1.47. (Seifert-van Kampen). Let X = U UV, where U and V are
open in X and U, V, and U NV are path connected. Let xo € UNV. Let H be a
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group and let ¢y : 7 (U, x9) = H and ¢o : m1(V,29) = H be homomorphisms. Let
i1%, 124, J1x, Jox De homomorphisms induced by inclusion as follows:

il* . 7Tl((jm V7 1'0) — ﬂ-l(U7 l’o),
194 : 7T1(Um Vv,xo) — 71—1(‘/71'0)7

‘ 35
Jis : m(U, 20) — m1(X, 20), (%)

Jox 1 (Vi xo) = m (X, o).

If ¢1 0 114 = 2 0 Gas, then there is a unique homomorphism ® : m (X, zo) = H
such that ® o ji1, = @1 and P o ja, = Ps.

The relations (35) can be represented schematically as in the following diagram:

m (U, x0)

AN

mUNV,z0)  m(X,z0) > H

125 jz*T 4

m1(V, 20)

Proof. By Theorem 1.46, m (X, x0) is generated by the images of j1. and jo.. Then,
if g € U is a loop based at zg, ®(j1+(9)) = ¢(g). Similarly, for g € V, we have
D(j2+(g9)) = ¢(g). Hence @ is uniquely determined by ¢ and ¢2. Now we need to
prove existence.

First, we introduce some notation: Given a path f in X, we denote its path-
homotopy class in X by [f]. If f lies in U, we denote by [f]y its path-homotopy
class in U. [f]y and [f]unv are defined similarly.

Step 1. We define a set map p that assigns, to each loop f based at z( that lies
in U or in V, an element of the group H. We define p(f) = ¢1([f]v) if f lies in U
and p(f) = ¢2([f]v) if f lies in V. To show that p is well-defined, note that if f
lies in U NV, then

o1([flv) = driv([flunv) = ¢2iz«([flunv) = d2([flv) (36)

by hypothesis. If [f]lz = [g]u or [f]v = [g]v, then, by definition, p(f) = p(g). We
also have that if both f and g lie in U (or if both lie in V'), then

p(f *9) = ¢1([f * glv) = o1 ([f] % [9]) = o1 ([f]) - &1([g]) = p(f) - p(g),  (37)

where we denoted by "-" the composition law on H.

Step 2. Now, we extend p to a set map o that assigns, to each path f lying in U
or V, an element of H, such that if [f]ly = [g]u or [f]v = [¢9]v, then o(f) = o(g),
and o satisfies (37) when f * g is defined.

For each x in X, choose a path a, from zg to z as follows: If z = zq, let a, be
the constant path at zg. f x e UNV, let a, beapathin UNV. If zisin U or V
but not in U NV, let a, be a path in U or V, respectively.

Then, for any path f in U or in V', we define a loop L(f) in U or V, respectively,
based at xg, by the equation

L(f) = og = (f x &) (38)
where z is the initial point of f and y is the final point of f. Finally, we define
o(f) = p(L(f))- (39)

We prove that o is an extension of p. If f is a loop based at xg lying in either U
or V, then

L(f) = €xp * (f * ezo) (40)



16 P. TUDORACHE

where e, is the constant path at xg. Then [L(f)] = [f], so L(f) is path homotopic
to f in either U or V, so that p(L(f)) = p(f). Hence o(f) = p(f), which proves
that o is an extension of p to appropriate paths.

Let f and g be paths that are path homotopic in U or in V. Then the loops
L(f) and L(g) are also path homotopic either in U or in V' and we have

o(f) = p(L(f)) = p(L(g)) = o(g). (41)

To check that o verifies equation (37), let f and g be arbitrary paths in U or in V
such that f(1) = ¢g(0). We have

L(f) # L(g) = (aa * (f * ay)) * (ay * (g % @2)) (42)

where f(0) =z, f(1) = g(0) =y and g(1) = 2. From
[L(f) * L(9)lu = [ea]v * [flo * [y x ay]u + [glu * [a:lo = [L(Fx g)lv (43)

we obtain L(f) x L(g) ~, L(f x¢) in U (or V). Then

p(L(f * g)) = p(L(f) * L(g)) = p(L(f)) - p(L(9))- (44)

Hence o(f * g) = o(f) - o(g)-
Step 3. We extend o to a set map 7 that assigns to an arbitrary path f of X,
an element of H. We want it to satisfy the following conditions:

(1) If [f] = [g], then 7(f) = 7(g)
(2) 7(fxg) =7(f) - 7(g) if f * g is defined.
Given f, choose a subdivision sy < ... < s, of [0, 1] such that f maps each of the
subintervals [s;,_1,s;] into U or V. Let f; denote the positive linear map of [0, 1]
onto [s;-1, s;], followed by f. Then f; is a path in U or in V, and

[f]=[fil* e [fal. (45)
In order for 7 to be an extension of o and satisfy (1) and (2), we define it as
7(f) =o(f1)-o(f2) .- o(fn)- (46)

To show that this definition is independent of the choice of subdivision we show
that the value of 7(f) remains unchanged if we adjoin a single additional point p
to the subdivision. Let ¢ be the index such that s;_1 < p < s;. Then

T(f)=0o(f1) - o(f2) - o(fiz1) ‘U(fi/) 'U(fz'”) e 0(fn) (47)

where f! and f/’ equal the positive linear maps of [0,1] to [s;—1,p] and to [p, s;],
respectively, followed by f. But f; is path homotopic to f/ * f/" in U or V, so that
o(f;) = o(fl = f") = o(f]) - o(f!), and we obtain the same expression for 7(f).
Thus 7 is well-defined.

Now, if f already lies in U or V, we use the trivial partition to define 7(f), and
we have, by definition, 7(f) = o(f). This proves that 7 is an extension of o.

Step 4. We prove condition (1) for 7. First, we consider a special case. Let f
and g be paths in X from x to y and let F be a path homotopy between them.
Assume that there exists a subdivision sg, ..., s, of [0,1] such that F' carries each
rectangle R; = [s;_1, $;] X I into either U or V. We show that 7(f) = 7(g).

Let f; and g; be the linear map of [0, 1] onto [s;_1, s;] followed by f or g, respec-
tively. The restriction of F' to R; is a homotopy between f; and g; in either U or
V. We consider the paths traced by the end points during this homotopy. Define
the path 5;(t) = F(s;,t). Then f; is a path in X from f(s;) to g(s;). The paths
Bo and 3, are the constant paths at  and y, respectively. We show that

fix Bi =p Biz1 * gi, (48)
with a path homotopy in U or V.
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We have F([s;—1,s;] x 0) = fi(I)and F(s; x [0,1]) = Bi(s;). Then F([s;_1, s;] X
0) * F‘I(SZ X [O, 1]) = fz * 61’- Slmllarly, F(Si_l X [O, 1]) * F([Si_l, 51] X 1) = ﬁi—l * g
Since R; is convex, there is a path homotopy in R; between the path from s;_; x 0
to s; X 0 to s; X 1 and the path from s;_1 x 0 to s;_1 x 1 to s; x 1. Then following
this path by F' we obtain a path homotopy between f; x 5; and f;_1 * g; that takes
place in either U or V. Then

o(fi) - o(Bi) = o(Bi—1) - o(gs), (49)
which gives
o(fi) = o(Biz1) -o(g:) - o(Bi) " (50)
Since o(fy) = 0(B,) = 1, we have
T(f)=0(f) - o(fn) =0(g1) - .- 0(gn) = 7(9). (51)

So, in this special case, T satisfies condition (1).

Now we prove that 7 satisfies condition (1) in the general case. Given f and g
and a path homotopy F' between them, choose subdivisions sg, ..., s, and tg, ..., t,
of [0,1] such that F maps each rectangle [s;_1,s;] X [tj_1,t;] into either U or V.
Let f; be paths f;(s) = F(s,t;). Then fy = f and f,,, = ¢g. The pair of paths f;_1
and f; satisfy the requirements of our special case, so 7(f;_1) = 7(f;) for each j.
Then 7(f) = 7(g).

Step 5. Now we prove (2). Let f x g be a path in X, and choose a subdivision
S0 < ... < 8y, of [0,1] containing the point 1/2 such that fxg carries each subinterval
into either U or V. Let s = 1/2.

For i = 1,..., k, the positive linear map of [0, 1] to [s;_1, s;], followed by f * g, is
the same as the positive linear map of [0, 1] to [2s;_1,2s;], call it f;. Similarly, for
i =k+1,...,n, the positive linear map of [0, 1] to [s;_1, s;], followed by f * g, is the
same as the positive linear map of [0,1] to [2s;-1 — 1, 2s; — 1] followed by g, call it
gi—k. With the subdivision sq, ..., s, for the domain of f x g we have

T(fxg)=0o(f1) - o(fr)-o(g1) - .. o(gn—k)- (52)
With the subdivision 2sy, ..., 2s; for the path f, we have
T(f)=o(f1) - o(fe) (53)
and with the subdivision 2s; — 1, ...,2s,, — 1 for the path g, we have
m(9) =0o(91) - - o(gn—k)- (54)
Then
T(fxg)=7(f) 7(9), (55)

so 7 satisfies condition (2).
Step 6. We prove the theorem. For each loop f in X based at xg, we define

o([f1) = (f) (56)

Condition (1) implies that ® is well-defined and condition (2) implies that ® is a
homomorphism. We show that ® o j; = ¢1. If f is a loop in U, then

®(j1([f]v)) = @([f]) = 7(f) = p(f) = o1([f]v)- (57)
Similarly, we can show that ® o jo = ¢s. O

Now we give a broader statement of the van Kampen theorem, which makes use
of the theory of free products of groups. First we introduce some notation. Let X =
UqAq, such that each A, is open, path-connected, zg € N, Ay, and each intersection
A,NAg is path-connected. Then, the homomorphisms ju. : 71 (Aq, o) — m1(X, z0)
induced by inclusions j, : A, — X, extend to a homomorphism

D xom(Aa, o) — m1(X, T0) (58)
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given by ®(x1,...,2,) = J1«(x1) « oo Jnx(xy) for any word (xq,...,2,). We also
denote by iaps : 1 (A N Ag, z9) — m1(Aq, To) the homomorphism induced by the
inclusion iqg : Aq N Ag = Ay. With this an extended version of the van Kampen
theorem can be formulated as:

Theorem 1.48. Let X = U, Aq, such that each A, is open, path-connected, xo €
NaAa, and each intersection A, N Ag is path-connected. Then the homomorphism

o *aﬂl(Aa,xo) — ’/Tl(X, 1'0) (59)

is surjective. If in addition each intersection Ao N Ag N Ay is path-connected, then
the kernel of ® is the normal subgroup N generated by all elements of the form
iag*(w)igal*(w), and so ® induces an isomorphism m (X, xg) >~ *qm1(Aq, o) /N.

Proof. Let f: I — X be aloop in X based at zg. Let 0 =59 < 51 < ... < 8, =1
be a partition of I such that each subinterval [s;_1, s;] is mapped by f to a single
A,. Denote the A, containing f([s;—1,s;]) by A; and let f; be the path obtained
by restricting f to [s;—1, $;]. Then f is the product of the paths fi * ... % fp,.

Since we assume that A; N A;;1 is path-connected, we may choose a path g; in
A; N A;1q from xg to the point f(s;) € A; N A;y1. Consider the loop

(f1* 1) * (g1 * fa * G2) * (g2 * f3 % G3) * .. % (Gm—1* fm)- (60)
This is homotopic to f, as one can easily see by computing its path homotopy
equivalence class. It is also a product of loops based at xg, each lying in a single
A;. Hence [f] is in the image of ®, and ® is surjective.

Before proceeding with the remainder of the proof we introduce some terminol-
ogy. First, when discussing fundamental groups we shall drop the base point xg
since all the fundamental groups are with respect to this point.

Now, by a factorization of an element [f] € m1(X) we shall mean a formal
product [f1]...[fx] where:

e Each f; is a loop in some A, at the basepoint zg, and [f;] € 71 (4,) is the
homotopy class of f;.
e The loop f is homotopic to f; * ... % fi in X.

A factorization of [f] is thus a word in *,m1 (A, ) that is mapped to [f] by ®. Since
® is surjective, every [f] € m1(X) has a factorization.

We study uniqueness of factorizations. Call two factorizations of [f] equivalent if
they are related by a sequence of the following two sorts of moves or their inverses:

e Combine adjacent terms [f;][fi+1] into a single term [f; * fi41] if [f;] and
[fi+1] lie in the same group 71 (Ay).
e Regard the term [f;] € m1(An) as lying in the group m(Ag) rather than
m1(Aq) if f; is a loop in Ay N Ag.
The first of these does not change the element of *,m(Ay) defined by the fac-
torization. The second move does not change the image of this element in the
quotient group @ = *,mi(Ay)/N. To see this, let [g;] € m(As N Ap) and let
3] = dape([93]) € T1(Aa) and [f1] = ipae(lg;]) € m(Ag), that is, [f/] is obtained
by performing the second move on [f;]. Now let w = u[f;]°v, with u and v arbitrary
words. If w’ is the word obtained by performing the second move on [f;], then we
have w' = u[f}]°v. Then

w(w') ™t = ulfil v [f] 7w = ulf] )T (61)
Now, since [f;]°[f;]~¢ € N by definition, and N is normal, we also have w(w') " €
N. It is a general property of normal groups that in this case wN = w'N. In

other words the coset of N by w in #,m1(Ay) is equal to the coset of N by w’ in
*q71(Aq). So equivalent factorizations give the same element of Q.
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If we can show that any two factorizations of [f] are equivalent, then the map
®: Q — m(X) given by ®(uN) = ®(u) is injective. Then the kernel of ¢ is equal
to N.

Let [f1]...[fx] and [f{]...[f]] be two factorizations of [f]. Then the paths fi*...x fj,
and f{ ... f/ are homotopic. Let F': I x I — X be a homotopy between them. Let
0=s5p<s81<..<8p=1land 0=ty <ty <..<t, =1 be partitions of I such
that each rectangle R;; = [s;—1,si] X [tj—1,t;] is mapped by F' into a single A,,
labelled A;;. We assume that the s—partition subdivides the partitions that give
the products fi * ... fi and f{ * ... * f/. We may perturb the vertical sides of the
rectangles R;; such that each point of I x I lies in at most three R;;’s, and relabel
them R;, Rs, ..., Ry as in the figure.

FIGURE 3. Arrangement of rectangles R;;

If v is a path in I X I from the left edge to the right edge, Then the restriction F|y
is a loop at the basepoint zy. Let 7, be the path separating the first r rectangles
Ry, ..., R, from the remaining rectangles. Thus v is the bottom edge of I x I and
Ymn 1is the top edge.

Let us call the corners of the R,’s vertices. For each vertex v with F(v) # o,
let g, be a path from zg to F(v). We can choose g, to lie in the intersection of
the two or three A;;’s corresponding to the R,’s containing v since we assume the
intersection of any two or three A;;’s is path-connected. If we insert into F|y,
the appropriate paths g,g, at successive vertices, then we obtain a factorization
of [F|v,] by regarding the loop corresponding to a horizontal or vertical segment
between adjacent vertices as lying in the A;; for either of the R,’s containing the
segment. Pushing 7, across R,;; to obtain ~,11 changes Fl|y,. to Fl|y.+1 by a
homotopy within the A;; corresponding to R,1. Since we can choose this A;; for
all the segments of v, and ~,41 in R,41, the factorizations associated to successive
paths ~, and 7,41 are equivalent.

We can arrange that the factorization associated to 7y is equivalent to the fac-
torization [f1]...[fx] by choosing the path g, for each vertex v along the lower edge
of I x I to lie not just in the two A;;’s corresponding to the R,’s containing v,
but also to lie in the A, for the f; containing v in its domain. In the case v is the
common end point of the domains of two consecutive f;’s we have F(v) = g, so
there is no need to choose a g,. In similar fashion we may assume that the factor-
izations associated to all the ~,’s are equivalent, we conclude that the factorizations
[f1]...[fx] and [f{]...[f]] are equivalent. O

Assuming the hypotheses of Theorem 1.47, Theorem 1.48 becomes
Theorem 1.49. Let
Dy (U, m0) x w1 (V,0) — m1 (X, 70) (62)
be the homomorphism of the free product that extends the homomorphisms ji. and
Jox induced by inclusion. Then ® is surjective, and its kernel is generated by all
elements of the free product of the form i1.(g9) tiax(g) and their conjugates.
Said differently, the kernel of ® is the least normal subgroup N of the free product

that contains all elements represented by words of the form (i1.(g9) %, i24(g)), for
g€ m(UNV,xg).
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1.8. The fundamental group of S”. Theorem 1.46 can also be used to compute
the fundamental group of S™. For this, we first give a corollary of this theorem:

Corollary 1.50. Suppose X = UUV, where U and V' are open sets of X. Suppose
U NV is nonempty and path connected. If U and V' are simply connected, then X
is simply connected.

Proof. To prove this, note that both fundamental groups of U and V are trivial.
Then the fundamental group of X is also trivial. O

Theorem 1.51. Ifn > 2, the n-sphere S™ is simply connected.

Proof. Let p = (0,...,0,1) € R"*! and ¢ = (0, ...,0, —1) € R™*! be the "north pole"
and the "south pole" of S™, respectively.

First, we show that if n > 1, the punctured sphere S™ — p is homeomorphic to
R™.

Define the stereographic projection f : (S™ —p) — R™ by

F@) = F@1, oo 1) = ——— (21, oy 0)- (63)

1- Tn+41
It is easy to see that the map g : R™ — (S™ — p) given by

9Y) = g1, Yn) = W) - Y1, t(Y) - Yn, 1 = t(y)) (64)

with t(y) = 2/(1 + ||ly||?), is a right and left inverse for f. Therefore f is a home-
omorphism. Since the reflection map (21, ...,2p+1) = (21, ..., Tn, —Tpn41) defines a
homeomorphism of S™ — p with S™ — ¢, we have that S™ — ¢ is also homeomorphic
to R™.

We now prove the theorem. Let U and V be the open sets U = S™ — p and
V =8"—¢qof S™.

For n > 1, since U and V are path connected and have the point (1,0, ...,0) in
common, S™ is also path connected.

For n > 2, since U and V' are homeomorphic to R", they are simply connected.
Their intersection is S™ — p — ¢, which is homeomorphic under the stereographic
projection to R™ — 0, which is path connected. Therefore U NV is path connected,
and, by Corollary 1.50, S™ is simply connected for n > 2 and its fundamental group
is trivial. O

1.9. Equivalence of covering spaces.

Theorem 1.52. Let p: E — B be a covering map. Let p(eg) = by.

(1) The homomorphism ps : 71(E, eq) — 71(B, bg) is a monomorphism.

(2) Let H = p.(m1(FE,e0)). The lifting correspondence ¢ induces an injective
map

& : (B, bo)/H — p~*(bo) (65)

of the collection of right cosets of H into p~1(bg), which is bijective if E is
path connected.

(8) If f is a loop in B based at by, then [f] € H if and only if f lifts to a loop
mn E based at eg.

Proof. (1) Suppose h is a loop in E at ey, and p*([ﬁ]) is the identity element. Let
F be a path homotopy between p o h = h and the constant loop. The constant
loop at e is a lifting of the constant loop at by, and & is a lifting of h. Then, by
Theorem 1.27, if F is the lifting of F' to E such that F(0,0) = eo, then F' is a path
homotopy between k and the constant loop at eq.

(2) Given loops f and g in B, let f and § be liftings of them to E that begin at

eo. Then ¢([f]) = (1) and ¢([g]) = g(1). We show that ¢([f]) = ¢([g]) if and only
if [f] € H *[g].
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Suppose [f] € H * [g]. Then [f] = [k * g], where h = p o h for some loop h in E
based at eg. Then h* § is defined and is a lifting of h x g. Because [f] = [h*g], the
liftings f and h x g, which begin at ep, must end at the same point of . Then f
and g end at the same point of E, so ¢([f]) = ¢([g])-

Now suppose that ¢([f]) = #([g]). Then f and § end at the same point of E.
Let h = f = §. his a loop in E based at ey. Then

[hx gl =[f *g*g] =[f]*[g=*g] = [f]. (66)
Then, if F is a path homotopy in E between the loops h * g and f, then po F is a
path homotopy in B between h* g and f, where h = poh € H. Thus [f] € H *[g].

If F is path connected, by Theorem 1.29, ¢ is surjective, so ® is also surjective.

(3) Injectivity of ® means that ¢([f]) = ¢([g]) if and only if [f] € H *[g]. If g is
a constant loop, then ¢([f]) = eg if and only if [f] € H. If g is a constant loop we
have H * [g] = H and ¢([g]) = ep. Therefore, in this case, ¢([f]) = eg if and only if
[f] € H. But ¢([f]) = eo means f(1) = eg. Since f(0) = ey, we have that [f] € H
if and only if f is a loop in E based at eg. O

Throughout the rest of this chapter we shall use the following convention: the
statement that p : ' — B is a covering map will include the assumption that F
and B are locally path connected and path connected, unless specifically stated
otherwise.

By Theorem 1.52, if p : E — B is a covering map with p(eg) = bg, then the
induced homomorphism p, is injective. Then

Hy = p.(m1(F, e0)) (67)
is a subgroup of (B, bg) isomorphic to 71 (E, ep).

Definition 1.53. Let p: E — B and p’ : E/ — B be covering maps. They are
said to be equivalent if there exists a homeomorphism h : £ — E’ such that
p = p' o h. The homeomorphism h is called an equivalence of covering maps or
an equivalence of covering spaces.

Lemma 1.54. (The general lifting lemma). Let p : E — B be a covering
map such that peg) = by. Let f :'Y — B be a continuous map, with f(yo) = bo.
Suppose Y is path connected and locally path connected. The map f can be lifted to
amap f:Y — E such that f(yo) = eg if and only if

fe(m1(Y,90)) C pa(mi(E, €0)). (68)

Furthermore, if such a lifting exists, it is unique.
Proof. ("=") If the lifting f exists, then, since f = p f, we have

fo(m(Y,0)) = p(f(m1(Y,%0))) C ps(m1(E, €0)). (69)

Now we prove uniqueness. Let y; € Y and choose a path « in Y from gy to y;.
Take the path f o« in B and lift it to a path 4 in E beginning at eo. If a lifting f
of f exists, then f(y;1) = (1). Since the lifting of a path is unique, f is unique.

("<") Given y; € Y, choose a path « in Y from yg to y;. Lift the path f o«
to a path v in E beginning at ey, and define f(y1) = 7(1). To prove continuity of
f at a point y; of Y, we show that, given a neighborhood N of f(yl), there is a
neighborhood W of y; such that f(W) C N.

Choose a path-connected neighborhood U of f(y;) that is evenly covered by p.
Let {V,} be a partition of p~(U) into slices and let V{ be the slice that contains
the point f(yl) We can assume V C N, since, if this is not the case, we can
always choose a smaller neighborhood of f(y;) such that the slice of the partition
corresponding to it through p, satisfies this condition. Let py : Vj — U be obtained
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by restricting p. Then pg is a homeomorphism. Since f is continuous at y; and Y
is locally path connected, we can find a path-connected neighborhood W of y; such
that f(W) C U. We show that f(W) C Vp.

Given y € W, choose a path 8 in W from y; to y. Since f is well defined (we
will prove this later), we can obtain f(y) by taking the path « * 8 from yg to vy,
lifting f o (e % 3) to a path in E beginning at ey, and letting f(y) be the end point
of this lifted path. Since f o is a path in U, the path § = pgl o fofis a lifting
of it that begins at f(yl) Then

po(yxd)=(poy)x(pod) =(foa)x(foph)=fo(axp), (70)

s0 v % ¢ is a lifting of f o (a* ) that begins at ey and ends at f(y) = 6(1) € V.
Hence f(W) C Vp.

To show that f is well defined let o and 8 be two paths in Y from gy to y;. We
show that the liftings of f o @ and f o 8 to paths in E beginning at eg end at the
same point in F.

Lift f o a to a path v in F beginning at ey and lift f o 8 to a path § in F
beginning at (1). Then 4 is a lifting of the loop fo(ax* /). Since, by hypothesis,
Fe(m1(Y,90)) C pu(m1(E, €0)), [f o (a* B)] is in the image of p,. Then, by Theorem
1.52, its lift 7y % J is a loop in E. This means that the initial point of v is equal to
the initial point of §. But ¢ is a lifting of f o 3 that begins at ey and v is a lifting
of f oa that begins at eg, and both liftings end at the same point of . Then f is
well defined. (|

Theorem 1.55. Let p : E — B and p' : E' — B be covering maps such that
pleo) = p'(ey) = bo. There is an equivalence h : E — E' such that f(eg) = e} if
and only if the groups

Hy = p.(m1(E, eo)) and Hy = pl(m1(E', ep))
are equal. If h exists, it is unique.

Proof. Suppose h exists. Since it is a homeomorphism, its induced homomorphism
is an isomorphism. So,
ho(mi(E,e)) = mi(E', ep). (71)
Since p’ o h = p, we have
Ho = p.(m1(E, e9)) = pLh(mi(E, eo)) = pl(mi(E', ep)) = Hy. (72)

Now we assume that Hy = H{, and show that h exists. Since p’ is a covering map
and F is path connected and locally path connected, there exists a map h : E — F’
with h(eg) = e that is a lifting of p, i.e. p’ o h = p. Similarly, there is a map
k: E' — E with k(e{) = eg such that po k = p'.

Now, pokoh=p'oh=p,so koh: E— E is a lifting of p with k o h(eg) = eo.
The identity idg is another lifting of p with idg(ep) = eg. By the uniqueness part
of Lemma 1.54, ko h = idg. Similarly, h o k = idgs. This proves that h is a
homeomorphism with inverse k, and thus it is an equivalence. O

Lemma 1.56. Let p : E — B be a covering map. Let ey and e; be points of
p~1(bo), and let H; = p.(m1(E,e;)).
(1) If v is a path in E from ey to e1, and « is the loop po~ in B, then
[o] *x Hy * [a] ™! = Hy. (73)
Hence Hy and Hy are conjugate.

(2) Given ey and given a subgroup H of w1 (B,by) conjugate to Hy, there exists
a point ey of p~t(by) such that Hy = H.
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Proof. (1). Given [h] € Hy, we have [h] = p«([h]) for some loop h in E based at e;.
Let k= (y*h) 7. It is a loop in E based at ey, and

pul[k]) = [pok] =[po ((vxh) =) =[((pov) * (poh)) * (po7)
_ . (74)
=[(axh)*xa] =[a] *[h] *[a] .

Since p.([k]) € Ho, we have [a] * Hy x [a]™! C Hy.

Now, let [h/] € Hy. Then [h] = p,([]), for some loop h in E based at eg. Let
K= (7 * iL/) x 7. It is a loop in E based at e;. By a similar procedure as before,
noting that & = p o 4, we obtain

[@] x Hy * [a] ™' ¢ Hy, (75)

which implies Hy C [a] * Hy * [a]~!. This proves that [a] * Hy * [a]™! = H,.

(2). Let eg be given and let H be conjugate to Hy. Then Hy = [a] * H  [a] ™!
for some loop « in B based at by. Let v be the lifting of « to a path in F beginning
at eg, and let e; = 7(1). Then (1) implies that Hy = [a] x Hy * [a]™!. Then
H = H,. U

Theorem 1.57. Let p : E — B and p' : E' — B be covering maps and let
pleg) = p'(efy) = bo. The covering maps p and p' are equivalent if and only if the
subgroups

Hy= p*(ﬂ—l(Ev eo)) and H(I) = p;(WI(E/7 66))

of m1(B,by) are conjugate.

Proof. Suppose p and p’ are equivalent and let h : E — E’ be an equivalence
between them. Let €] = h(ep), and let H| = p.(mi(E’,€})). By Theorem 1.55,
Hy = Hy. By Lemma 1.56, Hj is conjugate to H). So Hy and H|, are conjugate.
Now, suppose Hy and H|, are conjugate. By Lemma 1.56 there is a point €]
of E' such that H{ = Hy. Using again Theorem 1.55, there exists an equivalence
h: E — E’ such that h(eg) = €. O

This theorem states that there exists an injective correspondence from equiva-
lence classes of coverings of B to conjugacy classes of subgroups of m1(B,bg). In
general, this correspondence is not surjective.

1.10. The universal covering space.

Definition 1.58. Suppose p : E — B is a covering map, with p(eq) = bg. If E
is simply connected, then F is called a universal covering space of B. Since
m1(E, eg) is trivial, the covering space E corresponds to the trivial subgroup of
m1(B, bg) under the correspondence given by H = p,(m1(F,ep)). Here H is the
trivial subgroup of (B, bp).

By Theorem 1.57, any two universal covering spaces of B are equivalent. This
is why we often speak of "the" universal covering space of a given space B. In
what follows we will assume that B has a universal covering space and derive some
results. However, as we will see, this is not always the case.

Lemma 1.59. Let B be path connected and locally path connected. Letp: E — B
be a covering map (here we do not require E to be path connected). If Ey is a path
component of E, then the map po : Ey — B obtained by restricting p is a covering
map.

Proof. Since E is locally homeomorphic to B, it is also locally path connected.
Therefore Fy is open in E. Then p(Ey) is open in B. We show that p(Fjp) is also
closed in B, so that p(Ey) = B.
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Let « be a point of B belonging to the closure of p(Fy). Let U be a path-
connected neighborhood of = that is evenly covered by p. Since U contains a point
of p(Ep), some slice V,, of p~1(U) must intersect Ey. Since V,, is homeomorphic to
U, it is path connected. Therefore it must be contained in Ey. Then p(V,,) = U is
contained in p(Ey), so x € p(Ep). So p(Ey) is closed.

Now we show that py : Fg — B is a covering map. Given x € B, choose a
path-connected neighborhood U of x that is evenly covered by p. If V, is a slice
of p~1(U), then V, is path connected. If it intersects Ey, it lies in Ey. Therefore,
po - (U) is the union of those slices V, of p~*(U) that intersect Ey. Each of these
is open in Ejy and is mapped homeomorphically by py onto U. Thus U is evenly
covered by pg, so pg : Fg — B is a covering map. O

Lemma 1.60. Letp: X = Z,q: X =Y, andr : Y — Z be continuous maps
withp =roq, and X, Y, and Z be path connected and locally path connected. If p
and r are covering maps, So is q.

Proof. Let g € X. Set yo = q(xo) and zg = p(xg). We first show that ¢ is
surjective.

Given y € Y, choose a path & in Y from yo to y. Then @ = r o & is a path in
Z beginning at zg, so & is a lifting of a. Let & be a lifting of a to a path in X
beginning at 9. Then go & is a lifting of a to Y that begins at yo. Then go & is a
lifting of o to Y that begins at yo. By uniqueness of path liftings, & = g o &. Then
¢ maps the end point of & to the end point y of &. Thus ¢ is surjective.

Given y € Y, we find a neighborhood of y that is evenly covered by ¢. Let z =
r(y). Since p and r are covering maps, we can find a path-connected neighborhood
U of z that is evenly covered by both p and r. Let V be the slice of »—1(U) that
contains the point y. We show that V is evenly covered by ¢. Let {U,} be the
collection of slices of p~1(U). Now, since p = r o ¢, ¢ maps each U, into r~*(U).
Because U, is connected it must be mapped by ¢ into a single one of the slices of
r~Y(U). Therefore, ¢1(V) equals the union of those slices U, that are mapped by
q into V. Therefore, g~1(V) equals the union of those slices U, that are mapped
by q into V. Let pg : Uy, = U, qo : Uy — V, and rg : V — U be the mappings
obtained by restriction. Since py and ry are homeomorphisms, so is go = 7, Lo pp.
Thus V is evenly covered by gq. O

Theorem 1.61. Letp: E — B be a covering map, with E simply connected. Given
any covering map v : Y — B, there is a covering map q : E — Y such that roq = p.

Proof. Let by € B and choose ¢y and yg such that p(eg) = by and r(yp) = bg. Since
E is simply connected, its fundamental group is trivial. So we have

p«(m1(E, €0)) C re(mi(Y,y0)). (76)
Since r is a covering map, by Lemma 1.54, there exists a map ¢ : F — Y such that
roq=pand g(ey) = yo. Then, by Lemma 1.60, ¢ is a covering map. ([

This is why FE is called a universal covering space of B; it covers every other
covering space of B.

Lemma 1.62. Let p : E — B be a covering map such that p(eg) = by. If E is
simply connected, then by has a neighborhood U such that the inclusion i : U — B
induces the trivial homomorphism

s Z7T1(U,b0)—>7T1(B,bo). (77)
Proof. Let U be a neighborhood of by that is evenly covered by p. Then p~*(U)

can be partitioned into disjoint slices. Let U, be the slice containing eg. Let f be
a loop in U based at by. Since p maps U, homeomorphically onto U, the lifting f
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of f in U, beginning at ey is a loop based at eg. Since E is simply connected, there
is a path homotopy F' in E between f and a constant loop. Then po F is a path
homotopy in B between f and a constant loop. Then 71 (U, by) is trivial. O

Now we give an example of a space that has no universal covering space.

Ezample 1.63. Let C,, be the circle of radius 1/n in the plane with center at the
point (1/n,0). We consider the space X given by the union of the circles C,.
Let by be the origin. We show that if U is any neighborhood of by in X, then
the homomorphism of fundamental groups induced by inclusion ¢ : U — X is not
trivial.

Given n, there is a retraction r : X — (), obtained by letting r map each circle
C; for i # n to the point by. Choose n large enough that C,, lies in U. Then in the
following diagram of homomorphisms induced by inclusion, j, is injective, hence i,
cannot be trivial.

71 (Chs bo) & T (X, bo)

T (Uv bO)

Then, even though X is path connected and locally path connected, it has no
universal covering space.

1.11. Existence of covering spaces.

Definition 1.64. A space B is said to be semilocally simply connected if for
each b € B, there is a neighborhood U of b such that the homomorphism

s 1 m (U, b) — w1 (B, b) (78)
induced by inclusion is trivial.

By Lemma 1.62, semilocally simply connectedness is a necessary condition for
E to be simply connected. If this is not the case, then there is no covering space
corresponding to the trivial subgroup of 7 (B, by). Then, semilocal simple connect-
edness of B is a necessary condition for there to exist, for every conjugacy class of
subgroups of m(B,bg) a corresponding covering space of B. We now prove that
this condition is also sufficient.

Theorem 1.65. Let B be path connected, locally path connected and semilocally
simply connected. Let by € B. Given a subgroup H of m(B,by), there exists a
covering map p : E — B and a point ey € p~*(by) such that

p«(m1(E,e)) = H. (79)

Proof. Step 1. Construction of E. Let P denote the set of all paths in B beginning
at by. We define an equivalence relation on P by setting a ~ g if a and S end at
the same point of B and

[a* B] € H. (80)
We show that this is an equivalence relation:

e Reflexivity: Since [a x @] is the equivalence class of the constant loop based
at by, it is an element of H. -

e Symmetry: Let o ~ 8. Then [ * 3] € H and its inverse is [8 * a]. So
B~ a.
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e Transitivity: Let a ~ § and 8 ~ 4. Then [o 3] % [3 0] is an element of
H. But [a* ] *[8*d] =[a*0],s0 a~J.
We denote the equivalence class of the path a by a#. Let E denote the collection
of equivalence classes, and define p: £ — B by

p(a®) = a(1). (81)

Since B is path connected there is a path from by to every point of B. Then p is
surjective.

If [a] = [B], then [a * B] = [a] * [@], which is the identity element, which belongs
to H. Then o# = #. Now, a* 6 and 3 * § end at the same point of B, and

[(a*8) % (B*6)] =[(a*xd)*(6xB)] =[axp] € H. (82)
So, if a# = B#, then (o * )% = (8% §)* for any path § in B beginning at a(1).
Step 2. Topologizing E. Let a be any element of P, and let U be any path-
connected neighborhood of «a(1). Define

B(U,a) = {(a*6)#|§ is a path in U beginning at a(1)}. (83)

a# is an element of B(U, a).

If B# € B(U,a), then 3% = (a % §)* for some path § in U. Then, by (2),
(B*8)* = ((a*6)*0)*. But [(a ) x 8] = [a], so, by (1), (B 9)#* = a¥. Then
a* € B(U, B). We now show that B(U,3) C B(U,a). Let (8 *v)* be an element
of B(U, ). Since 7% = (a x§)#, and [(a * &) * 7] = [a * (6 * 7)] we have

(Bx7)* = ((ax8)x7)* = (ax (%) € BU,a). (84)

So B(U, ) € B(U,«). Similarly, we can prove B(U,«) C B(U, ), so B(U,«a) =
B(U, B), whenever 8# € B(U, «).

Now we show that the sets B(U,«a) form a basis for a topology on E. If 3%
belongs to the intersection B(Uy, 1) N B(Us, a2), then we choose a path-connected
neighborhood V' of (1) contained in U; N Us. Then

B(V,B) C B(Uy,B) N B(Uy, B) = B(U1,a1) N B(Us, av2). (85)

Step 3. The map p is continuous and open. Since p(a™) = a(1), p(B(U,a)) € U.
Given z € U, choose a path § in U from «(1) to z. Then (a x §)# € B(U,a) and
p((a*68)#) = z. Then p maps the open basis element B(U, o) onto the open subset
U of B, so p is open.

To show that p is continuous, take an element o of E and a neighborhood W
of p(a?). Choose a path-connected neighborhood U of the point p(a#) = a(1) in
W. Then B(U,«) is a neighborhood of o that is mapped by p into W. Thus p is
continuous.

Step 4. FEvery point of B has a neighborhood that is evenly covered by p. Given
b1 € B, choose U to be a path-connected neighborhood of b; that satisfies the
condition that the homomorphism 71 (U, b1) — 71(B,b;) induced by inclusion is
trivial (this is possible because B is semilocally simply connected). We want to
show that U is evenly covered by p.

First, we show that p~!(U) equals the union of the sets B(U, «), as « ranges over
all paths in B from by to by. Since p maps each set B(U,«) onto U, then p~1(U)
contains this union. If 3% belongs to p~(U), then 3(1) € U. Choose a path § in
U from by to 8(1) and let a be the path 8% from by to b;. Then [] = [a * J],
so % = (a*§)#* € B(U,a). Thus p~1(U) is contained in the union of the sets
B(U,a), so p~1(U) is equal to this union.

Second, if 8% € B(U,a1) N B(U,az), then B(U,a1) = B(U,8) = B(U, az). So
the sets B(U, «) are disjoint.
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Third, we show that p defines a bijective map of B(U, ) with U. From step 3
we know that p is surjective. To prove injectivity, suppose that

p((a*81)%) = p((a * 62)%), (86)

where §; and d2 are paths in U. Then d;(1) = 2(1). Because B is semilocally simply
connected, the homomorphism 71 (U, by) — 71 (B, by) induced by inclusion is trivial.
Then, &; * d3 is path homotopic in B to the constant loop. Then [a * §1] = [ * 2],
so (a* 0,)% = (a* &2)7. Thus p is bijective. Since it is also continuous and open,
p|B(U, ) is a homeomorphism, and thus p is a covering map. We also show that
FE is path connected.

Step 5. Lifting a path in B. Let ey denote the equivalence class of the constant
path at by. Then, by definition, p(eg) = bg. Given a path « in B beginning at by,
we calculate its lift to a path in E beginning at ey and show that this lift ends at
at.

Given c € [0, 1], let . : I — B denote the path defined by

ac(t) = afte) for 0 <t < 1. (87)
Then «, is the "portion" of a that runs from «(0) to a(c). We define & : I — E by
a(c) = (ac)” (88)

and we show that it is continuous. For this we introduce the following notation.
Given 0 < ¢ < d <1, let .4 denote the path that equals the positive linear map
of I onto [c, d] followed by a. Then the paths aq and «. * d. 4 are path homotopic
because one is just a reparametrization of the other.

To verify the continuity of & at the point ¢ € [0, 1], let W be a basis element in E
about the point &(c). Then W = B(U, a.) for some path-connected neighborhood
U of a.(1) = a(c). Choose € > 0 such that for |c — t| < ¢, the point «(¢) lies in U.
We show that if d is a point of [0,1] with |c — d| < ¢, then &(d) € W. This proves
continuity of & at c.

Suppose |c—d| < ¢, and d > ¢. Set § = d.,4. Then, since [ag] = [ac * 0], we have

a(d) = (aq)® = (ae x 6)*. (89)

Since ¢ lies in U, &(d) € B(U,a.). If d < ¢, set § = §4,c. Then the proof is similar.

Step 6. E is path connected. If o is any point of E, then the lift & of a is a
path in E from eg to a¥.

Step 7. H = p.(m1(E,ep)). Let a be a loop in B at by. Let & be its lift to
E beginning at eg. By Theorem 1.52; [a] € p.(m1(E,ep)) if and only if & is a
loop in E. The final point of & is the point a#, and a# = e if and only if « is
equivalent to the constant path at by, that is, if and only if [« * &,,] € H, which
means [a] € H. O

Lemma 1.62 and Theorem 1.65 give the following:

Corollary 1.66. The space B has a universal covering space if and only if B is
path connected, locally path connected, and semilocally simply connected.
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2. THE HIGHER HOMOTOPY GROUPS OF A TOPOLOGICAL SPACE AND THEIR
BASIC PROPERTIES

2.1. Homotopy groups. In this chapter we shall use the notation f; for homo-
topies between two maps, say fo(t) = f(t) and fi(t) = f/(¢).

Let I™ be the n—dimensional unit cube. The boundary 9I™ of I" is the subspace
consisting of points with at least one coordinate equal to 0 or 1. We define higher
homotopy groups as follows:

Definition 2.1. For a topological space X with a base point z, the n*® homotopy
group 7, (X, o) is defined as the set of homotopy classes of maps f : (I",0I") —
(X, zp), where homotopies f; are required to satisfy f;(0I"™) = x¢ for all ¢, together
with an operation that we define next.

We generalize the product of paths from the previous chapter to an operation
between maps as

f(281,32, ...,Sn), S1 € [O, %} (90)
1

g(2s1 —1,89,...,8,), 81€ [%, ]

(f +9)(s1,82, ., 8n) = {

This operation induces a well-defined operation between the homotopy classes
we consider, given by

[f1+ gl =1f +4l. (91)

Note that the requirement that f;(0I™) = x( for all ¢ makes possible defining
this operation on all the elements of a higher homotopy group.

The identity element of m,(X,zo) is the constant map sending I™ to g, and
the inverse of an element [f] is given by [—f], where —f(s1, $2,...,8n) = f(1 —
51552 «-ey Sn)

The reason we use the additive notation for the group operation is because
(X, x0) is abelian for n > 2. We can see that f + g ~ g + f by the homotopy
indicated in the figure:

fla ~ Iz‘ ~ E ~ Izl & g|f

FIGURE 4. Homotopy between f + g and g + f

Another way of defining higher order homotopy groups is by noting that maps
from (I™,0I™) to (X,xzo) are the same as maps of the quotient I"/9I" = S™
to X taking the basepoint sg = 9I"/OI™ to xy. So we can view m,(X,xq) as
homotopy classes of these maps, where homotopies are through maps of the same
form (S™, s9) = (X, x0). The wedge sum of two topological spaces X VY is obtained
by identifying o € X and yp € Y as a single point and taking the union of X and
Y. With this, the sum f + g, in this interpretation of homotopy groups, is the
composition co fVg: 8™ — X where c¢: 8" — 8™V S™ collapses the equator S™ !
in S™ to a point and we choose the base point sq to lie in this S*~!.

Proposition 2.2. If X is path-connected, different choices of the base point xg
produce isomorphic groups mn (X, o).

This justifies writing 7, (X) instead of 7, (X, z¢) in these cases. We already saw
that this is true for the fundamental homotopy group in Corollary 1.11. Now we
prove for the case n > 1.
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Proof. Let v : I — X be a path in X from v(0) = z¢ to y(1) = x1. To each map
[, 0I™") — (X, z1) we associate a map ~vf : (I",0I"™) — (X, xp) by shrinking
the domain of f to a smaller concentric cube in I, then inserting the path v on
each radial segment in the shell between this smaller cube and 0I™.

A homotopy of v or f through maps fixing 0I or OI™, respectively, yields a
homotopy of v f through maps (I",0I"™) — (X, z). We also have the following:

(1) v(f +9) =vf +g.
(2) (ym)f =~(f).
(3) 1f ~ f, where 1 denotes the constant path.

In order to obtain the homotopy for (1), we deform f and g to be constant on the
right and left halves of I™, respectively, producing maps we call f + 0 and 0 + g,
then we excise progressively wider symmetric middle slabs of v(f + 0) + (0 + g)
until we obtain y(f + g). This process is shown in the figure:

\[/ \[[/ N2\ \[[/
;f xEeExalaH = HflalxldalH = BHfl9

[N i MAY/TT\ I

M

FIGURE 5. Homotopy between v(f + ¢g) and vf + vg

We define a change of base point transformation S : m, (X, z1) — 7, (X, zo) by
By([f]) = [vf]. By (1), we have

By(lf1+19D) = B (If + 9)) = Y(f + 9)] = By ([F]D) + B+ (lgD), (92)

so (3 is a homomorphism. Let 7(s) = v(1 —s). Then 5 is an inverse of 3,. This
can be seen from

B5(By(LfD) = [y f] = [f]. (93)
So B is a group isomorphism, and different choices of base points of a path-
connected space give isomorphic homotopy groups. 0

Definition 2.3. Let  be a loop based at z. Since 8, = 303,, the association
[7] = B+ defines a homomorphism from 7 (X, z¢) to Aut(m,(X,z)), the group of
automorphisms of 7, (X, zg). We call this homomorphism the action of m; on 7.

We see that each element «y of 71 acts as an automorphism [f] — [yf] of m,. For
n = 1 this is the action of 71 on itself by inner automorphisms.

Definition 2.4. A space with trivial w1 action on m, is called n-simple. If a space
is n-simple for all n it is called simple.

A map ¢ : (X,20) = (Y,yo) induces a well-defined map ¢, : 7, (X, z9) —
(Y, 90) given by ¢.([f]) = [¢ o f]. We have

o« ([f] + [9]) = & ([f + 9]) = o ([f]) + & ([g]) (94)
S0 ¢4 is a homomorphism. Also (¢V)«([f]) = [ovf] = o« ([f]), and id, = id.
Giving the action of m, on ¢ by m,(¢) = ¢., we observe that m, is a functor

T, : Top, — Grp.

Proposition 2.5. A covering map p : (E,eq) — (B,bg) induces isomorphisms
Dy T (E, eq) = 7 (B, bg) for alln > 2.

Proof. For n > 2, m1(S™,s0) is trivial. Let [f] € m,(B,by), then f is a map
(S™, s0) — (B,by). We have f,(m1(S™,50)) = 080 fi(m1(S™,50)) C p«(m1(F,ep)).
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By Lemma 1.54, there exists f : (5™, s0) — (B, bo) such that p,([f]) = [pf] = [f],
proving surjectivity.
The proof of injectivity is similar to that of Theorem 1.52, point (1). O

Proposition 2.6. For a product [, X« of an arbitrary collection of path connected
spaces Xq there are isomorphisms m, (][, Xa) =[], ™ (Xa) for all n.

Proof. Any map f : S™ — [[,Xa can be thought of as a collection of paths
fa : S™ = X,. The correspondence between f and the collection f, is obviously
one-to-one and onto. We have [f] € 7, (][, Xa) and [],[fa] € [1, 7n(Xa), so the
two groups are isomorphic. [l

Definition 2.7. Let X be a topological space, A C X a subspace and xg € A. Let
I 1 be the face of I with the last coordinate s,, = 0 and let J*~! be the closure
of 9I™ — I"~! that is, the union of the remaining faces. We define the relative
homotopy groups 7, (X, A, xg) for n > 1, as the set of homotopy classes of maps
(I, 01", J" 1) — (X, A, 29) with homotopies through maps of the same form.

The sum operation in 7, (X, A, zg) is defined by the same formulas as for 7, (X, z),
except that the coordinate s,, does not enter this operation. For n =1, I'* = [0, 1],
I° = {0}, and J° = {1}, so 71 (X, A,z0) is the set of homotopy classes of paths
in X from a varying point in A to the fixed base point ¢y € A. By the operation
on homotopy classes we defined in the previous chapter, m1 (X, A, o), in general, is
not a group.

Since collapsing J" ! to a point converts (I, 91", J"~1) into (D", 8", s0), we
can give an alternative definition for the relative homotopy groups, just as we did
for general homotopy groups.

Definition 2.8. 7, (X, A4, x¢) is the set of homotopy classes of maps (D™, S" 71, sq) —
(X, A, zg). From this viewpoint, addition of mappings is done via the map ¢ : D" —
D" Vv D" collapsing D"~! C D" to a point.

Definition 2.9. A homotopy f; : X — Y whose restriction to a subspace A C X
is independent of ¢ is called a homotopy relative to A, or more concisely, a
homotopy rel A.

Proposition 2.10. (Compression criterion). A map f : (D", 8" ! s0) —
(X, A, xq) represents zero in m,(X, A, xo) iff it is homotopic rel S~ to a map
with image contained in A.

Proof. Let g be a map with image contained in A that is homotopic rel A to f.
Then [f] = [g] in m, (X, A, z). Let r be a deformation retraction of D™ to sg. Then
g ~ g or, which is the constant map at z, so [g] = 0.

Now, let [f] = 0 via a homotopy F : D™ x I — X. Then, by restricting F to
a family of cylinders with the top cover, D" x {t} U S"~! x [0,¢] for t € [0,1], we
obtain a homotopy from f to a map into A, which is stationary on S™~!. O

Amap ¢: (X, A,x0) = (Y, B,yo) induces maps ¢, : m,(X, A, x9) = (Y, B, yo)
which are homomorphisms for n > 2 and have the properties: (). = Guty,
id, = id, and ¢, = 1, if ¢ ~ 1 through maps (X, A, z¢) — (Y, B, yo).

Now consider the sequence

o (A, 20) 5 (X, 20) 25 (X, A, 20) D ot (A, 20) = .. = mo(X, 20),
where ¢ and j are inclusions (A, zg) — (X, z0) and (X, zo,zo) — (X, A, x0), respec-
tively, and the map @ comes from restricting maps (I", 91", J" 1) — (X, A, ) to
I"~1, or by restricting maps (D", S" ! s9) — (X, A4,70) to S~ 1. 9 is called the
boundary map and is a homomorphism when n > 1.
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Theorem 2.11. This sequence is exact.

Example 2.12. Let CX be the cone on a path connected space X, that is, the
quotient space of X x I obtained by collapsing X x {0} to a point. We can view X
as the subspace X x{1} C CX. Since C'X is contractible, all of its homotopy groups
are trivial and the long exact sequence of homotopy groups for the pair (CX, X)
gives isomorphisms 7, (CX, X, xg) = m,—1(X, xo) for all n > 1. Then, any group
G can be realized as a relative mo group by choosing X such that 71 (X) = G.

Similar as before, we can construct isomorphisms that change the basepoint for
relative homotopy groups. We will also denote them by §,. To do this, start
with a path v in A C X from x¢ to 1. Then 8, : 7, (X, 4,21) — (X, 4, x0)
is defined by 5+ ([f]) = [vf] where v is defined by restricting
the domain of f to a smaller cube with its face I"~1 cen-
tered in the corresponding face of the larger cube, and with \\\ / /
~ inserted on the segments joining the larger cube to the
smaller one, as in the picture. The isomorphisms 3., show that
(X, A, xg) is independent of zyp when A is path-connected.
In such cases we write 7, (X, A) instead of m, (X, A, xo).

Restricting to loops at the base point, the association v —
B, defines an action of 71 (4, z¢) on m,(X, A, xp) analogous
to the action of 7 (X, zg) on 7, (X, zg).

2

<[/

S
A

<[1\\\

Definition 2.13. A space X with base point zy is said to be n-connected if
mi(X,x9) =0 for all 4 < n.

Thus a 0-connected space is path connected and a 1-connected space is simply
connected. The following are equivalent

(1) Every map S® — X is homotopic to a constant map.
(2) Every map S* — X extends to a map D1 — X.
(3) mi(X,zo) =0 for all zy € X.
Thus, the condition of a space being n—connected can be expressed without
mention of a base point.
Similarly, in the case of relative homotopy groups, for ¢ > 0, the following are
equivalent:
(1) Every map (D% dD") — (X, A) is homotopic rel dD? to a map D — A.
(2) Every map (D?,dD") — (X, A) is homotopic through such maps to a map
Dt — A.
(3) Every map (D! dD%) — (X, A) is homotopic through such maps to a con-
stant map D* — A.
(4) m(X, A, z9) =0 for all zy € A.
The pair (X, A) is called n-connected if (1)-(4) hold for all i < n, ¢ > 0, and
(1) = (3) hold for ¢ = 0. Note that X is n-connected iff (X, z) is n-connected for
some x¢ and hence for all zg.

2.2. Cellular approximation.

Definition 2.14. A pair (X, A) consisting of a topological space and a subset has
the homotopy extension property with respect to a space Y if for every map
f X — Y and homotopy h : A x I — Y such that h(a,0) = f(a), there is a
homotopy H : X x I — Y such that H(X,0) = f(z) and H(a,t) = h(a,t) for
(a,t) € Ax 1.

Proposition 2.15. If the pair (X, A) satisfies the homotopy extension property and
A is contractible, then the quotient map q : X — X/A is a homotopy equivalence.
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Definition 2.16. A CW complex is a space X constructed in the following way:

(1) Start with a discrete set XY, the O-cells of X.

(2) Inductively, form the n-skeleton X™ from X"~! by attaching n-cells e” via
maps ¢q : S = XL

(3) X = U, X™ with the weak topology: A set A C X is open (or closed) iff
AN X™is open (or closed) in X™ for each n.

A subcomplex of a cell complex X is a closed subspace A C X that is a union
of cells of X. A pair (X, A) consisting of a cell complex X and a subcomplex A is
called a CW pair.

The letters "C" and "W" in CW complex stand for closure finiteness and weak
topology, properties of these complexes. Closure finiteness means that the closure
of each cell meets only finitely many other cells.

Lemma 2.17. (Extension). Given a CW pair (X, A) and a map f: A =Y with
Y path-connected, then f can be extended to a map X =Y if my—1(Y) =0 for all
n such that X — A has cells of dimension n.

If X and Y are CW complexes, then their product space X xY is a CW complex.
We also state the following results without proof:

Theorem 2.18. Let A be a subcomplex of a CW complex X and let V be a neigh-
borhood of A. Then there is an open set U C X such that ACU CV and A is a
deformation retract of U.

Lemma 2.19. Let (X, A) be a pair such that A is closed in X and X X I is a
normal space, that is, it is Hausdorff and its disjoint closed sets can be separated by
disjoint neighborhoods. If there is a neighborhood U of which (X x {0}) U (A x I)
is a retract, then any map H' : (X x {0}) U (A x I) = Y extends over X x I.

Lemma 2.20. Let V be open in R™ with V compact. Let g : V — D™ be a
continuous map such that g_li(Dm —0D™) C V. Then if n < m, g is homotopic

to a map g relative to OV =V — V which omits an interior point of D™.

Theorem 2.21. (Homotopy extension theorem). Let (X, A) be a CW pair.
Then (X, A) has the homotopy extension property with respect to any space Y.

Proof. Suppose that f: X — Y isamap and h: A x I — Y is a homotopy such
that h(a,0) = f(a). Define H : (X x {0})) U(AXxI) =Y by H|(AXxI)=h
and H'(z,0) = f(z). Since I is a CW complex composed of two 0-cells and one
1-cell, X x I is also a CW complex. Then by Theorem 2.18, the subcomplex
(X x {0}) U (A x I) has a neighborhood of which it is a deformation retract. By
Lemma 2.19, H' extends to amap H: X x [ — Y. O

Definition 2.22. Let X and Y be cell complexes. A map f: X — Y is said to be
cellular provided that, for each n, f(X™) C Y™.

Theorem 2.23. (Cellular approximation theorem). Let X and Y be CW
complezes, let A be a subcomplexr of X and let f : X — Y be a continuous map

such that f|A is cellular. Then there is a cellular map g : X — Y and a homotopy
H of f and g such that H(a,t) = f(a) = g(a) for a € A.

Proof. We will construct g and the homotopy H of f with g inductively over the
subcomplexes AU X™. For n = 0, define ¢°|4 = f|A, and for any 0-cell 0 C X — A,
define g°(o) to be any 0-cell in the path component of f(o). Then ¢° is cellular.
Define the homotopy H® of f|(AU X?) with ¢° to be H(a,t) = f(a) for a € A, and
HO|(o x I) to be any path between f(o) and g°(c) for o a O-cell in X — A.
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Suppose we have constructed ¢g" ' : AU X" ! — Y so that ¢" ! is cellular,
and we have constructed a homotopy H" ™! of f|(AU X" 1) with g"~! such that
H" (a,t) = f(a) = g (a) for a € A. Define

H:((AuUX" ) xDHu(X"x{0}) =Y (95)
by
H|((Aux™YxI)=H""' H|(X"x{0})=f (96)
By the homotopy extension theorem this extends to
H:(AUX")xI—Y. (97)

Then H|((AUX™) x {1}) = ¢’ is a map which extends g"~* over AU X™, but need
not map n-cells into n-cells.

Let o be an n-cell with interior in X — A, let ¢’ denote ¢’|o, and suppose ¢’ maps
(0,00) into (Y, Y™ 1). Since ¢/(0) is compact, its carrier is a finite complex, and
thus we may assume that Y is the carrier of ¢’(¢) and Y is a finite complex. Let
7 be any cell of top dimension in Y, where we assume that the dimension of 7 is
greater than that of o.

Since ¢'(do) C Y"1 it follows that (¢')~'(r — d7) C 0 — do. Thus if y €
g'(0) N (7 — d7), then (¢’)~*(y) is closed and compact in o. Since it is a subset of
o — 0o it is compact in 0 —do. Let D™ be a set containing y and that is contained
in 7 — &7 homeomorphic to a closed disc. Let V = (¢’)~}(D™—dD™). Then V C o,
and ¢ : V. — D™. If n < m, by Lemma 2.20 we conclude that ¢’ is homotopic
relative to ¢ — V to a map which omits a point of 7 — d7. Thus ¢’ is homotopic
relative to 0 — V' to a map which does not intersect 7 — 0. O

The n-sphere can be given a CW structure with exactly two cells in each di-
mension, obtained inductively by attaching two n-dimensional hemispheres to the
(n — 1)-sphere regarded as the equator in the n-sphere. With this we have the
following corollary to the cellular approximation theorem:

Corollary 2.24. 7,(S%) =0 forn < k.

Proof. Considering the O-cells of S™ and S* as base points, every continuous map
S™ — S* preserving the base point has a homotopy to a cellular map which is
constant if n < k. O

2.3. Whitehead’s theorem.

Lemma 2.25. (Compression lemma). Let (X, A) be a CW pair and let (Y, B)
be any pair with B # &. For each n such that X — A has cells of dimension n,
assume that 7, (Y, B,yo) = 0 for all yo € B. Then every map [ : (X, A) — (Y, B)
is homotopic rel A to a map X — B.

Theorem 2.26. (Whitehead’s theorem). If a map f : X — Y between con-
nected CW complezes induces isomorphisms fi : m,(X) — 7, (Y) for all n, then
f is a homotopy equivalence. In case f is the inclusion of a subcompler X — Y,
then X is a deformation retract of Y.

Proof. If f is the inclusion of a subcomplex, consider the long exact sequence of
homotopy groups for the pair (Y, X). Since X and Y are connected CW complexes
they are path-connected, so my(X) = 0 and mo(Y) = 0. Since f induces isomor-
phisms on all homotopy groups, the relative groups 7, (Y, X) are all zero. By the
preceding lemma, the identity map (Y, X) — (Y, X) is homotopic to a deformation
retraction.

Let My be the mapping cylinder of the map f : X — Y, that is, the quotient
space of the disjoint union of X x I and Y under the identifications (x,1) ~ f(x).
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Thus My contains both X = X x {0} and Y as subspaces, and My deformation
retracts onto Y. The map f becomes the composition of the inclusion X — My
with the retraction My — Y. This retraction is a homotopy equivalence. We show
that M deformation retracts onto X if the relative groups m,(My, X) are all zero.

If f is cellular, then (My, X) is a CW pair and by an argument similar to the one
in the first paragraph of the proof, if 7, (My, X)) = 0 for all n, then My deformation
retracts onto X. If f is not cellular, by the preceding lemma we have a homotopy
rel X of the inclusion (X UY,X) — (M, X) to a map into X. Since the pair
(My,X UY) has the homotopy extension property, it extends to a homotopy from
the identity map of My to a map g : My — My taking X UY into X. Applying the
preceding lemma again to the composition (X x IUY, X x9IUY) — (M, XUY) EN
(My,X) gives a deformation retraction of My onto X. Then the composition of the
inclusion X — M/ with the retraction M; — Y, which is equal to f, is a homotopy
equivalence. O

2.4. CW approximation.

Definition 2.27. A map f: X — Y is called a weak homotopy equivalence if
it induces isomorphisms 7, (X, z9) — 7, (Y, f(x¢)) for all n > 0 and all choices of
base point xg.

With this we can restate Whitehead’s theorem as saying that a weak homotopy
equivalence between CW complexes is a homotopy equivalence. This also holds for
spaces homotopy equivalent to CW complexes since homotopy equivalence is an
equivalence relation.

Definition 2.28. Given a pair (X, A) where the subspace A C X is a nonempty
CW complex, an n-connected CW model for (X, A) is an n-connected CW pair
(Z,A) and amap f:Z — X with f|A the identity, such that f, : m;(Z) — m(X)
is an isomorphism for ¢ > n and an injection for ¢ = n, for all choices of basepoint.

Since (Z, A) is n-connected, the map m;(A) — m;(Z) is an isomorphism for

i < n and a surjection for i = n. The maps A — Z 7y X induce a composition
mn(A) = m(Z) — m(X) factoring the map m,(A) — m,(X) as a surjection
followed by an injection. Taking n = 0 we obtain a CW approximation as a
weak homotopy equivalence for a space X, f: Z — X, where Z is a CW complex.

Proposition 2.29. For every pair (X, A) with A a nonempty CW complex there
exist n-connected CW models f : (Z, A) — (X, A) for all n > 0, and these models
can be chosen to have the additional property that Z is obtained from A by attaching
cells of dimension greater than n.

Ezxample 2.30. When X is path-connected and A is a point, the construction of a
0-connected CW model for (X, A) gives a CW approximation to X with a single
0-cell and all higher cells attached by basepoint-preserving maps. In particular,
any connected CW complex is homotopy equivalent to a CW complex with these
properties.

Corollary 2.31. If (X, A) is an n-connected CW pair, then there exists a CW pair
(Z,A) ~ (X, A) rel A such that all cells of Z — A have dimension greater than n.

Proof. Let f:(Z,A) — (X, A) be an n-connected CW approximation given by the
preceding proposition. By definition, for ¢ > n f induces isomorphisms m;(Z) =
7;(X). For i < n, since both inclusions A — Z and A — X induce isomorphisms
on homotopy groups, we also have m;(Z) = m;(X). For ¢ = n, f induces an injection

on m, by definition, and since the inclusion A < X induces a surjection on 7,, So
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does f via the composition m,(A4) = 7,(Z) = 7,(X). So f induces isomorphisms
mi(Z) 2 m;(X) for all ¢ and is a homotopy equivalence.

Let W be a quotient space of the mapping cylinder M formed by collapsing each
segment {a} x I to a point, for a € A. Assuming f has been made cellular, W is
a CW complex containing X and Z as subcomplexes, and W deformation retracts
to X just as My does. Also, m;(W, Z) = 0 for all 4 since f induces isomorphisms on
all homotopy groups, so W deformation retracts onto Z. These two deformation
retractions of W onto X and Z are stationary on A, hence they give a homotopy
equivalence X ~ Z rel A. O

Example 2.32. Postnikov Towers. Let X be a connected CW complex. We
construct a sequence of spaces X, such that m;(X,,) = m;(X) for ¢ < nand m(X,,) =
0 for i > n. Choose cellular maps ¢, : S"*! — X generating 7,1 and we use these
to attach cells e?*2 to X, forming a CW complex Y. By cellular approximation the
inclusion X < Y induces isomorphisms on 7; for ¢ < n, and 7,41 (Y) = 0 since any
element of 7,11(Y) is represented by a map to X by cellular approximation, and
such maps are nullhomotopic in Y by construction. We can repeat the process with
Y in place of X and n replaced by n + 1 to make a space with m,,;2 zero as well as
Tn+1, by attaching (n + 3)-cells. After infinitely many iterations we have enlarged
X to a CW complex X,, such that the inclusion X — X,, induces an isomorphism
on 7; for ¢ <mn and m;(X,,) = 0 for ¢ > n. This is a special case of the construction
of CW models, with (X,,,X) an (n + 1)-connected CW model for (CX, X) with
CX the cone on X.

Since X, 41 is obtained from X by attaching cells of dimension n+3 and greater,
and 7;(X,) = 0, by the Extension Lemma 2.17 for ¢ > n the inclusion X — X,
extends to a map X,,41 — X,. This construction is called a Postnikov tower for
X and is represented schematically in the figure.

Proposition 2.33. Suppose we are given:

(1) an n-connected CW model f: (Z,A) = (X, A),

(2) an n'-connected CW model f': (Z',A") — (X', A7),

(3) amap g: (X,A) = (X', A).
Then if n > n', there is a map h : Z — Z' such that h|A =g and gf ~ f'h rel A,
so that the following diagram is commutative up to homotopy rel A.

Furthermore, such a map h is unique up to homotopy rel A.



36 P. TUDORACHE

Corollary 2.34. An n-connected CW model for (X, A) is unique up to homotopy
equivalence rel A. In particular, CW approximations to spaces are unique up to
homotopy equivalence.

Proof. Given two n-connected CW models (Z, A) and (Z’, A) for (X, A), we apply
the proposition twice with g the identity map to obtain maps h : 7 — Z’ and
h' : Z' — Z. The uniqueness statement gives homotopies hh' ~ id and h'h ~ id rel
A. O

Let [X,Y] denote the set of homotopy classes of maps X — Y and let (X,Y)
denote the set of basepoint-preserving homotopy classes of basepoint-preserving
maps X — Y. We have the following:

Proposition 2.35. A weak homotopy equivalence f : Y — Z induces bijections
[X,Y] = [X,Z] and (X,Y) = (X, Z) for all CW complexes X.

Proof. Replacing Z by the mapping cylinder My we may assume f is an inclusion.
The groups m,(Z,Y, yo) are then zero for all n and all basepoints yo € Y. Then, by
the compression lemma, any map X — Z can be homotoped to have image in Y.
This gives surjectivity of [X,Y] — [X, Z]. The fact that we can deform a homotopy
(X xI,X x9I) = (Z,Y) to have image in Y leads to the proof of injectivity in
the case [X,Y] — [X, Z].

Consider now (X,Y) — (X,Z). We use the same argument as before, but
replacing My by the reduced mapping cylinder, the quotient of M; obtained by
collapsing the segment {yo} x I to a point, for yo the basepoint of Y. This collapsed
segment then serves as the common basepoint of Y, Z, and the reduced mapping
cylinder. The reduced mapping cylinder deformation retracts to Z just as My, but
in this case the basepoint does not move. O

2.5. Excision for homotopy groups.

Definition 2.36. For a space X, the suspension SX is the quotient of X x [
obtained by collapsing X x {0} to one point and X x {1} to another point.

In the case of maps, we say that f : X — Y suspends to Sf : SX — SY, the
quotient map of f xid: X x I =Y x 1.

Theorem 2.37. Let X be a CW complex decomposed as the union of subcomplezxes
A and B with nonempty connected intersection C = ANB. If (A, C) is m-connected
and (B,C) is n-connected, with m,n > 0, then the map m;(A,C) — m;(X,B)
induced by inclusion is an isomorphism for i < m+n and a surjection fori = m+n.

This gives the following:

Corollary 2.38. (Freudenthal suspension theorem). The suspension map
mi(S™) — w1 (S™TY) s an isomorphism for i < 2n — 1 and a surjection for i =
2n — 1. More generally this holds for the suspension m;(X) — mi+1(SX) whenever
X is an (n — 1)-connected CW complex.

Proof. Consider the suspension SX as the union of two cones C; X and C_X
intersecting in a copy of X. The suspension map is the same as the map

’/TZ(X) = 7T1'+1(C+X, X) — 7T1'+1(SX, C_X) = ’/Ti_t,_l(SX) (98)
where the two isomorphisms come from long exact sequences of pairs and the map
is induced by inclusion. From the long exact sequence of the pair (C1 X, X) we see

that this pair is n-connected if X is (n — 1)-connected. By the preceding theorem,
the middle map is an isomorphism for ¢ + 1 < 2n and surjective for i +1 = 2n. O

Corollary 2.39. m,(S™) @ Z, generated by the identity map, for alln > 1.
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Proof. From the Freudenthal suspension theorem we have that in the suspension
sequence

71 (SY) = ma(S?) — m3(S3) — ... (99)
the first map is surjective and all the subsequent maps are isomorphisms. Since
71(S1) is Z generated by the identity map, it follows that m, (S™) for n > 2 is a
finite or infinite cyclic group independent of n, generated by the identity map. The
proof that this cyclic group is infinite can be done via homology theory, or using
the Hopf bundle, and we shall not pursue it here. O

Proposition 2.40. If a CW pair (X, A) is r-connected and A is s-connected, with
r,s > 0, then the map m;(X, A) — m;(X/A) induced by the quotient map X — X/A
is an isomorphism for i < r + s and a surjection fori=r+s+ 1.

Proof. Consider X U C A, the complex obtained from X by attaching a cone CA
along A C X. Since C'A is a contractible subcomplex of X UC A, the quotient map
XUCA— (XUCA)/CA = X/A is a homotopy equivalence by Proposition 2.15.
Then we have a commutative diagram where the vertical isomorphism comes from
a long exact sequence.

4 =

(X UCA)

From the exact sequence for the pair (C'A, A) we obtain that (CA, A) is (s + 1)-
connected if A is s-connected. By the excision theorem we obtain the desired
result. O

Definition 2.41. A space X having just one nontrivial homotopy group m,(X) =
G is called an Eilenberg-MacLane space K(G,n).

We can build a CW complex K(G,n) for arbitrary G and n, assuming G is
abelian if n > 1, in the following way. Let X be an (n — 1)-connected CW complex
of dimension n + 1 such that m,(X) = G. Then we attach higher-dimensional cells
to X to make 7; trivial for ¢ > n without affecting 7, or the lower homotopy groups
as in Example 2.32.

By taking products of K(G,n)’s for varying n we can then realize any sequence
of groups G,,, abelian for n > 1, as the homotopy groups m,, of a space.

Lemma 2.42. Let X be a CW complex of the form (VoSh)Ug egH for somen > 1.
Then for every homomorphism v : m,(X) — 7, (Y) with Y path-connected there
exists a map f: X =Y with f, =

Proposition 2.43. The homotopy type of a CW complex K(G,n) is uniquely de-
termined by G and n.

Proof. Suppose K and K’ are K(G,n) CW complexes. Since homotopy equivalence
is an equivalence relation we may assume K is a particular K(G,n), namely one
constructed from a space X as in the lemma by attaching cells of dimension n + 2
and greater. Then there is a map f : X — K’ inducing an isomorphism on 7,. To
extend this f over K we proceed inductively. For each cell €12, the composition of
its attaching map with f is nullhomotopic in K’ since 7,1 (K’) =0, so f extends
over this cell. We apply the same argument for all the higher-dimensional cells.
The resulting f : K — K’ is a homotopy equivalence since it induces isomorphisms
on all homotopy groups. U
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2.6. Fiber bundles.

Definition 2.44. A fiber bundle is a short exact sequence F — E 2 B such
that all the subspaces p~1(b) C E, which are called fibers, are homeomorphic.

Ezample 2.45. A trivial example is given by F = F x B with p : F — B the
projection.

Definition 2.46. A map p: E — B is said to have the homotopy lifting prop-
erty with respect to a space X if, given a homotopy ¢g; : X — B and a map

o : X — FE lifting go, so p o go = go, then there exists a homotopy g : X — F
lifting g;.

Definition 2.47. A fibration is a map p : £ — B having the homotopy lifting
property with respect to all spaces X.

Example 2.48. A projection B x F' — B is a fibration since we can choose lifts of
the form g;(x) = (g:(x), h(x)) where go(z) = (go(z), h(z)).
Example 2.49. A fiber bundle with fiber a discrete space is a covering space. Con-

versely, a covering space whose fibers all have the same cardinality, for example a
covering space over a connected base space, is a fiber bundle with discrete fiber.

Definition 2.50. The map p : F — B is said to have the homotopy lifting
property for a pair (X, A) if each homotopy f; : X — B lifts to a homotopy
g : X — E starting with a given lift gy and extending a given lift §; : A — E.
Theorem 2.51. Suppose p: E — B has the homotopy lifting property with respect
to disks D* for all k > 0. Choose basepoints by € B and vg € F = p~'(by). Then
the map p. : mp,(E, F,xq) — 7,(B,by) is an isomorphism for allm > 1. Hence if B
is path connected, there is a long exact sequence

= T (Fy o) = mp (B, 20) 25 10 (B, bo) = mp_1(F,20) = ... = mo(E,20) — 0.
Proof. First we show that p, is onto. Let f : (I™,0I") — (B,bg) represent an
element of 7, (B,by). The constant map to z¢ provides a lift of f to E over the
subspace J"~! C I", so the relative homotopy lifting property for (I"~1, 01"~ 1)
extends this to a lift f : I™ — E, and this lift satisfies f(@]”) C F'since f(0I™) = bg.
Then f represents an element of m, (E, F, o) with p*([f]) = [f] since pf = f.

Now we show that p, is one-to-one. Given fo, fy : (I, 01", J"~ 1) — (E, F, x)
such that p*([fo}) = P*([fl]) let G: (I™ x I,0I™ x I) — (B,by) be a homotopy
from pfo to pfi. Let G be given by fo on I"™ x {0}, fion I™ x {1}, and the constant
map to xg on J"~ 1 x I. The relative homotopy lifting property gives an extension
of G to a lift G : I" x I — E. This is a homotopy f; : (I", 81", J" ') = (E, F, x)
from fo to fi, so ps is injective. O

Definition 2.52. A fiber bundle structure on a space E, with fiber F', consists
of a projection map p : E — B such that each point of B has a neighborhood U
for which there is a homeomorphism h : p~1(U) — U x F such that the following
diagram commutes.

p~1(U) h UxF

U

h is called a local trivialization of the bundle. The space B is called the base
space of the bundle, and F is the total space.
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In the above definition the unlabeled map is the projection onto the first fac-
tor. Commutativity of the diagram means that h carries each fiber F, = p~1(b)
homeomorphically onto the copy {b} x F of F. Since the first coordinate of h is
just p, h is determined by its second coordinate, a map p~!(U) — F which is a
homeomorphism on each fiber Fy.
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