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OUTLINE

Green functions

Path integral formalism

Generating functionals

Quantization of gauge theories

Assume some basic knowledge of QFT:
Field operators, S-matrix, cross sections, perturbation theory and Feynman rules,
gauge theories

Literature: Weinberg: The Quantum Theory of Fields, [+l
Béhm, Denner, Joos: Gauge Theories of the Strong and Electroweak Interaction

Try to answer (at least these) two questions:
@ How do | get Feynman rules from a Lagrangean ?
@ Why and when do | need ghosts ?
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S-MATRIX

S-matrix:
initial state |a)in: observed at t — —co
final state |8)ou: Observed at ' — +o0

Ssa = out{Bla)in match in/out states on N-particle
states of a free theory

= 0(31Sla)o
= |imt—>+oc,t’—>—:>o 0<ﬁ|U(t7 t/)|a>0

i.e. the S-matrix describes the time evolution of states in a full, interacting theory:

S=Texp (4 / dTF/,m(T))

Lorentz invariance and causality is guaranteed, if H can be written as an integral over
a scalar density: (X, t). Instead of #, use the Lagrangean L:

S=Texp (// d4x£,nt(x)>

Perturbation theory: expand exp([ Lint) — >.(f Lint)" = Feynman rules
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GREEN FUNCTIONS

o{A] and |a)o from products of creation and annihilation operators
S, from Ly, is built from products of field operators:
i.e. F.Tr. of creation and annihilation operators

e.g. . di(x)|0) = (zﬂ)a IR 50 U (9)e"*a'(g)|0)

=» Definition: n-point Green functions

GO X1y Xn) = (Q Thay (%1) - - P (X0) Q)
where

¥a(x) are Heisenberg operators with the time dependence of the full Hamiltonian A;
|2) is the ground state of H (the vacuum).

Index « to distinguish different fields and spin degrees of freedom: Lorentz index g,
Dirac index «;, etc.

The set of all Green functions defines a theory

Side remark:  assume H = Hy + Hiy
H|ny = Es|n), H|Q) = Eo|Q2) with E, > Eq for all n
Fol0) = 0/0)
Then: |2) = lim: (1) =515 € 10}
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Green functions are invariant with respect to translations:
Yo (X) = Pa(x + a) = U(a)a(x)UT(a), with UTU=1
The vacuum is translation invariant:

Q) — U'(a)|) = |Q)

Therefore: p
G(")(X1,...,Xn) =(Q|T (X1) (Xn)|2) .
= (Q|U(a) Tw(X1)Uf(a) U(a)...U'(a) - U(a)d(xn)U'(a)|2)
(Q|Tep(x + a) (X + a)|Q)
=G?x +a,...,xa+a) (choose a = —x1)
:G()(O Xo — Xq . X*X1)

Green functions in momentum space, Fourier transformation:

G (P1y... pn) = [d*Xi ... [ d*xpe™ P T FP) GO (5, L xn)
set& =xi—xy,i.e. i =&+ X
— f d*xie X P f d4£2 o f d4€ne_"(P252+~~+Pn5n)G(”)(O’ £a...,6n)

= (2m)*“(p1 + ...+ pa) G (pr, ..., pn)
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LSZ REDUCTION FORMULA

Connection to the S-matrix: Lehmann, Symanzik Zimmermann (without a proof)

consider the simplest case: 1 — 1:  |p)o — |B')o in a free theory

S-matrix element: (0|a(d')a’ (B)|0) = 2E,0® (6 —p') with E, = +/p?+ n?

Green function: (0| Td(x1)d(x2)[0) = G2 (x1, %)

= propagator

= @ f d4p e’p(x1 7X2)p2—1112+ie
(the Green function of the Klein-Gordon equation)

: . A2 i (2
in momentum space: G (p1, p2) = e G2 (p1,—p1)

To obtain S-matrix elements from Green functions:
e remove a factor P for each external particle;

o set momenta on-shell: p° = £1/B2 + m? (& forin/ out);
o adjust the normalization (the wave function renormalization 1/v/R ):

— (2n)* [0laB)F0)IR) | = ~i(2n) (" ~ ) GO(p, —p)|

2 m2
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LSZ-formula (for spin 0):

out{—G1, - -, —qulP1, - - - PnYin =

RN pNM(pE — mP) .. (g — mP)GN M (py, . ., QM)‘p?:mZ,p?>o.q,2:m2,a?<o
@ all momenta are counted as incoming

@ multiplication with —i(p? — m?), i.e. with the inverse propagator: truncation
One defines truncated Green functions:

~ ~ —1 ~ —1 ~
Glonclp1s ) = (G (o1, ~p1)) .- (GD(pn,—pn))  G™(p1,..., pn)

e S-matrix elements are the residues of the Green functions at their poles p? = m?

e Green functions are the analytic continuation of S-matrix elements to off-shell
momenta

For particles with spin: need additional factors: .
Dirac spinors u. (B, o) etc., polarization vectors e, (k, \).

From now on: talk about Green functions only
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GREEN FUNCTIONS FOR FREE FIELDS

2-point functions:
spin 0: G®(xy,x2) = iAF(X1 — Xo; M)
spin 3: (0| Ty (x1) ¥5(x2)|0) = Sk ap(X1 — Xo; M) = (i + M)apilr(xi — Xe; M)

spin 1, m# 0:
(OIT Au(x1)A, (X)|0) = D (X1 — xei M) = (=G — 225 ) ie(x1 — xei m)

m2
(3-point functions are zero in a free field theory)
4-point function (spin 0):

G (1, %2, X3, Xa) = (0] TH(x1)d(x2)$(Xs)b(x4)|0)
=/ (AF(X1 — X2)AF(Xs — Xa4)
+ AF(X1 — X3)AF (X2 — Xa)
+AF(X1 — Xa)AF(X2 — X3))

*—=e

X: X X: X X: X
_ X 4+2I I4+"><4
=

X1 X3 X1 X3 X1 X3
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GREEN FUNCTIONS FOR INTERACTING FIELDS

e.g. (QTou(x1)dn(%)|Q)

@ relate |Q2) to |0)

@ trace full time dependence of ¢y from H = Hy + Hin
Without proof:

R L OTRn)HR) Ut D]0)
QTonba)on(e)l) = _Im = 0/u(-t.000)

where ¢;: field operators in the interaction picture: ¢,(x) = (=0 j¢(x)e~Folt—10)
and U(t, ) = Texp {*/’ftfz dTI:Iint(T)}

Generalization to n-point Green functions:
G (X1, ..., Xn) = (QUTu(x1) .. dr(xn)|Q)
O exp {~i /" orFu(r)} 0)
(ool =i0) (0exp {~i [} drFlu(7) } 10)

From this: perturbation theory for Green functions like perturbation theory for S-matrix
elements, in particular: vertex rules from Hj;
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FEYNMAN RULES FOR GREEN FUNCTIONS . ..

.. as for S-matrix elements, but

@ Field points x; assigned to the arguments of G
@ Incoming / outgoing lines end at a field point:

_ d4p —ipx
x P— —f(2W)4e

@ G contains a é-function for total 4-momentum conservation: (27)*5) (3" p;)
@ Internal lines connect field points

o = (0[TH(x1)(x)[0) = iAF(X1 — xo;m)
X1 X2

@ Interaction M, =» vertex rules (as for the conventional S-matrix Feynman rules)
e.g. from Ly = —g#®(x) —

S i
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Path Integral Formalism and Generating Functionals
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PATH INTEGRALS

Reminder: the path integral in non-relativistic quantum mechanics
<Xf7 tf|Xi7 t/> = /Dx(t)e/S/h

with S = f,” dt L(x, x) = S[x(t)], the classical action, x(;) = xi, x(t;) = X
and [ Dx(t) from limy—o C [ dx,... dx: integration over paths x(t)

The analogue for eigen-states of field operators:
ty
{pe(X); te|pi(X); 1) = /D¢(x) exp{i dtdsxﬁ(x)}
11

Without proof: Path integral representation of Green functions:

) ) I Po(x)6(xq) .. oxm) exp {i [} d*xL(x)}
QTou(x). .. on(xn)|) = lim \ e
t—oo(1—ic) [ D (x)exp {Ijjt d4x£(x)}
with: @ @u(x): Heisenberg field operators

@ ¢(x) eigenvalues of ¢4(x), i.e. classical, c-number fields
H. Spiesberger (Mainz)
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EXCURSION: PATH INTEGRAL IN NON-RELATIVISTIC QM

Calculate the probability to find a particle at time f; at position x; when it was at the
position x; at time t;.

Use eigen-states |x; t) of the Heisenberg position operator Xy (t) = € —ih/n

iHt/h %o e

—if(t—t)/h

(Xs; te|xis &) = s(x¢|€ |Xi)s

Splittime interval [t;, ] inn+1timesteps: ti =t <t < ... <ty < thr1 = I,
i ' Y k=1

(e tilxi by = [T a7 A (X B X ) (X Bl Xn—1; tat) < - (a5 B X )
Integration over all xx at all times #: integration over paths xx = x(fx)

Calculate matrix elements for At — 01 (Xiy1; teit [ X ) = 5op 4/ 25l @0 XAL/N

At — 0implies n — oo: from a discrete set (X, f) to a continuous function x(t)

()2 [T dxn . [T dxy — [ Dx(1)

2mhiAt

and [T7_o exp { £ (frt — BL(xk %)} — exp {4 [} LOx(), (1)) b = exp {iS[x (D) /1}

All paths contribute, also those that are not allowed classically, but the dominating
contribution is from paths where S[x(t)] is extremal.
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GAUSSIAN INTEGRALS, FUNCTIONAL INTEGRATION

; . 1 [too —tay? 1
e one variable: ﬁfioc dy e 2% = (@€ a#0)

e nvariables: y = (y1,...,yn)", bilinear form —1y’Ay = —1 > Ay
with A: real positive, non-singular, symmetric, with eigen-values a;

1 +00 +o00 —yTay/2 1
o f,oc dy1“‘ffoo dyne™r /2 = Vet A

Use IndetA=3",Ina;= TrinA, then: vdetA = exp (1 TrIn A)

e Linear terms in the exponent with vector b:
—1y"Ay +b"y =-3(y —A'b)TA(y —A"'b) + Ib"A""'b
and translation y — y — A~'b

1 +o0 +o0 —yTay/2+bTy 1 (bTA=b)/2
o o dyi . [T2 dyne = €
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Infinitely many variables: instead of a discrete (integer-valued) index —
continuous variable x (usually real-valued, in [—oo, +00]):

replace y; — yx = y(x)
and TI7, % — Dy(x),
Bilinear form:  yTAy — [ dx [ dx'y(x)A(x,x")y(x")

[ Dy(x)exp {—% Jdx [dx"y(x)A(x,x")y(x") + [ dxJ(X)y(x)}
=exp{—3TrinA}exp{} [ dx [ dx'J(x)A"(x, X" )J(x)}

| Dy(x) is called a functional integral

Exercise: Calculate the Gaussian integral with the kernel

A(X,X/) ;(2 (S(X —Xx ) +w2§(X — X/). Result: 1/ det ( e +W2)

e In this example: the result depends on a function J(x), i.e., it is a functional F[J(x)]
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FUNCTIONAL DERIVATIVES
Definition:

_ i FIY(X) +ed(x — y)] — F[J(X)]
6J(y) FIJOAT = Iimy c

Rules as for the usual derivative: linearity, Leibniz rule, chain rule,
in particular: ; J( )=d(x—Y)

Consider:

(;J?)ﬁ) % /DY(X)GXD{ /dx dx'y(x)A(x, x') /de(x }

= [Dy(x) y(x1)...y(xa)exp {—3 [ [ YAy}

% o 5fo") exp {_% Tr'nA} exp {15 /dx./dX'J(X)A’1(Xv X/)J(X/)}
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THE GENERATING FUNCTIONAL FOR GREEN FUNCTIONS

From above:

. . . [ Do(x) p(x1)...p(xn)exp {i [ d*xL(x)}
(T on(x1) - on(xn) 1) = tﬁolol??—/e) I Do(x)exp {i [ d*xL(x)}

The generating functional for Green functions:

2101 = [ Poexp {i [ o'x () + J)00) |
since

T S 2V = [ Dot o) o) exp {1 [ 'x(£00 + J(x)000) |

and
1 3"

(QUTdn(x1).. Su(x0)I2) = (’/)nZ[O] 5J(x1) ... 0J(xn)

Z[J(x)]

J=0

Z[J] is the functional Fourier transform of exp(iS[¢])
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GENERATING FUNCTIONALS

Consider a power series of a function: f(y) = > =, any”

One can say, f(y) generates the coefficients aj, since a, = - 1(y)

n' dy" y=0
Similarly, for k variables y;, i = 1,..., k, the Volterra series:
co k k 1
Fi =255 e v i
n=0 iy=1 =1 """

generates the coefficients aj, ...;,

Transition to infinitely many variables:

i—x oy, 3 [ox

i

is generating functional for the functions a'™(xy, ..., xn) = WMF[}/(X)] o
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THE GENERATING FUNCTIONAL OF GREEN FUNCTIONS (FREE THEORY)

For a free scalar field:

Zreald)] = [ Dox)exp {i [ L) + J(x)@(x))}
with ’
Lreo = 5 (9" 0()u6(x) — mPe?(x)

The exponentis [ d*x (—3¢(x) [0+ m?] ¢(x) + J(x)$(x))
i.e., we have a Gaussian integral with a linear term.
The Green function of the Klein-Gordon equation: (0 + m?)Ar(x — x') = —(x — x)

Zuald] o {5 [ o' [ @'y J0nrx - 1)) | - Zreel

With Zyee[0] = [ Do(x) exp {—(i/2) [ [ ¢(O + m?)¢}, independent of J
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Exercise: check

GO (x1, %) = Wzﬁeew ] ‘ / Ziree[0]

= 16J(x1 [ fd4yAF e —y)Wy) -3 [ d*x J(X)Ar(x — X2)]

—(i/2) [ d*x [ d*y J(x) AF(x—yw(y)‘
J=0

[AF(Xe — X1) + SAF(X1 — x2) + more terms with J]

% e—(i/2) [d*x [ d“yJ(x)AF(x—y)J(y)‘
= iAF(X1 — Xg)
Exercise: calculate G* (x1, x2, X3, Xa)

=» The first element of Feynman rules: Connect field points by propagators in all
possible ways
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THE GENERATING FUNCTIONAL OF GREEN FUNCTIONS (INTERACTING THEORY)

The idea: replace ¢(x) in Lin(x) = Lint(p(X)) by a derivative §/isJ(x)

210001 = [ otexp {1 [ o'xemotx) fexp {1 [ o' x(Lrmel) + S000000) }
_exp{ /d 2L {T}}/m X)exp{ /d X(Lreo(X) + J(x)B(x ))}

Z[J(x)] = exp {//d“zﬁm, {ﬁ” exp {—é/d“x/d“y J(X)AF(x — y)J(y)} - Z[0]

Power series expansion of e’/ “int generates the perturbation series

Terms in L;x(z) are assigned to internal field points

Example: Lint = —g¢4(z) — _gﬁiz)’ >z< =—ig
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CONNECTED GREEN FUNCTIONS

In a free theory: all Green functions are obtained from G®, i.e. the free propagator

Connected Green functions G{”: described by graphs where any two points are
connected to each other by internal lines

E.g. GY(x1, X2, X3, Xs) = G (X1, X2, X3, Xa)
+GP (x1, %) G (x3, xa
+G(c2)(x1 ) X3) G(cz)(xz, Xa)
+GP (x1, x4) G (X2, X))

Can be inverted: G = G — " GG 1 3" G GIGD 5 . ..

Generalization to n-point Green functions: cluster decomposition

Generating functional of connected Green functions:

Z[J]

Tl =log(TW]). with T[J]=Z e
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VERTEX FUNCTIONS

1-p-i: One-particle irreducible Green functions, i.e. Green functions with graphs that
can not be separated into two parts by cutting one line

Proper vertex functions, il'(x1, ..., x»), are connected, completely truncated, 1-p-i
Green functions

Example:
GO (X1, X, x3) = [d*z [ d*z [ d*z GP (x1,21)GP (X2, 2)GP (Xs, 25)iT (21, 22, Zs)

Example: G (x1, Xo, Xs, Xa) =7

Generating functional of proper vertex functions:
— 1
Ma] = ZH/OAM AU X T (X, x)a(x) ... a(xn)
n=0

is obtained from 7¢[J] by a functional Legendre transformation:
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VERTEX FUNCTIONAL

For free scalar fields:
a(x) = — [d*y Ar(x — y)d(y)
i.e. J(x) = (O + mP)a(x)

and lNree[a] = —3 [ d*x a(x)(0 + m?)a(x) = Sreela], — [[a] is called effective action

To prove that il'[a] generates proper vertex functions:

Determine the inverse Legendre transform, use él[a]/da(x) = —J(x), use chain rule
to calculate connected Green functions, i.e. derivatives of 7¢[J]

=» Fynman rules for vertices are the proper vertex functions at tree level:
take functional derivatives of I"yee[¢] = Ser[¢] = [ d*XLint(p(x))
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FERMIONS IN THE PATH INTEGRAL

Anti-commuting field operators =» need anti-commuting classical variables

Grassmann algebra

Variables 6;, i = 1,..., n and conjugated variables 07, i = 1,..., n, with (07)" = 6;
Addition and multiplication

Anti-commutation rules {6;, 6;} = {6;,0;'} = {67,6} = 0forall i,j

=02 = (0,2 =0

Polynomials in 6;, 6;:

F(07,0) = 327 ooy Sof it TCh- K, Ks)O - 01 07 O

with anti-symmetric (in /; and k;) coefficients T(.|.)
=- Polynomials can have only a finite number of terms: products with more than n 6’s
are zero

Example: n=1:

F(Q) = fo + f0
F(@,G*) = fo+ 0 + LO* + 1007
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Differentiation, to "generate” the coefficients T(.|.) from polynomials F(6,6*)

i1 =0, o 0; = ik, 0

D0x 90k 0i=0

For the Leibniz rule: take care of the order: derivatives are left-derivatives

0 0 0
8791((F1F2) — <870kF1) FQiF1 (aiekFg)

Integration defined as a linear, algebraic operation:

/d@k =0, /d@kGi = ik

Note: (1) differentials d¢; anti-commute; (2) Rules for integrals as usual, except signs

Exercise: substitution of variables 7; = >, A0k

/dn,,...dm F(n) = d;ﬁ/dek...d% F(n(0))

Proof: write F as a power series: left-hand side: coefficients of ny,...,ns are Ty p;

right-hand side: 1 [ dbk...d01 Ti. a(A0)1 ... (A0)n
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Fubini formula: the Gaussian integral for 2n Grassmann variables

/dm...dnndn,’;...dnT exp [ > nf Awnk | =detA

ik

Proof: use substitution rule Axnx — 6;; or expand in a (finite !) power series: only
terms o (n*An)" contributes; sort coefficients to recover the determinant

Functional Gaussian integral for fermion fields

/Dz/)DuL'* exp {/ dx’dx w*(x’)A(x,x')w(x)} =detA
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GENERATING FUNCTIONAL FOR FERMIONS

The generating functional for free fermionic fields

((7”1))2" / d*xn. .. d*x d*xi . A () () f(xa) - 7i(x)

Zfree[ﬁv 77] = Z
i < (O TU(X1) ... W(xa)T(XL) ... T(x})[0)

= / Dip(x)Dep(x) exp (// d*X(Liree — U + ﬁw))

= exp (// d*xd* x'7(x) Sk (x — x’)n(x)) Ziree[0, 0]

For interacting fields: add Lin(x,¢) and replace « — §/67 and & — §/dn
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Path integral formalism for gauge theories
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GAUGE TRANSFORMATIONS

Consider a multiplet of fields ¢(x) = (¢1(x), . .., ¥n(x))

with transformations under an n-dimensional representation of a symmetry group G
(e.g. SU(N), non-Abelian),

Y(x) = /(X)) = Up(x), with U=¢e"" Ulu=1
parameters 67, generators T2 (n x n matrices), [T?, T?] = if®°T°

Local transformations: make 62 x-dependent: 6%(x), U(x) — need covariant
derivative:

Du = au - iAu(X)
i.e. DI = 8,67 — iAl(x)
Gauge fields: A, (x) = gA%(x)T?

Example: QCD, G = SU(3), quark fields with 3 color, generators: T2 = %Aa, the 3 x 3
Gell-Mann matrices, A%, a=1,...,8: eight gluons, dim SU(N) = N2 —1

Then Lpiae = P(iduy* — m)sp is locally invariant if 8, — D,: £ = ¢(iDy" — m)yp
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GAUGE TRANSFORMATIONS

Transformation of gauge fields:

Au(x) = AL(x) = UX)(AX) +i0,) Ut (x)

Decompose A, (x) = gA:(x)T?, for infinitesimal transformations:

SAL(X) = ([T Au(X)] + T29,) 60%(x)

SAL(X) = $0,60%(x) + A} (x)50°(x)

Field strength tensor, define: .., = i[D,, D.], (curvature)

transforms as 7., — F, = U(x)F.., U (x)

or, using its decomposition F,.,, = gF72, T%:

Fa, = 0,A%(x) — O, AZ(x) + gf A% (x)AS(x) and  &F2, = f°F5,56°(x)

Lsuwy = 4F§UF“U A 13’?/‘(I'D,,,'y“ — m)y

(for scalar fields: (D,.¢)f(D"¢) — mP¢T¢)

Gauge symmetries = Construction principle for theories with interaction
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PATH INTEGRAL FORMALISM FOR GAUGE THEORIES

Quantization with the path integral formalism?
Quantization? =¥ Find a definition of the set of all Green functions

Need the functional Gauss integral

I DAL (x)exp {i [ d*x [ F3F>" 4+ JIAPH]} =
I DA exp i [ d*x [-3A%Dz] A 1 ]
But the inverse propagator Dfr .., has eigenvalues 0

The reason: there are infinitely many different field configurations for .A4,,(x), related by
a gauge transformation, which are physically equivalent

=» Try to separate the integration over gauge-equivalent field configurations
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GAUGE FIXING

A given A’ (x) is connected by gauge transformations with parameters 6%(x) to
AL (X 0%) T2 = U(x)(gA%(x) T2 + i0,) U' (x)
Select a gauge by choosing the solution of
GO[AZ(x;0°)] = B°(x), where G° are local functionals of the gauge fields
Examples:

@ G° = n"A‘, axial gauge with a constant 4-vector n*

@ G° = 0"A;, Lorenz gauge

o G° = 0'A] + £°9, with a scalar field ¢, R; gauge

A problem (not relevant in perturbation theory):
Gribov copies, the solution of G° = B° may be not unique!
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Gauge fixing in the path integral: insert a functional §-function, §( G® — B°):

Consider n variables y1, ..., ys and functions gi = gi(y1,...,¥n), i =
1,...,n, unique, invertible

Then:  [dyr...dyaTIl, (%1, .., yn))det (991) =1

To prove: substitution y; — g; with Jacobian 0g;/dy; leads to
[ dgi...dgaTI",6(gi) =1

H/D&C Ha Gb A2 (x:0 )]fBb(x))detM9:1

_ IG°IAL(x:0)]
660°(y)

Note: ¢° are the "coordinates” of the symmetry group, [ D6°(y) is integration over the
group

with  (Mg)ne
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Assume G°[A,.(x; )] is linear in 6, i.e. det M is 6-independent. Then

detMGH/DG Ha G"[Aa (x;6°) ]—Bb(x)> —1
Now the generating functional for Green functions

Z[O] _ /DAH(X)eifd4x£(A(X)) det MG /DOC H 5 (Gb[Aa C Bb)

b

L and [ DA, are invariant, replace A, (x) by A, (x;6)

:/HDQC(X)/DAZ(X; 6°(x)) det Mg(A%(x; 6°(x)))
XCH S(GPLAL(x; 0°(x))] — BP(x)) exp’ | I XEAL G070
b

_</Hmc >/DA ) det Ma(A2 (x))

x [T 0(G°[A%(x)] — B°(x)) exp'/ XL (AL ()
b
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J D6°(x) is the "group volume”, an irrelevant factor that can be removed from the
definition of Z[J]. Define:

2[0] = / DA (x) det Mg (G — B) exp™ @+~
Since every choice of B is equally good, average over B°(x) with a weight

/ DB°(x) exp <—2L§ / d4xB°(x)B°(x)>

Integration over B° can be performed by virtue of the §-functions,

2[J] = / DA? (x) det Mo exp{i/ d*x {L(Afj) - éGC(Ai)GC(Ai) +Ja-“AiH
Remarks:

G°G° is gauge-dependent, but its gauge dependence is compensated by the gauge
dependence of det Mg

Choose G such that the [ D.A,, stays Gaussian and can be evaluated
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THE FADDEEV-POPOV TRICK

Write det Mg as a functional integral over anti-commuting fields
det Mg = /ch(x)Déa(x) exp (i/d4x/d4y éa(y)(ngéb)cb(x)>
¢?(x) and ¢?(x) are different anti-commuting scalar (!) fields,

they are unphysical, there are no "particle” states assigned to them
They are called Faddeev-Popov ghost fields or simply ghosts
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GENERATING FUNCTIONAL FOR GAUGE THEORIES

2l = [ DAY [ D) [ DEIN)
exp{i / d*X[L+ L + Lep
FPHOAL(X) + B (S () + TG ()] )
with

Lix = —*GC[Aa( X)|G[AL ()]

Lrp = *aa(X)QMgb[Ai (X)]Cb(x)

_ GA(x;0)]

ab
Ms" = 56b(x)
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EXAMPLE

Lorenz gauge: G? = 0" AZ, i.e. G?[A%(x;0)] = 0" A% (x; 0)
To calculate Mg, need only infinitesimal gauge transformations:
SAG(X) = $0,60%(x) + F° AL (x)50°(x)

Then s ]
MEZ(x,y) = 0 {aﬂ (aau(sea(xw faCdAfL(x)éed(x))}

_ (éa“a“aa" - fabca“Aﬁ(x)> 59 (x - y)
Rp—

Lep = —CT%(x)0"(9,.0% + g™ AS (x))c’(x)

@ Lrp contains terms —c?c?: kinetic energy of massless scalar fields
@ and terms gc?f®°9" A% c®: FP-ghosts couple to gauge fields
@ in QED: gauge symmetry is Abelian, f3%° = 0: FP-ghosts decouple
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