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Abstract

This report concerns the activity of its author in the Departament of Theoretical Physics,
National Institute for Physics and Nuclear Engineering, between July and September 2024,
under the supervision of Dr. Stefan Carstea.
The report introduces nonlinear wave equations (such as Korteweg-de Vries equation) and the
technique of multiple scales for obtaining asymptotic solutions of these equations in the long
wavelength limit. This method is further applied to “envelope” equations (such as nonlinear
Schrödinger). As an application for these techniques, the KdV hierarchy is obtained for water
waves equations.
In addition to this, the report presents Hirota’s bilinear formalism, starting from the definition
of bilinear operators. They are used to obtain soliton solutions, which are further studied in
terms of solitonic interaction and as test for integrability.
The last section of the report describes particular solitonic solutions and manner of interaction
between solitons.
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1 Asymptotic integrability and KdV hierarchy for fluid waves

1.1 Introduction to nonlinear waves

1.1.1 Overview of nonlinear equations in physics

Most of the physical theories rely on linear equations and the nonlinear terms are considered to be
small and treated through perturbations. In the following, we will present some nonlinear systems.
We will consider infinite-dimensional systems, such as:

∂u

∂t
=

(
u,
∂u

∂x
,
∂2u

∂x2
, ...

)
(1)

One can denote ux = ∂u
∂x , uxx = ∂2u

∂x2 etc.
We will also encounter discrete-differential systems, such as:

∂u

∂t
= F (u, u, u, ..) (2)

Here u = u(x+ h, t), u = u(x+ 2h, t) etc. h is the discrete step of x.
Finally, we can encounter fully discrete systems, such as:

ũ− u = F (u, u, ũ, ...) (3)

Here ũ = u(x, t+ δ), ũ = u(x+ h, t+ δ), ũ = u(x− h, t+ δ) etc. In all examples above F denoted
a nonlinear function.
There are two main branches of nonlinear physics: chaos and self-organization. Chaotic process
are modeled by differential equations that are poor in symmetries [AL12]. Since these equations
are unsolvable, chaotic systems can only be studied numerically. On the other hand, self-organized
processes are described by fully (or partially) integrable equations, which possess a high amount
of internal symmetry.
The simplest nonlinear self-organized field structure is the soliton. It appears as a solution of
some fully integrable nonlinear equations and can interact in a perfectly elastic manner to any
types of waves [DJ89]. There exist localized nonlinear wave solutions for non-integrable nonlinear
equations, but these solutions do no interact in an elastic manner and therefore break apart. Such
solutions are called solitary waves.
Solitons can, as we will investigate in this report, recover their original identity after colliding with
another soliton [Hir04]. Such a behavior has been firstly proven through numerical simulations and
is now investigated analytically. The following examples of nonlinear equations are fully integrable:

1. Korteweg - de Vries (KdV) equation:

ut + 6uux + uxxx = 0 (4)

2. Modified KdV (mKdV) equation:

ut ± 6u2ux + uxxx = 0 (5)

3. Sine-Gordon (SG) equation:
utt − uxx = sinu (6)

4. Kadomtsev–Petviashvili (KP) equation:

(ut + 6uux + uxxx)x = σuyy (7)

5. T, it,eica equation:
utt − uxx = eu − e2u (8)

6. Toda or Toda lattice (TL) equation:

∂2un
∂t2

= e−(un+1−un) − e−(un−un−1) (9)
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7. Volterra equation:
∂un
∂

= (a+ bun + cu2n)(un+1 − un−1) (10)

8. Self-dual Young-Mills (SDYM) equation:

Fµν = εσρµνFσρ (11)

9. Nonlinear Schrödinger equation:

iψt + ψxx + |ψ|2ψ = 0 (12)

All of the equations above possess a linear and a nonlinear part.

1.1.2 Brief reminder on linear equations

In the following we will review several techniques used in studying linear wave equations. Let us
consider the following example:

ut + uxxx = 0 (13)

We consider a solution u(x, t) = A exp(ikx− ωt). We denote by oscillation mode a pair (k, ω(x)).
By replacing this solution in the equation, we arrive at the dispersion relation:

ω(k) = −k3 (14)

Formally, the solution of the equation writes as:

u(x, t) =
1

2π

∫
R
A(k) exp(ikx+ ik3t)dx (15)

Here we express A(k) as function of the initial condition:

A(k) =

∫
R
u(x, 0)e−ikxdx (16)

In the case when ût + ûxxx = 0, with û a matrix, we can take û = A exp(ikx− iωt). By replacing
in the equation we reach MA exp(ikx − iωt). By imposing det(M) = 0, we obtain the dispersion
relation(s).
Discussion:

1. Imω(k) > 0 for a certain k: that Fourier mode will increase in time and dominate the solution.
Therefore, the solution is unstable.

2. Im → ∞ for a certain k: the problem is ill-posed (Hadamard sense).

3. Imω(k) < 0 for all k: the problem is dissipative (for example, reaction-diffusion biological
processes).

4. Imω(k) = 0, for all k: we encounter wave propagation. From Parseval relation we have:∫
|u|2dx =

1

2π

∫
|A(k)|2 exp(2Im(ω(k))tdk (17)

So in this case
∫
|u|2dx is a conserved quantity. We can introduce cp = ω

k as the phase
velocity.

Observations:

• If d2ω
dk2 ̸= 0 we have different phase velocities for the Fourier modes and a compact wave

packet becomes dispersed. We call such an equation dispersive.

• If after a suficienty long time each wavenumber k dominates the solution in the region given
by x ∼ cg(k)t+O(t2), we have cg = dω

dk as the group velocity.

All the equations we will further study have a dispersive linear part (Imω(k) = 0 and d2ω
dk2 ̸≡ 0).
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1.1.3 Travelling-wave reduction

Solutions of the type u(x−vt, t), for an arbitrary v, are called “travelling-wave” (or solitary waves).
If we substitute in a partial differential equation (PDE) in x and t by introducing ξ = x− vt, we
obtain an ordinary differential equation (ODE) in ξ, which is called “travelling-wave reduction”.
Let us now calculate the solitary wave (or travelling-wave reduction) for KdV equation:

ut + 6uux + uxxx = 0 (18)

By introducing ξ = x− vt, with v an arbitrary parameter, we arrive at:

−vu′ + 6uu′ + u′′′ = 0 (19)

Here we replaced u(x, t) → u(ξ) and u′ = du
dξ . We integrate once (C is a constant):

−vu+ C + 3u2 + u′′ = 0 (20)

By multiplying with u′ we obtain:

−v
2
(u2)′ + Cu′ + (u3)′ +

1

2
(u′2)′ = 0 (21)

Which rewrites as(D is a constant):

−1

2
u2 + Cu+D + u3 +

1

2
u′2 = 0 (22)

By imposing u, u′, u′′ → 0 when ξ → ±∞ we obtain C = D = 0 and the equation rewrites as:

u′2 = −2u3 + vu2 (23)

This integrates as: ∫
du√

u2(v − 2u)
= ±

∫
dξ (24)

We reach the solution:

u(ξ) =
v

2
sech2

(
1

2

√
v(x− vt)

)
(25)

This is the solitary wave solution. Because KdV equation is fully integrable, the solution is 1-
solitonic. We can obtain v from the initial condition u(x, 0) = F (x):

v

2
sech2

(
1

2

√
vx

)
= F (x) (26)

This equation is very restrictive for F (x). One must observe the nonlinear character of the wave,
as the velocity depends on the amplitude.

1.2 Multiple-scale method

1.2.1 Introduction

Multiple-scale method is an asymptotic method through which dispersion and nonlinearity are
studied in as asymptotic regime where they balance each other. The result is a new equation with
considerable chances of being integrable.

1.2.2 Chain of anharmonic oscillators

We start from the following physical model: an infinite linear chain of point masses of mass m are
connected through anharmonic force of the type:

F (x) = −kx+ βx2 (27)

We will label by xn the displacement from the equilibrium position of point mass n. The Hamil-
tonian of this system is:

H =

n=∞∑
n=−∞

(
p2n
2

+ V (xn+1 − xn)

)
(28)
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Here pn = mẋn. The equation of motion writes as:

mẍn = − ∂H

∂xn
= − ∂

∂xn
(V (xn+1 − xn) + V (xn − xn−1)) (29)

By inserting the expression of the force, we arrive at:

mẍ = k(xn+1 + xn−1 − 2xn) + β(xn+1 + xn−1)(xn+1 + xn−1 − 2xn) (30)

One can try to find a direct solution by performing the travelling-wave reduction x(n − vt), but
this method is very hard. Instead, we will think about the behavior of the system for not too large
oscillation which involve a large number of masses and considering large intervals of time.
We will simplify the equation by taking k

m = 1 and introduce xn ∼ a exp(ikn− iωt) in the linear
part of the equation to obtain the dispersion relation:

ω2 = 2(1− cos k) = 4 sin2
k

2
(31)

We obtain two dispersion branches ω = ± sin k
2 , meaning that we encounter waves propagating in

both directions. We consider the branch ω = sin k
2 and that we initially have a long wavelength

wave (small wavenumber k). Therefore, we write k = εk0 with ε ≪ 1. We can therefore perform
a series expansion of the dispersion relation:

ω(k) = k − k3

24
+O(k4) (32)

The linear wave will be:

xn ∼ a exp i(kn− kt+
k3

24
+ ...) (33)

That suggests us a new scale for space and time, defined as follows (using k ∼ ε):

ξ = ε(n− t)

τ =
ε3

24

The new variables ξ and τ are called “stretched variables”. We must also change the dependent
variable xn(t) → εpΦ(ξ, τ), were p is to be determined and Φ is the new function describing the
process. The impact of nonlinearity is a change in amplitude that we do not know, but we measure
through the factor εp. We will obtain p through the balance between dispersion and nonlinearity.
By performing a series expansion on the terms in the equation of motion (30) we obtain:

xn+1 → εpΦ(ξ + ε, τ) = εp
(
Φ+ εΦξ +

ε2

2
Φξξ +

ε3

6
Φξξξ +

ε4

24
Φξξξξ + ...

)
(34)

xn−1 → εpΦ(ξ − ε, τ) = εp
(
Φ− εΦξ +

ε2

2
Φξξ −

ε3

6
Φξξξ +

ε4

24
Φξξξξ + ...

)
(35)

∂2xn
∂t2

→
(
ε3

24
∂τ − ε∂ξ

)2

εpΦ(ξ, τ) =
εp+6

576
Φττ − εp+4

12
Φτξ + εp+2Φξξ (36)

Replacing in equation of motion (30) we arrive at:

εp+6

576
Φττ − εp+4

12
Φτξ =

εp+4

12
Φξξξξ + 2βε2p+3ΦξΦξξ + β

ε2p+5

3
(ΦξξΦξξξ +

1

2
ΦxiΦξξξξ) + ... (37)

In order to find p, we use the maximum balance principle, that requires that at least two terms
of the equation have the same power of ε and that all other terms have larger powers. The set
of powers for this equation is: {p + 4, p + 6, 2p + 3, 2p + 5, 2p + 7, ...}. The maximum balance is
obtained for 2p + 3 = p + 4, which leads us to p = 1. We can check that no power of ε smaller
than 5 appears in the equation. On the other hand, an incorrect choice, such as p + 6 = 2p + 3
and p = 3, would have lead to the occurrence of smaller powers (in this case p+ 4 = 7 < 9).
For p = 1, equation (37) rewrites as:

− ε5

12
Φξτ =

ε5

12
Φξξξξ + 2βε5ΦξΦξξ + ... (38)
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We have omitted writing the larger powers of ε, since we now divide by ε5, take the limit ε → 0
and replace Φξ = u, obtaining the KdV equation:

uτ + uξξξ + 24βuuξ = 0 (39)

We remark that this limit is rigorously obtained, as we did not truncated any series, but only taken
the limit ε→ 0. The solution of the initial problem writes as:

xn(t) → ε

∫
dξu(ξ, τ) (40)

Here u(ξ, τ) is the solution of KdV equation in “streched variables” ξ and τ .

1.2.3 Obtaining KdV equation from Boussinesq equation

We will now apply the multiple scale method to obtain the KdV equation as the long wavelength
limit for the Boussinesq equation. We start from the Boussinesq equation in the form presented
below:

utt − uxx − uxxxx − 3(u2)xx = 0 (41)

By considering a plane wave solution of the form u(x, t) = a exp(kx− ωt) in the linear part of the
equation, we arrive at the dispersion relation:

ω2 = k2 − k4 (42)

By considering the positive solution for ω (forward propagating wave) and performing a Taylor
expansion around k = 0 (the long wavelength limit), one arrives at:

ω = k − k3

2
+O(k5) (43)

By retaining only the first terms and returning to the plane wave solution, we find:

u = a exp

(
k(x− t) +

k3

2
t

)
(44)

We will consider k proportional to some small parameter ε. This suggests the use of the following
“streched variables”:

ξ = ε(x− t)

τ =
ε3

2
t

The form of the solution in these variables will be u = εpΦ(ξ, τ), with p to be determined from
balancing the dispersion and the nonlinearity. To do this, we rewrite the equation in terms of the
“stretched variables”:(

ε3

2
∂τ − ε∂ξ

)2

εpΦ− εp+2Φξξ − εp+4Φξξξξ − 3ε2p+2(Φ2)ξξ = 0 (45)

By expanding, one obtains:

εp+6

4
Φττ − εp+4Φτξ +−εp+4Φξξξξ − 3ε2p+2(Φ2)ξξ = 0 (46)

The set of powers for ε is p+ 6, p+ 4, 2p+ 2. The balance is obviously obtained for p = 2, which
leads to:

ε8

4
Φττ − ε6Φτξ − ε6Φξξξξ − 3ε6(Φ2)ξξ = 0 (47)

Now we can divide by ε6 and take the limit ε→ 0:

Φτξ +Φξξξξ + 3(Φ2)ξξ = 0 (48)

Integrating the equation once with respect to ξ leads us to:

Φτ +Φξξξ + 6ΦΦξ = 0 (49)

This is precisely the KdV equation (in the “stretched varaibles” ξ and τ) that we attempted to
obtain as a long wavelength asymptotic solution for the Boussinesq equation.
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1.3 Multiple scale method for “envelope” equations

1.3.1 Nonlinear Schrödinger equation

One of the main examples of “envelope” equation is the Nonlinear Schrödinger equation:

iψt + ψxx + α|ψ|2ψ = 0 (50)

We distinguish between two cases:

1. α > 0: focusing NLS - it admits a large variety of solutions (solitons, breathers, rogues);

2. α < 0: defocusing NLS - it usually does not admit solitons, unless it has non-zero boundary
conditions (limx→±∞ |ψ(x, t)|2 ̸= 0), when it admits a dark-soliton (or hole-soliton) solution.

Since ψ(x, t) ∈ C, what one can physically measure is the envelope |ψ|2. The 1-soliton solution for
NLS writes as:

ψ(x, t) = exp i(k0x− ω0t)sech(Kx− Ωt) (51)

There are two dispersions in this equation: ω0 = ω0(k0) and Ω = Ω(K).
In order to understand how to reach such equations starting from physical problems, let us consider
a real nonlinear equation, such as:

ut + uxxx + F (u, ux) = 0 (52)

Here F (u, ux) is a nonlinear function. The dispersive part of the equation (ut + uxxx) leads us to
the dispersion relation ω = −k3. The periodic plane wave solution is the Fourier integral of terms
of the form u(x, t) = A exp i(kx + k3t) + complex conjugate. The presence of a nonlinear term
changes the amplitude and the frequency of the solution, so at larger time and space scales we will
encounter a modulation in amplitude and frequency. The equation for this modulation is precisely
NLS.
For the nonlinear problem we will seek solutions of the form:

u(x, t) =

∞∑
n=−∞

un(x, t) exp in(kx+ k3t) (53)

Here un(x, t) is a set of complex functions obeying u−n = u∗n, because u(x, t) needs to be real.
Now, k is fixed and represents the initial dispersive wave that will be modulated. Therefore, the
final equation we will obtain does not depend on this k.

1.3.2 Obtaining NLS from KdV

We consider the initial (real) equation to be KdV:

ut + 6uux + uxxx = 0 (54)

We plug solutions of the form:

u(x, t) =
∑
n∈Z

une
inθ, θ ≡ kx+ k3t (55)

We equate to 0 the coefficients for every einθ and find an infinite set of equations for un, of the
form: (

∂

∂t
+ ink3

)
un +

(
∂

∂x
+ ink

)3

un + 3

(
∂

∂x
+ ink

) ∞∑
j=−∞

ujun−j

 = 0 (56)

Since u−n = u∗n, it is enough to study the case n ≥ 0. We introduce a small parameter ε and
assume that the modulation is given by:

un = εαnvn(ξ, τ)

with:
ξ = ε(x+ 3k2t)

τ = −ε26kt
α0 = 2; αn = α−n = n, n ≥ 1

By substituting in equation (56) we arrive at:
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• For n = 0 and order ε3 we obtain an algebraic equation providing us with:

v0 = − 2

k2
v1v−1 = − 2

k2
|v1|2 (57)

• For n = 2 and order ε2 we find another algebraic equation from which we obtain:

v2 =
1

k2
v21 (58)

• For n = 1 and order ε3 we find the following differential equation:

−∂v1
∂τ

+
i

2

∂2v1
∂ξ2

+ i(v0v1 + v2v1) = 0 (59)

By substituting equations (57) and (58) in eq. (59), we reach:

−v1τ +
i

2
v1ξξ −

i

k
|v1|2v1 = 0 (60)

This is a defocusing NLS equation.
Observations:

• The other possible choices for n and order of ε do not provide anything supplementary.

• We need to perform an estimation of the Fourier integral in order to choose the powers αn

of ε. Let us start from the linear solution of the equation:

u(x, t) =

∫
R
A(k)ei(kt−ωt)dk (61)

We will now take the case in which the profile of the solution becomes dominant for a value
k = k0. Let us define k = k0 + εµ and perform the series expansion ω(k) = ω(k0 + εµ) =
ω(k0)+εµω

′(k0)+O(ε2). Since this is the maximum contribution we can write A(k0+εµ) =
a(µ)
ε and then the solution can be approximated as:

u(x, t) ∼ A(ξ, τ)ei(k0x−ω0t) (62)

Here ω0 = ω(k0), ξ = ε(x − ω′(k0)t) and τ = ε2t. This is how we obtain the stretched
variables. So we can write ξ = ε(x − vgt), where vg = dω

dk and deduce the scaling of the
dependent variable:

u(x, t) = εv1(ξ, τ)e
iθ + ε2(v0(ξ, τ) + v2(ξ, τ)e

2iθ) + complex conjugates (63)

1.4 Introduction to KdV hierarchy

We will now be concerned with going to higher orders in ε in the type of equations presented
before. The equations obtained will become more and more complicated, but if the first nonlinear
equation obtained is integrable, then all the next equations will belong to the hierarchy of the
completely integrable equation. The hierarchy of an integrable equation represents the set of
all equations obtained from the first integrals (conservation laws) taken as “Hamiltonians”. For
example, if KdV equation has as conservation laws the quantities I1, I2, ..., In, ... which depend on
u, ux, uxx etc., then the KdV hierarchy represents all the equations of the form ut1 = {I1, u}, ut2 =
{I2, u}, ..., utn = {In, u}, ..., where by {·} we denoted the Poisson brackets. KdV equation writes
in Hamiltonian form as:

ut =
∂

∂x

δ

δu
I1 (64)

The functional derivative δ
δu is applied on:

I1 =

∞∫
−∞

(u2y − u3)dy (65)
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This quantity represents the “energy”. The operator ∂
∂x in front of the functional derivative is

called the “symplectic operator”. We can deduce its analogous for the Hamiltonian equations of
motion by writing them in matrix form as:

d

dt

(
q
p

)
=

(
0 1
−1 0

)(∂H
∂q

∂H
∂p

)
(66)

The Poisson bracket for the KdV equation is given by:

{In, Im} =

∞∫
−∞

(
δIn
δu

∂

∂x

δIm
δu

− δIm
δu

∂

∂x

δIn
δu

)
dx = 0 (67)

It is equal to 0 because the KdV equation is fully integrable and posses an infinity of conservation
laws and they are in an involution: Poisson bracket between any two of them is 0.

1.5 Water waves and KdV equation

1.5.1 Statement of the problem

We consider a two-dimensional fluid in constant gravitational field. The space coordinates are x, z,
as shown in 1. The velocity components are v⃗ = (u,w). The gravitational field acts on the negative
z coordinate.

Figure 1: Configuration of the problem

The fundamental equations of the fluid are:

1. Incompressibility equation:
∇v⃗ = 0 (68)

2. Equation of motion (Euler):

∂v⃗

∂t
+ (v⃗ · ∇)v = −1

ρ
∇P + g⃗ (69)

3. Condition that the fluid is irrotational (no vorticity):

∇× v⃗ = 0⃗ (70)

We denoted by ρ the density of the fluid and by P the pressure. The nabla operator is defined as
∇ = (∂x, ∂z).
Because the fluid is irrotational (∇× v⃗ = 0⃗), there exists a function ϕ such as v⃗ = ∇ϕ. From the
incompressibility equation (∇v⃗ = 0), we have ∇2ϕ = 0, so the incompressibility condition can be
reduced to the Laplace equation for velocity potential:

(∂2x + ∂2z )ϕ = 0 (71)
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By replacing in the Euler equation, we have:

∇

(
∂ϕ⃗

∂t
+

1

2
(∇ϕ)2 + gz +

1

ρ
(P − P0)

)
= 0 (72)

By “integrating” this equation once, we arrive at the Bernoulli equation:

ϕt +
1

2
(∇ϕ)2 + gz +

1

ρ
(P − P0) = 0 (73)

Here P0 is an integration constant.
We will now impose the boundary conditions, keeping in mind that the velocity has the components
u = ϕx and w = ϕz. The height of the fluid is h and it is described by the equation z = ζ(x, t).
Therefore, the vertical velocity of the fluid is given at the surface of the fluid by the following law:

w =
dw

dt

∣∣∣∣
z=ζ(x,t)

(74)

On the other hand, we can express this velocity from the velocity potential as ∂ϕ
∂z

∣∣∣
z=ζ(x,t)

. Conse-

quently:
dw

dt

∣∣∣∣
z=ζ(x,t)

=
∂ζ

∂t
+
∂ζ

∂x

dx

dt
=⇒ ζt + ζxϕx = ϕz (75)

Therefore, the boundary conditions writes as:

ζt + ζxϕx = ϕz, z = ζ(x, t) (76)

Another condition is provided by the Euler equation written at the surface of the fluid, where
P = P0 = 0:

ϕt +
1

2
(ϕ2x + ϕ2z) + gζ = 0, z = ζ(x, t) (77)

Moreover, the vertical velocity of the fluid at its bottom (z = −h) needs to be 0:

ϕz = 0, z = −h (78)

The system now writes as:

ϕxx + ϕzz = 0, −h < z < ζ(x, t) (79)

ϕt +
1

2
(ϕ2x + ϕ2z) + gζ = 0, z = ζ(x, t) (80)

ζt + ζxϕx = ϕz, z = ζ(x, t) (81)

ϕz = 0, z = −h (82)

1.5.2 Linearized equations

This nonlinear system is very complicated. We begin its investigation by obtaining the dispersion
relation in the linear limit of the system, which writes as:

ϕxx + ϕzz = 0, −h < z < ζ(x, t) (83)

ϕt + gζ = 0, z = ζ(x, t) (84)

ζt+ = ϕz, z = ζ(x, t) (85)

ϕz = 0, z = −h (86)

We seek “oscillation mode” solutions of the form:

ζ(x, t) = a exp i(kt− ωx) (87)

ϕ(x, z, t) = b(z) exp i(kt− ωx) (88)

11



Here we performed a separation of variables and considered the Fourier mode only on x, since it
is the only that interests us. By replacing in the Laplace equation, we have:

C′′(z)− k2C(z) = 0 (89)

The solution is C(z) = Aekz +Be−kz, where A and B are integration constants. We now write the
condition for the bottom of the fluid:

∂ϕ

∂t

∣∣∣∣
z=−h

= C′(−h)ei(kx−ωt) = 0 (90)

Or:
kAe−kh −Bkekh = 0 (91)

By denoting kAe−kh = Bkekh = 1
2C, we obtain A = 1

2Ce
kh and B = 1

2Ce
−kh. The velocity

potential rewrites as:

ϕ =

(
1

2
Cekh +

1

2
Ce−kh

)
ei(kx−ωt) = Ccosh(k(h+ z))ei(kx−ωt) (92)

On the other hand, at the surface of the fluid (z = ζ(x, t)), we have:

ϕt + gζ = 0 ζt+ = ϕz (93)

Because the motion is linearized (thus assumed to have small amplitude) and horizontal, we can
consider those conditions valid at z ≈ 0, which is the rest position of the fluid. We arrive at the
following equation:

ϕtt + gϕz = 0, z = 0 (94)

By replacing ϕ, we have:
−ω2b(z)ei(kx−ωt) + gC′(z)ei(kx−ωt) = 0 (95)

We make use of eq. (92):

−ω2Ccosh(k(h+ z)) + gkCsinh(k(h+ z)) |z=0 = 0 (96)

Now we can solve for the linearized problem dispersion relation:

ω2 = gktanh(kh) (97)

We obtain two solutions, corresponding to two propagation directions. We will limit ourselves to
the positive solution:

ω =
√
gktanh(kh) (98)

1.5.3 Asymptotic solution

Returning to the nonlinear problem, we will now consider that the fluid is shallow (has a small
depth) and the nonlinear waves have large wavelengths (small wavenumber), so that we can write
kh≪ 1.
A second assumption we introduce is that the amplitude of the waves is small compared to the
depth, which writes:

|ζ|max

h
≪ 1 (99)

We perform a series expansion for the dispersion relation:

ω(k) =
√
ghk − 1

6

√
ghk3h2 +

19

360

√
ghk5h4 + ... (100)

By introducing an asymptotic parameter ε and taking k ∼ ε1/2, we introduce the following
stretched variables suggested by the dispersion relation:

ξ′ = kx

τ1 = kt

12



τ3 = k3t

τ5 = k5t etc.

We notice that ω
k = vp =

√
gh+O(k2) is the phase velocity and it corresponds to the known result

for the so-called “gravity waves”.
In this problem we neglected the surface tension of the fluid. Including it implies additional terms
in the Euler equation.
We return to the nonlinear equations:

ϕxx + ϕzz = 0, −h < z < ζ(x, t) (101)

ϕt +
1

2
(ϕ2x + ϕ2z) + gζ = 0, z = ζ(x, t) (102)

ζt + ζxϕx = ϕz, z = ζ(x, t) (103)

ϕz = 0, z = −h (104)

The stretched variables will be taken as follows:

ξ = ε1/2x− ε1/2vpt ≡ ξ′ − vpτ1

τ1 = kt

τ3 = k3t

τ5 = k5t etc.

We rewrite as function of the new variables, by computing the partial derivatives:

∂

∂x
=

∂

∂ξ

∂ξ

∂x
= ε1/2

∂

∂ξ
(105)

∂

∂t
=

∂

∂ξ

∂ξ

∂t
+

∂

∂τ1

∂τ1
∂t

+
∂

∂τ3

∂τ3
∂t

+ ... = −ε1/2∂ξ + ε3/2∂τ3 + ε5/2∂τ5 + ... (106)

We introduced more time scales in order to investigate what happens at higher orders and deduce
the KdV hierarchy. Now we consider solutions of the form:

ϕ(x, z, t) ∼ εqϕ̂(ξ, τ3, z) + ... (107)

ζ(x, t) ∼ εpζ̂(ξ, τ3) + ... (108)

We need to balance the terms in the two nonlinear equations to obtain the values of p and q. This
will write as:

εq+3/2ϕ̂τ3 − εq+1/2vpϕ̂ξ +
1

2
ε2q+1ϕ̂2ξ +

1

2
ε2qϕ̂2z + gεpζ̂ = 0 (109)

εp+3/2ζ̂τ3 − εp+1/2vpζ̂ξ + εp+q+1ζ̂ξϕ̂ξ − εqϕ̂z = 0 (110)

The set of powers to be balanced is:
{q + 3

2 , q +
1
2 , 2q + 1, 2q, p} for eq. (109);

{p+ 3
2 , p+

1
2 , p+ q + 1, q} for eq. (110).

The most convenient choice is 2q = p = 1. Let us substitue in the two sets:
{2, 1, 2, 1, 1}: 3 dominant terms for eq. (109);
{ 5
2 ,

3
2 ,

5
2 ,

1
2} for eq. (110). We see that we obtained a balance, but not a maximum one.

However, no other balance can be obtained for eq. (110), because q < p+q+1 and p+ 1
2 < p+q+1.

Consequently, we have:
ζ = εζ̂ = εζ0 + ε2ζ1 + ε2ζ2 + ε3ζ3 + ... (111)

ϕε1/2ϕ̂ = ε1/2ϕ0 + ε3/2ϕ1 + ε5/2ϕ2 + ... (112)

We will now return to the variable ξ′ = ε1/2x and use the expansions obtained in the initial set of
equations:

εϕ̂ξξ + ϕ̂z = 0, −h < z < εζ̂ (113)

ϕ̂z = 0, z = −h (114)

ϕ̂z = εζ̂τ1 + ε2ζ̂τ3 + ε3ζ̂τ5 + ...+ ε2ϕ̂ξ′ ζ̂ξ′ ; z = εζ̂ (115)

2gζ̂ + 2ϕ̂τ1 + 2εϕ̂τ3 + 2ε2ϕ̂τ5 + ...+ εϕ̂ξ′ ϕ̂ξ′ + ϕ̂2z = 0; z = εζ̂ (116)

We study separately for each order in ε:
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• Order ε0:

ε(ϕ0 + ...)ξ′ξ′ + (ϕ0 + ...)z = 0 (117)

(ϕ0 + ...)z = 0; z = −h (118)

We get ϕ0 = F(ξ′, τ1, τ2, ...) and arbitrary function which does not depend on z.

• Order ε1:

ϕ1 = −
(
z2

2
+ hz

)
Fξξ +G(ξ′, τ1, τ3, ...) (119)

From here we obtain that G(ξ′, τ1, τ3, ...) is an arbitrary function that does not depend on z.

• Order ε2:

ϕ2 = − 1

24
(z4 + 4hz2 − 8h3z)Fξ′ξ′ξ′ξ′ −

1

2
(z2 + 2hz)Gξ′ξ′ +H (120)

Going further, one can calculate ϕ3, ϕ4, ϕ5, .... We now study the two nonlinear equations:

ϕ̂z = εζ̂τ1 + ε2ζ̂τ3 + ε3ζ̂τ5 + ...+ ε2ϕ̂ξ′ ζ̂ξ′ ; z = εζ̂ (121)

2gζ̂ + 2ϕ̂τ1 + 2εϕ̂τ3 + 2ε2ϕ̂τ5 + ...+ εϕ̂ξ′ ϕ̂ξ′ + ϕ̂2z = 0; z = εζ̂ (122)

In order ε0, eq. (122) does not provide us with anything, while from eq. (121) we get:

gζ0 + ϕ0τ1 = 0 =⇒ ζ0 = −1

g
Fτ1 (123)

In order ε1, eq. (122) will provide us with:

Fτ1τ1 − ghFξ′ξ′ = 0 (124)

This is a Klein-Gordon equation, accepting as solutions F(ξ′ +
√
ghτ1) and F(ξ′ −

√
ghτ1), which

is precisely what the dispersion relation lead us to. We will limit ourselves to the case of a wave
travelling to the right, so the independent variable will be ξ = ξ′ − vpτ1 from now on.
In order ε1, eq. (121) provides us with:

2gζ1 − 2vpGξ + 2Fτ3 + F2
ξ = 0 (125)

We will take the derivative of this relation with respect to ξ and use that ζ0 = − 1
gFτ1 ≡ h

vp
Fξ:

vpζ1ξ − hGξξ = −ζ0τ3 −
vp
h
ζ0ζ0ξ (126)

In order ε2, eq. (122) gives us the same terms in the LHS:

vpζ1ξ − hGξξ = ζ0τ3 + 2
vp
h
ζ0ζ0ξ +

vph
2

3
ζ0ξξξ (127)

By equating the terms from the RHS of the two equations, we obtain a KdV equation in stretched
time τ3:

ζ0τ3 +
3vp
2h

ζ0ζ0ξ +
vph

2

3
ζ0ξξξ = 0 (128)

We remark that in the faster time τ1 we have a plane wave evolution given by:

ζ0τ1 − vpζ0ξ = 0 (129)

Let us now investigate the higher orders. By taking eq. (121) in order ε2 we obtain:

2gζ2 + 2v2pζ0ζ0ξξ − 2vpHξ + 2Gτ3 + 2Fτ5 + 2FξGξ + v2pζ
2
0ξ = 0 (130)

We take the derivative with respect to ξ and make use of ζ0 = h
vp
Fξ:

vpζ2ξ − hHξξ +
h

vp
Gξτ3 + (ζ0ξGξ + ζ0Gξξ) = −ζ0τ5 − 2vphζ0ξζ0ξξ − vphζ0ζ0ξξξ (131)
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By going in order ε3 in eq. (122) we find:

vpζ2ξ − hHξ − (ζ0ξGξ + ζ0Gξξ)−
vp
h
(ζ0ξζ1 + ζ0ζ1ξ)−

h3

3
Gξξξξ = ζ0τ5 +

2

15
vph

4ζ0ξξξξξ (132)

Combining eqs. (131 and 132), we obtain:

2ζ0τ5 +
2

15
vph

4ζ0ξξξξξ + 2vphζ0ξζ0ξξ + vphζ0ζ0ξξξ + ζ1τ3

+
vp
h
(ζ0ζ1)ξ +

h

vp
Gξτ3 + 2(ζ0Gξ)ξ +

h3

3
Gξξξξ = 0

(133)

We will now use the KdV equation to describe Fτ3 and rewrite eq. (125) as follows:

ζ1 −
f

vp
Gξ =

1

4h
ζ20 +

h2

6
ζ0ξξ (134)

We replace Gξ and its derivatives from eq. (133) and find:

ζ1τ3 +
3vp
2h

(ζ0ζ1)ξ +
vph

2

6
ζ1ξξξ = S(ζ0) (135)

Here we have:

S(ζ0) = −ζ0τ5 +
19

360
vph

4ζ0ξξξξξ −
5

12
vphζ0ζ0ξξξ −

23

24
vphζ0ξζ0ξξ +

3vp
8h2

ζ20ζ0ξ (136)

In the LHS of eq. (135) we have the linearized KvD equation around ζ0 (analogous to replacing in
KdV ζ0 → ζ0 + ζ1 and neglecting all nonlinear terms in ζ1) and in the RHS we have S(ζ0), which
describes the yet unknown evolution of ζ0 with respect to time τ5. We can rewrite eq. (135) in
operator form as:

Lζ1 = S(ζ0) (137)

Here:

L =
∂

∂τ3
+

3vp
2h

ζ0
∂

∂ξ
+

3vp
2h

ζ0ξ +
h2vp
6

∂3

∂ξ3
(138)

This is obviously a linear operator that depends on the solution ζ0(ξ, τ3) of the KdV equation.

1.5.4 Discussion and KdV hierarchy

We will now state an important result. If S(ζ0) contains a term belonging to kerL, then ζ1 will
have components that increase algebraically in time (such as ξτ3f(ξ) or ξf(ξ, τ3)). These terms
are known as secular terms and must be eliminated, in order for the series ζ0 + εζ1 + ε2ζ2 + ... to
be uniformly valid.
We notice that ζ0ξξξξξ ∈ S(ζ0) is such a term (Lζ0ξξξξξ = 0, because it reduces to the KdV eq.).
It follows that ζ0τ5 must cancel this term in S(ζ0).
The second important result is the scaling invariance. We noticed that the KdV equation that we
obtained does not depend on ε. We start from the following equation:

ζ0τ3 +
3vp
2h

ζ0ζ0ξ +
vph

2

6
ζ0ξξξ = 0 (139)

Here we replace:

x = ε−1/2ξ + vpε
−3/2τ3

t = ε−3/2τ3

ζ0 = ε−1ζ

(140)

By replacing in the KdV equation we have:

ζt + vpζx +
3vp
2h

ζζx +
vph

2

6
ζxxx = 0 (141)
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This is the same equation (up to a translation x → x + vpt). Moreover, the terms ζ0ζ0ξ and
ζ0ξξξ make up for all the possible terms of maximum order of 3 in the derivatives to obtain the
scale invariance. We will apply the same procedure for the possible evolution ζ0τ5 with terms of
maximum order of 5 in the derivatives. The scale invariant combination will be:

α2ζ0ξξξξξ + β2ζ0ζ0ξξξ + (β2 + γ2)ζ0ξζ0ξξ + δ2ζ
2
0ζ0ξ = ζ0τ5 (142)

In order to obtain the coefficients α2, β2, γ2, δ2 we use the natural compatibility condition:

∂

∂τ5

(
∂ζ0
∂τ3

)
=

∂

∂τ3

(
∂ζ0
∂τ5

)
(143)

From this relation we find (α2 will be chosen arbitrarily):

ζ0τ5 + α2

(
ζ0ξξξξξ +

5

3

(
β1
α1

)
ζ0ζ0ξξξ +

10

3

(
β1
α1

)
ζ0ξζ0ξξ +

5

6

(
β1
α1

)2

ζ20ζ0ξ

)
= 0 (144)

Here β1 =
3vp
2h and α1 =

h2vp
6 . Since α2 is free, we take it to be α2 = − 19

360vph
4, in order to eliminate

the secular term from S(ζ0). We have found ζ0τ5 (the evolution in τ5) given by the equation (144),
while the evolution of ζ1 is given by the linear inhomogeneous equation Lζ1 = S(ζ0).
Eq. (144) is the second equation from the KdV hierarchy (known as Lax 5 equation). Thus one
can find the whole KdV hierarchy.
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2 Bilinear methods for continuous/discrete integrable sys-
tems

2.1 Introduction

We observed that nonlinear equations contain both dispersion and nonlinearity. Through multiple
scale method we balanced dispersion and nonlinearity in order to obtain an asymptotic equation
that might be integrable, as it was the case of the KdV equation:

ut + 6uux + uxxx = 0; u = u(x, t) ∈ R (145)

In order to obtain the solutions of this equation, one must rigorously state the problem from a
mathematical point of view. Since the equation is of the first order in time, we require one initial
condition (Cauchy problem): u(x, 0) = f(x), where f(x) is a given real function. We also need to
specify the boundary conditions. The simplest case is cancelling the function at infinity (localized
solution):

lim
x→±∞

u(x, t) = 0, ∀t ∈ R (146)

An equally important case is given by periodic boundary conditions in x:

u(x+ a, t) = u(x, t), a fixed (147)

The Cauchy problem is difficult. It is studied using IST (Inverse Spectral Transform or Inverse
Scattering Transform) [DEGM82]. We are not concerned here with IST, but we will rather try
to check if such a nonlinear equation admits solutions of a certain type (in our case, solitonic
solutions).
We return to the starting equation:

ut + 6uux + uxxx = 0; u = u(x, t) ∈ R (148)

Let us substitute u = vx:

vxt + 6vxvxx + vxxxx =
∂

∂x
(vt + 3v2x + vxxx) = 0 (149)

We will take the simple case in which there is no time-dependent integration constant for the
equation and write:

vt + 3v2x + vxxx = 0 (150)

Since these equations have both dispersion and nonlinearity, we will try to ”remove” the nonlin-
earity and transform the equation into something ”closer” to linearity. The simplest nonlinear
substitution is the rational one. Therefore, we shall take:

v(x, t) =
G(x, t)

F (x, t)
(151)

Here G and F are real functions. The substitution employed here is known as rational transfor-
mation. By replacing in the original equation, we arrive at:

GtF −GFt

F 2
+ 3

(
GxF −GFx

F 2

)2

+
∂3

∂x3

(
G

F

)
= 0 (152)

The last term in the LHS expands as:

∂3

∂x3

(
G

F

)
=
GxxxF −GFxxx − 3GxxFx + 3GxFxx

F 2
− 6

GxF −GFx

F 2

FxxF − F 2
x

F 2
(153)

2.2 Bilinear operators and soliton solutions

2.2.1 Definition and properties

A linear expression in xj is an expression of the form
∑N

j=1 aijxj . By considering two variables,
xi and yj , we can extend this definition and introduce bilinear forms through expressions of the
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form
∑N

i,j=1 aijxiyj . These can be understood as linear expressions in xi if we keep yj fixed or,
conversely, linear expressions in yj by keeping xi fixed. Not all the equations treated below will
satisfy this definition and one could rigurously call the expression involved quadratic forms rather
than bilinear forms. However, we will use the same term, bilinear, for all expressions.
We define the bilinear operators (also known as Hirota operators) as follows:

Dn
xf(x) • g(x) = (∂x − ∂y)

nf(x)g(y) |x=y =

n∑
i=0

(
n

i

)
(−1)i(∂n−1

x f)(∂ixg) (154)

We will now provide several examples for small n:

Dxf(x) • g(x) = fxg − fgx

D2
xf(x) • g(x) = fxxg + fgxx − 2fxgx

D3
xG • F = GxxxF −GFxxx − 3GxxFx + 3GxFxx

(155)

One must notice that when writing Dn
xf(x)•g(x) =, the bullet (’•’) does not denote a multiplication,

but rather that Dn
x acts on a pair of functions f and g.

We will use two fundamental properties of bilinear operators:

Dn
xe

ab • bbx = (a− b)neax+bx (156)

The second property is called ”gauge invariance”:

Dn
x(e

axf) • (eaxg) = e2axDn
xf • g (157)

2.2.2 1-soliton solution for KdV

Let us now rewrite eq. (152) using the bilinear operators introduced before:

(Dt + D3
x)G • F
F 2

+ 3
DxG • F
F 2

(
DxG • F
F 2

− D2
xF • F
F 2

)
= 0 (158)

Or:
F 2
(
(Dt + D3

x)G • F
)
+ 3(DxG • F )(DxG • F − D2

xF • F ) = 0 (159)

We notice that our equation transformed into something more complicated, but with the property
of multilinearity (in our case, quadri-linearity). On the other hand, in a formal sense, (Dt + D3

x)
resembles (∂t+∂

3
x), which is precisely the linear part leading to dispersion. Therefore, by isolating

the dispersion we obtain:
(Dt + D3

x)G • F = 0 (160)

We are left with the non-trivial part, leading us to:

DxG • F = D2
xF • F (161)

This is the second equation needed to solve the problem, as we have two unknowns (G and F ).
Since these two equations are bilinear, we can search for solutions of the type:

G, F ∼ exp(kx+ ωt) (162)

Let us further simplify the bilinear system by considering G = 2Fx. The second bilinear equation
is identically satisified:

DxG • F = 2DxFx • F = 2FxxF − 2F 2
x = D2

xF • F (163)

We are left with the first bilinear eq.:

(Dt + D3
x)2Fx • F = (DxDt + D4

x)F • F (164)

By taking v = 2∂x logF we have the following equivalence:

vt + 3v2x + vxxx = 0 ⇐⇒ (DxDt + D4
x)F • F (165)
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Therefore, if we find the solutions F of the bilinear equation, we have u(x, t) = 2 ∂2

∂x2 logF . The
simplest solution is F = 1 =⇒ u = 0. Then, F = 1+exp(kx+Ωt). Here, Ω and k are not related
to the dispersion of the linear problem, but have to be determined. By replacing in the bilinear
equation, we have:

(DxDt + D4
x)(1 + eη) • (1 + eη), η = kx+Ωt (166)

For simplification, we denote DxDt + D4
x ≡ P (D⃗), which represents a polynomial in variables Dx

and Dt. By expanding the expression obtained, we have:

P (D⃗)1 • 1 + P (D⃗)1 • eη + P (D⃗)eη • 1 + P (D⃗)eη • eη = 0 (167)

The constant solution is P (D⃗)1 • 1 = 0. Given that Dn
x1 • eη = ∂nx e

η,∀x, n, we have P (D⃗)1 • eη =

P (−∂⃗)eη. Therefore:

P (D⃗) = (DxDt + D4
x)1 • eη =

(
(−∂x)(−∂t) + (−∂x)4

)
eη = (Ωk + k4)eη (168)

Furthermore:
P (D⃗)eη • 1 = P (∂⃗)eη = (Ωk + k4)eη (169)

By using the gauge-invariance:

P (D⃗)eη • eη = P (D⃗)(eη · 1) • (eη · 1) = e2ηP (D⃗)1 • 1 = 0 (170)

By replacing in the initial expression we have:

2(kΩ+ k4) = 0 =⇒ Ω = −k3 (171)

We notice that for the linearized problem ut +uxxx = 0 and solutions of the form exp(kx+ωt) we
obtain iω = ik3 = 0 =⇒ ω = k3, which is different from the bilinear relation.
Therefore, the solution of the nonlinear problem is:

F = 1 + exp(kx− k3t) =⇒ u = 2∂2x log
(
1 + exp(kx− k3t)

)
= 4k2sech2

(
k(x− k2t)

)
(172)

This solution is moving in the opposite direction compared to the linear waves with ω = k3.
Moreover, unlike the linear waves (which have constant amplitude), for our solution the amplitude
is dependent on the velocity (the term 4k2).
The solution F = 1 + exp(kx− k3t) is known as 1-soliton solution.

2.2.3 Multi-soliton solution

We will now attempt to generalize the previously obtained solution, by considering a solution of
the form:

F = 1 + eη1 + eη2 , η1,2 = k1,2x− k31,2t (173)

Because P (D⃗)F • F ̸= 0, this is not a solution. Consequently, we need to consider a non-trivial
interaction between the modes eη1 and eη2 . Let us consider the following expression of F:

F = 1 + εf1 + ε2f2 + ε3f3 + ... (174)

Here ε is a formal parameter, without physical meaning. By equating the various powers of ε we
obtain:

• For ε0:
P (D⃗)1 • 1 = 0 (175)

• For ε1:
2P (D⃗)1 • f1 = 0 =⇒ (∂x∂t + ∂4x)f1 = 0 (176)

We take f1 = exp kx− k3t and, by considering f2 = f3 = ... = fn = ... = 0, we obtain
F = 1 + f1 as solution.
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• For ε2:
2P (D⃗)1 • f2 = P (D⃗)f1 • f1 (177)

By taking f1 = eη1 + eη2 we have:

P (D⃗)1 • f2 ≡ (∂x∂t + ∂4x)f2 = P (D⃗)(eη1 + eη2) • (eη1 + eη2)

= P (D⃗)eη1 • eη1 + P (D⃗)eη1 • eη2 + P (D⃗)eη2 • eη1 + P (D⃗)eη2 • eη2
(178)

Because of gauge-invariance, P (D⃗)eη1 • eη1 = P (D⃗)eη2 • eη2 = 0. On the other hand:

P (D⃗)eη1 • eη2 =
(
(−k31 + k32)(k1 − k2) + (k1 − k2)

4
)
eη1+η2 (179)

So f2 ∼ eη1+η2 and we consider f2 = A12e
η1+η2 . It follows that:

2P (D⃗)1 • f2 = 2A12(∂x∂t + ∂4x)e
η1+η2

= 2A12

(
(−k31 − k32)(k1 − k2) + (k1 + k2)

4
)
eη1+η2

(180)

It means that:
2P (D⃗)1 •A12e

η1+η2 = 22P (D⃗)eη1 • eη2 (181)

This equation leads us to:

A12 =

(
k1 − k2
k1 + k2

)2

=
(−k31 + k32)(k1 − k2) + (k1 − k2)

4

(−k31 − k32)(k1 − k2) + (k1 + k2)4
(182)

We can now take f3 = f4 = ... = fn = ... = 0 and the solution F = 1+ eη1 + eη2 +A12e
η1+η2

rigorously satisfies the equation P (D⃗F • F . This is known as 2-solition solution.

• For ε3:
2(∂x∂t + ∂4x)f3 = −2(DxDt + D4

x)f1 • f2 (183)

If f1 = eη1 + eη2 + eη3 and f2 = A12e
η1+η2 +A13e

η1+η3 +A23e
η2+η3 , one can obtain, through

a longer calculation:
f3 = A12A13A23e

η1+η2+η3 (184)

Therefore, the 3-soliton interaction is given by:

F = 1+ eη1 + eη2 + eη3 +A12e
η1+η2 +A13e

η1+η3 +A23e
η2+η3 +A12A13A23e

η1+η2+η3 (185)

The general formula for N-soliton interaction is:

FN =
∑

µ1,...,µN∈{0,1}

exp

 N∑
i=1

µiηi +
∑

1≤i<j

µiµjaij

 (186)

Here eaij = Aij =
(

ki=kj

ki+kj

)2
and ηi = kix− k3i t.

2.3 Interaction between two solitons

We will now study the physical meaning of the interaction between two solitons. Let us take
k1 < k2 and define:

ξi = x− k2i t, i = 1, 2 (187)

We can immediately reach the following identity:

ξ2 = −(k22 − k21)t+ ξ1 (188)

In the reference frame of the first soliton (fixed ξ1) we take t→ ∞. Then, ξ2 → −∞, eη2 → 0 and
F = 1+ eη1 + eη2 +A12e

η1+η2 → 1 + eη1 . By taking t→ −∞ we obtain ξ2 → ∞ and eη2 → ∞, so
it becomes dominant:

F = 1 + eη1 + eη2 +A12e
η1+η2 = eη2(e−η2 + eη1−η2 +A12e

η1 + 1) ∼ eη2(A12e
η1 + 1) (189)
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But:
2∂2x log(e

η2(A12e
η1 + 1)) = 2∂2x log(A12e

η1 + 1) (190)

Therefore, from a physical point of view, we have:

t→ ∞ =⇒ u ∼ k21sech
2η1 (191)

t→ −∞ =⇒ u ∼ k21sech
2(η1 + a12) (192)

We observe that the effect of the interaction is a phase shift given by ea12 = A12.
Let us generalize to a general bilinear equation:

P (Dx1
,Dx2

, ...,Dt)F • F = 0 (193)

For any polynomial P the equation admits the 2-soliton solution F = 1 + eη1 + eη2 + A12e
η1+η2 ,

with η1 = k11x1 + k12x2 + ...+ Ω1t and η2 = k21x1 + k22x2 + ...+ Ω2t. The dispersion relation is
given by P (ki1, ki2, ...,Ωi) = 0. The coefficient A12 is given by:

A12 =
P (k11 − k21, k12 − k22, k13 − k23, ...,Ω1 − Ω2

P (k11 + k21, k12 + k22, k13 + k23, ...,Ω1 +Ω2
(194)

The condition for admitting three or more solitons (N-soliton solution) is not automatic. In fact,
there are very few equations that admit 3-soliton solutions. If an equation admits at least a 3-
soliton solution, then the equation is fully integrable. This means that the existence of a 3-soliton
solution is an integrability detector.
One must be careful that the 3-soliton solution must depend solely on k1, k2, k3, which must be
arbitrary. Let us consider a 3-soliton solution of the type:

F = 1 + eη1 + eη2 + eη3 +A12e
η1+η2 +A13e

η1+η3 +A23e
η2+η3 +Beη1+η2+η3 (195)

If B ̸= A12A13A23, then the equation is not integrable. Consequently, integrability implies that the
interaction between an arbitrary number of solitons can be factorized as product of ”two-body”
interactions (described by Aij).
The bilinear equations admitting at least a 3-soliton interaction and depending on a single function
F are the following:

• KP equation:
(D4

x + 4DxDt + aD2
y)F • F = 0 (196)

• Hunter-Saxton (HS) equation:

(D3
xDt + aD2

x + DtDy)F • F = 0 (197)

•
(D4

x − D3
xDt + aD2

x + bDxDt + cD2
t )F • F = 0 (198)

• Sawada-Kotera (SK) equation

(D6
x + 5D3

xDt − 5D2
t + DxDt)F • F = 0 (199)

2.4 Examples

2.4.1 Modified KdV equation

We will start from the modified KdV equation:

ut ± 6u2ux + uxxx = 0 (200)

We perform the same substitution u = G
F and compute the derivatives in bilinear formalism:

ut = ∂t

(
G

F

)
=

DtG • F
F 2

(201)

ux = ∂x

(
G

F

)
=

DxG • F
F 2

(202)
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uxxx = ∂3x

(
G

F

)
=
GxxxF −GFxxx − 3GxxFx + 3GxFxx

F 2
− 6

GxF −GFx

F 2

FxxF − F 2
x

F 2
(203)

uxxx = ∂3x

(
G

F

)
=

D3
xG • F
F 2

− 3
DxG • F
F 2

D2
xF • F
F 2

(204)

The equation rewrites as:

(Dt + D3
x)G • F +

6

F 2
(DxG • F )

(
1

2
D2

xF • F −G2

)
= 0 (205)

By isolating the dispersion relation we obtain the following system:

(Dt + D3
x)G • F = 0

D2
xF • F = 2G2

(206)

In this case, we cannot find a relation between G and F that can simplify the problem. Therefore,
we must use the expansions:

F = 1 + ε2f2 + ε4f4 + ...

G = εg1 + ε3g3 + ε5g5 + ...
(207)

We have considered even, respectively odd, powers of ε in order to simplify the calculations. We
could have taken all powers into account and cancel the odd terms for F and the even terms for
G.
From (∂t + ∂3x)g1 = 0 we find g1 = eη1 and η1 = k1x− k31t+ η

(0)
1 , with η

(0)
1 an arbitrary constant.

In the second order we find from the second bilinear equation ∂2xf2 = g21 , which implies f2 = 1
4k2

1
e2η1 .

Therefore, the 1-soliton solution is:

u =
eη1

1 + e2η1/4k2
1

≡ G

F
(208)

For the 2-soliton solution the result is more complicated:

G = eη1 + eη2 + a12e
η1+2η2 + a21e

2η1+η2

F = 1 +
1

4k21
e2η1 +

1

4k22
e2η2 +m12e

η1+η2 + n12e
2η1+η2

(209)

Here:

a12 =
1

4k22

(
k1 − k2
k1 + k2

)2

a21 =
1

4k21

(
k1 − k2
k1 + k2

)2

m12 =
2

(k1 + k2)2
eη1+η2

n12 =
(k1 − k2)

4

16k21k
2
2(k1 + k2)4

(210)

This complicated form arises from the presence of both eηi and e2ηi modes and the requirement
to consider all possible interactions between them.

2.4.2 Nonlinear Schrödinger equation

We start from the nonlinear Schrödinger equation in a complex function u:

iut + uxx + |u|2u = 0 (211)

We consider u = G
F with F a real function and G a complex function. We will use the following

formula:

∂2x

(a
b

)
=

D2
xa • b
b2

− a

b

D2
xb • b
b2

(212)
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The equation writes in bilinear form:

1

F 2
(iDt + D2

x)G • F − G

F 3
(D2

xF • F −GG∗) = 0 (213)

By isolating the dispersion relation we find:

(iDt + D2
x)G • F = 0

D2
xF • F = |G|2

(214)

The 1-soliton solution is:

G = eη1

F = 1 + eη1+η∗
1+φ∗

11

(215)

Here:

η1 = p1x− Ω1t

Ω1 = −ip21

eφ
∗
11 =

1

2(p1 + p∗1)
2

(216)

In these expressions p1 and Ω1 are complex.
For such complex equations, even the 2-soliton solution exists automatically only for fully integrable
equations. The 2-soliton solution writes:

G = eη1 + eη2 + a121e
η1+η2+η∗

1 + a212e
η1+η2+η∗

2

F = 1 + eη1+η∗
1+φ∗

11 + eη2+η∗
2+φ∗

22 + b12e
η1+η∗

2 + b21e
η2+η∗

1 +B1122e
η1+η∗

1+η2+η∗
2

(217)
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3 Particular families of solutions for nonlinear equations

3.1 Introduction

We have previously introduced solitons as particular types of solutions for the equations we en-
countered. Following that, we discussed the simple case of an overtaking collision between two
solitons in the case of KdV equation. In this section, we will concern about particular types of
solitons, classified based on their behavior, as well as on other types of solutions resembling solitons
in several important aspects. We will present numerous examples based mainly on Ref. [Hie02].

3.2 Fusion and Fission

3.2.1 The Burgers Equation

The Burgers equation is:
uxx + 2uux + ut = 0 (218)

We will linearize the equation using the transformation (Cole-Hopf): u = ∂x logF . The equation
rewrites as:

Fxx + Ft = 0 (219)

The solution of this equation can be written as a sum of exponentials of the form eηi with ηi =

kix + Ωit + η
(0)
i . The dispersion relation is given by Ωi = −k2i . The 1-soliton solution of the

equation is:

u =
keη

1 + eη
, η = kx− k2t+ η0 (220)

The limits of these function are η → −∞ =⇒ u → 0 and η → ∞ =⇒ u → k. A soliton-like
shape is obtained for w = ∂xu = ∂2x logF , which has the following expression:

w =
k2

4cosh2
(
η
2

) (221)

For the 2-soliton solution we take F = 1 + eη1 + eη2 and obtain:

u =
k1e

η1 + k2e
η2

1 + eη1 + eη2

w =
k21e

η1 + k22e
η2 + (k1 − k2)

2eη1+η2

(1 + eη1 + eη2)2

(222)

We will now introduce the velocities of individual solitons, as well as the relative velocity of soliton
i with respect to soliton j. For soliton i, the velocity writes as vi = −Ωi/ki. The relative velocity
is defined as:

v(i|j) = sign(ki(vj − vi)) (223)

By applying the definition above for our equation, we obtain:

v(i|j) = sign(ki(−ki + kj)) (224)

The asymptotic form of the 2-soliton solutions, we arrive at:

η2 → −∞ : u→ k1e
η1

1 + eη1
, w → k21e

η1

(1 + eη1)2

η1 → −∞ : u→ k2e
η2

1 + eη2
, w → k22e

η2

(1 + eη2)2

η2 → ∞ : u→ k2, w → 0

η1 → ∞ : u→ k1, w → 0

(225)

Let us consider 0 < k1 < k2 we get v(2|1) = −1 and v(1|2) = 1. This means that we have only
this the first soliton only in the future and the second soliton only in the past.
Let us compute the limit for η → ∞. We expand w and obtain in quadratic terms:

w =
...+ (k1 − k2)

2eη1+η2

...+ 2eη1+η2 + e2η1 + e2η2
(226)
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In order to obtain a nonzero limit, we consider a comoving frame, where we denote ηi = τi + η̃,
where τi remains finite and η̃ → ∞. Then we obtain in the limit η̃ → ∞:

u→ p1e
τ1 + p2e

τ2

eτ1 + eτ2

w → (p1 − p2)
2eτ1+τ2

(eτ1 + eτ2)2
=

(p1 − p2)
2/4

cosh2
(
1
2 (η1 − η2)

) (227)

In the asymptotic regime we obtain a 1-soliton solution of the type F = eη1+eη2 which corresponds
to a step size k1 − k2 and velocity k1 + k2.
Generally, one has to find a comoving frame where ηi go to infinity equally fast. Let us introduce
ξ = x − at as coordinate of the moving frame, τ = kiξ and ηi = τk + (Ωi + aki)t. We need to
choose a so as to obtain equal velocities, meaning η̃i = (Ω1 + ak1)t = (Ω2 + ak2)t. The solution is:

a = −Ω1 − Ω2

k1 − k2
(228)

And:

η̃ = t
Ω2k1 − Ω1k2
k1 − k2

(229)

In our case, using the dispersion relation, we obtain a = k1 + k2 and η = k1k2t. Since we have
chosen 0 < k1 < k2 we obtain this soliton only in the future and obtain a fission of the type
u(η2) → u(η1) + u(η1 − η2).

3.2.2 General aspects regarding fusion and fission

Let us consider a generic form of 2-soliton solutions given by u = 2∂2xF where:

F = 1 + eη1 + eη2 +A12e
η1+η2 (230)

If one can choose k1 and k2 so as to have A12 = 0 and k1 ̸= k2, we say that the solitons resonate.
In such a scenario we obtain fussion and fision for the solitons.
We can apply this result on the shallow water-wave equation of Gibbon:

uxxt − (4u2 + 2wxvt)x − ux = ut, vx = u, wt = u (231)

This equation provides us with the dispersion relation:

k2ω = ω + k (232)

Although this equation is not integrable, we can obtain elastic two-soliton scattering given by the
following term:

A12 =
(k21 − k1k2 + k22 − 3)(k1 − k2)

2

(k21 + k1k2 + k22 − 3)(k1 + k2)2
(233)

We notice that A12 = 0 for k21 − k1k2 + k22 = 3. This result provides us with a range of values for
k that allow for fusion between a given soliton and another specific soliton.

3.3 Solitons of NLS

3.3.1 Bright solitons

We will consider the following focusing NLS:

iψt + ψxx + 2|ψ|2ψ = 0 (234)

A 1-soliton solution for this equation is given by:

ψ =
eη

1 + eη+η∗

(k+k∗)2

(235)

Here η = kx+ik2t+η0. Because η is complex, the soliton is characterized by two parameters instead
of one: the imaginary part kI = Im k determines the velocity, while kR = Re k is responsible for its
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amplitude. These parameters also determine the oscillations of the carrier wave. A consequence
of this mathematical behavior is that one can create bound states by choosing two solitons with
the same kI and different kR.
By expanding the expressions for η and u so as to include the real and imaginary components of
k and writing k = kR + ikI , we have:

η = kR(x− 2kIt) + i(kIx+ (k2R − k2I )t) + η0 (236)

u =
pR exp i

(
kIx+ (k2R − k2I )t+ η0I

)
cosh (kR(x− 2kIt) + η0R)

(237)

In Figure 2 one can see the typical aspect of a bright soliton. Their name comes from the
prominent aspect of these solitons, similar to a bright pulse in a dark background.

25 30 35 40

-1.0

-0.5

0.5

1.0

Figure 2: Example of bright soliton. The thick blue line shows the carrier wave, described by |ψ|,
and the dashed gray line shows Reψ.

3.3.2 Dark solitons

Opposed to bright solitons, dark solitons appear as dark pulses in a bright background. These
solitons are encountered for a defocusing NLS:

iψt + ψxx − 2|ψ|2ψ = 0 (238)

We use the form ψ = g/f for the solution of this equation, where g is complex and f is real. The
background carrier wave solution is determined by the following functions:

g ≡ g0 = ρeθ, f = 1 (239)

Here θ = i(kx−ωt) and ω = k2+2ρ2. There are two free real parameters: ρ gives the background
amplitude and k describes the oscillations of the carrier wave.
The envelope-hole solution is given by:

g = g0(1 + Zeη), f = 1 + eη (240)

Here η = Kx−Ωt, Ω = K(2k −
√
2ρ2 −K2), where K and Ω are real. The complex phase factor

Z is given by:

Z =

√
4ρ2 −K2 + iK√
4ρ2 −K2 − iK

(241)

From this formula we obtain an inequality that needs to be satisfied: |K| ≤ 2ρ.
One can derive the following relation:

ρ2 − |ψ|2 =
K2/4

cosh2
(
η
2

) (242)

From this expression it can be seen that the dark pulse has the same shape as an ordinary soliton.
In Figure 3 one can see the typical aspect of a dark soliton.
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Figure 3: Example of dark soliton. The thick blue line shows the carrier wave, described by |ψ|,
and the dashed gray line shows Reψ.
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