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Topics

© The 2nd quantization and Lie group representations
@ Application to standard subspaces of a complex Hilbert space
© Holomorphic extension of 1-parameter groups on loc. conv. spaces

@ Analyticity domains for semisimple Lie groups
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The second quantization: Fock space

@ First quantization: symplectic manifold (M, w) ~» complex Hilbert space H
@ Second quantization: functor H +— F(H) on the category of complex Hilbert spaces

e 1 complex Hilbert space

e for every n > 1,
> Gy X HE" = HE o (vi @ @ Vi) 1= V1) @ @ Ve
> S"H = (H®")S = {v e H®" | (Vo € &,) ov =y}

e SO :=C

e 5. (H):= @ S"M (bosonic Fock space)
n>0

e Exp: H — F+(H), Exp(v):=Dn0 ﬁ‘,@n
o Q) :=expy 0€ S°H C F(H) (“vacuum vector”)

Example: H =C

~ Fi(H) = L2(R, \/%Trefxz/zdx) 5 e /2 = Exp(v)forveC, Q=1
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The second quantization: standard subspaces

e Exp: 1 — F4+(#H) homeo. onto a lin. indep., total subset of F;(H)
e U:H—-UEFL(H)), ar— U,

> U, (Exp(v)) = e~ Ulal?/2Ha)Exp (v + a)
> U,U, =c™@bly, . (canonical commutation relations)
The Grassmann manifold of a Banach space X over K € {R,C} is
Gr(X) ={VC X |(3P=P?cL(X)) P(X)=V}
Thm. (H. Araki, 1963: quantum theory of a free Bose field)
> R: Gr(Hr) — Gr(L(F+(H))), R(V):=U(V)”
> R(V) = R(V'), where V' := v-time)

li ﬁ = no
> Y RV) = +.1 Hoe e Graa(He)
separating vNniv = {0}

‘This motivates the search for standard subspaces of 7—[‘
e M. Rieffel — A. van Daele (1975-1977) rediscovered the standard subspaces in their

bounded operator approach to modular theory.
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Modular data of standard subspaces

o If V€ Grgq(HR) then Sy: V4+iV = V+iV, v+iw — v —iw, is a
closed, anti-linear, densely-defined operator with the polar decomp.
e Sy = JVA\%/Z, Ay >0, Jy= JV_1 anti-linear isometry
o (VteR) KA =Alf)
e The correspondence )
Vi (i, (A7 )eer)

is 1-to-1 from Grgq(Hr) onto the pairs (J, (Ut)ter) with (Ut)ter cont.

unitary group, J = J™1 anti-lin. isometry, JU; = U,J for all t € R. The
inverse correspondence is

(4, (Uy = Aﬁ)tem) — Ker(AY2 — J) = v

(R. Longo (2008))
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Example of standard subspace with V +iv G H

Fz +iy)
Cy

@ fa)
The Hardy space H?(C, ) := {F € O(Cy) rsup [[F(- +iy)ll2m) < oo}
y>0

has the isometric boundary-value operator H?(C,) — L?(R;C), F — F|g.
> Him 2(R1), S = 51 H(Cy)lk, — HAC))le,, F(2) o F(=3)

> V:={f = F|g, € H*(Cy)|r, : SF = F,ie., F(—x) = f(x)}
~ V C H is standard with V+iV = H3(C)|r, S L2(Ry) = H.

- ————— 4 >

g

—

We can view H?(Cy) < L?(Ry) @ L?(R_) as the graph of
the densely-defined, closed, linear operator L?(R;) — L2(R_)
defined by analytic extension from R, to C..

E.g., the Gaussian function F,(z) := e~ satisfies F, € V for all a > 0.
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The idea of holomorphic extension of 1-parameter groups

e YV Hausdorff locally convex space/C
o (Ui)ter 1-parameter subgroup of GL()), i.e.,

> (Vt, s E R) Ut+5 = UtUs
> (VWwe)) UYeCR,Y), where U: R — Y, UY(t) := Usv
e the subspace of entire vectors w.r.t. (Us)ter is

VO ={veY|(3F € OCY)(VteR) F,(t)= Usv}

~ (VzeC) U,: Y° = Y9 Uy,v:=F,(2)
Example: For the Fréchet space ) := C(R, C) with the 1-parameter group

(Upv)(x) == v(x+t) for t,xeR,veClCR,C)

we have

VO ={vey:(FWeO(C) Vg=v}~OC)=CR,C)|=V.
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Kubo-Martin-Schwinger (KMS) boundary condition
¢S, =R+i(0,7) CR+i[0,n] =S, cC

e YV Hausdorff locally convex space/C

o (Ui)ter 1-parameter subgroup of GL())

e J: Y — Y anti-linear continuous

e compatibility condition: (Vt € R) JU; = U:J

Jf(t)

fiﬂ
1
|
1
1
1
1
I
|

s |
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e v € ) satisfies the KMS condition (v € Viwis) if there is £ € C(Sx,)),
> fls,: Sz — Y weakly holomorphic,
> (VtER) F(t) = U, |F(t+ir) = JF(t)] (= JUpv).

Other occurrences of the KMS condition:
Q quantum statistical mechanics, in connection with the Gibbs states;
@ Tomita-Takesaki theory, in connection with the modular automorphism group associated
to a faithful normal semifinite weight of a W*-algebra.
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Standard subspaces in terms of KMS conditions

o Let V € Grgg(Hr) with Sy: V+iV — V+iV, v +iw — v — iw, and
o S5y = JVA$/2 polar decomp., Jy = J; ! anti-linear isometry
o (VteR) KAF = Ak

Then V = Hins w.r.t. Jy and the 1-parameter group (A" )ser
(K.-H. Neeb, B. @rsted, G. Olafsson (2021))
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Smooth vectors for Lie group representations

e G finite-dim. real Lie group with its Lie algebra g, and exps: g — G
e U: G—U(H), g — Ug, unitary repres., i.e., a group morphism and

> (VWweH) U eC(G,H) where U: G — H, U'(g) = Ugv
e H>* :={veH|U"eC>®G,H)} the smooth vectors (dense in H)
e OU: g — End (H>), 0U(x)v := %‘ OUexpG txV
t=

Fix a basis x1,..., Xy in g and denote Zy := {1,...,.m}*, T:= || I
keZ+
For any k € Z4 and I = (i, ..., ix) € Zx we define

pr: H = Ry, pi(§) = |0U(x;) - - - OU(x;, )€
A Fréchet topology on H is defined by the seminorms Py := {p; : | € Z}.
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Exponential growth on the space of smooth vectors

Let P be the set of finite sums of seminorms in Py.

Exponential growth on smooth vectors
> (Vx € g)(Vp € P)(3q € P)(3A, M > 0)(Vt € R)(Vv € H>®)
p(UexpG th) < MeA|t|q(V)

> Iim1 Ug = id uniformly on every bounded subset of H*°
g—

o HY:={veH|U"eCG,H)} the analytic vectors (C H>)
Fact (J. Frahm, K.-H. Neeb, G. Olafsson (2023)): The space H" is a
countable inductive limit of Fréchet spaces and carries a continuous

representation U“: G — L(H*). Moreover H* is dense in H°.

Exponential growth estimates as above do not hold in general on H%. J
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Holomorphic extension of 1-parameter groups on LCS

e Y Hausdorff LCS (locally convex space) /C

o (Ut)ter 1-parameter group in GL(Y)

o If T CC, Oy(I,Y):={F €C(I',)) | F weakly holomorphic on int '}
0lfe1<0<e, Sy, ={z€C|e1 <Imz<ey},Se = intSe .,

Vereo =y €V | (3F) € 09(Seye5,Y))(VE €R) Fy(t) = Ury}

Y= ) Ve ={yeV|(EF €OC.V)(Vt€R) Fy(t) = Uiy}

€1<0<e>

Def. For every z € C we define ‘ U,: D(U;) — y\ by

Yoimz if Imz >0,
D(U;) =Y if Inz=0, and U,y := F,(2) if y € D(U,).
VYimzo if Imz <0
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Holomorphic extension of 1-parameter groups on LCS (2)

For Im z > 0 we have

Mm 2z Uzy
| ol
: Uty
@ (Vz € C) U, injective, Ran U, = D(U_;), and U;1 = U_,.
Q If zw € C and (Im z)(Im w) > 0 then U, U, = Uy . J
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Exponential growth of 1-parameter groups on LCS

e ) sequentially complete Hausdorff LCS /C

o U = (Ut)ter 1-parameter group in GL()) has exponential growth if
(Vp € P)(3q € P)(BAM > 0)(vVt € R)(YVy € ¥) p(Ury) < Me*tlq(y)
o A:={peC(R,C)|(3M,a>0)(Vt e R) |o(t)| < Met'/a} C LL(R)
Ex.:: The function v, (t) := \/%e_(t_z)z/a for t € R, satisfies v, , € A if
a>0,zeC.

Approximation Procedure

U: A— L(Y), Ulp) = Jge(t)Uedt  (weakly convergent)
> U is a well-defined algebra homomorphism
> ;Lm() U(7a,0) = id uniformly on every compact subset of Y

» (Va>0,ye)) F.,:C—=Y, F,,(z):= U(7a)y, satisfies
Fay € O(C,Y) and F,,(t) = UtU(7a0)y if t e R
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The holomorphic extension is densely defined

e Y sequentially complete Hausdorff LCS /C
o U = (Ut)ter 1-parameter group in GL()) with exponential growth

Corollary 1

The space of entire vectors
VO ={y e V| (3F, € OC,V))(Vt €R) F,(t) = Usy}

is sequentially dense in ).

Corollary 2

For every z € C the linear operator U,: D(U;) — Y is sequentially densely
defined in ).

v

Proof: Y° C D(U,)
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Duality theory for holomorphic extensions

e YV Hausdorff LCS /C
e V! the space of continuous anti-linear functionals on )/

° yﬁ the space V! with the topology of uniform convergence on the
compact subsets of Y

Duality Theorem
» Y Fréchet space
» U = (Ut)ter 1-parameter group in GL()’) with exponential growth
> (VteR) Vi := Ul e GL(Y)

— (VzeC) Ve=U:

It suffices to assume that the canonical map Y — ())3)'i is surjective.

L. Zsid6 (1977) obtained a result of this type for dual pairs of Banach spaces satisfying suitable
topological conditions.
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Closedness properties of holomorphic extensions

Closed Operator Theorem

» ) Fréchet space

» U = (Ut)ter 1-parameter group in GL()) with exponential growth
— (Vze C) U,: D(U,) — Y closed operator

Again, it suffices to assume that the canonical map ) — ())5)ji is surjective.

I. Ciordnescu and L. Zsidé (1976) obtained such a result for dual pairs Banach spaces satisfying
suitable topological conditions.
Corollary

If in addition J: Y — Y is a continuous anti-linear operator,
then for every z € C we have

Q@ Ker(V, — J%) = ((Uz — J)D(Us))*+
w.r.t. (- )g = Re(,-): Y x Y - R
@ Ker(V, — J¥) is a closed R-linear subspace of Y*
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Application to standard subspaces

e G finite-dim. real Lie group with its Lie algebra g, and exp;: g — G
e U: G—U(H), g — Ug, unitary repres.
o H* :={veH| U €C>®(G,H)} smooth vectors (Fréchet space — H)

e 1~ := (H>)* distribution vectors (cont. anti-lin. functionals on H>)

e OU: g — End (H>), 0U(x)v := %‘ OUexpG txV
t=
o UT>®: G — L(HT™)

ehecg (VteR) Unt = Uepgth € U(H)

e J: H — H anti-lin. isometry satisfying J?> = id and
> JUh7t = Uh,tJ fort € R
> JH C H™, which leads to JEX: HF® — }+>©
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Application to standard subspaces (2)

o A = 2™V > 0 satisfies | Az = U, | for t € R;

~ V= {v € D(AY?) | A2y = Jv} standard subspace in H
o Hins = (H™°)kms w.rt. (U,;fo),eR and J~®

Hence H 1[5 is the space of all distribution vectors £ € H™>° = (H>°)! for which there is

f € C(Sr, H™ ), satisfying
> fls,.: Sz — H~°° weakly holomorphic,
> (VteR) f(t)=U, ¢ f(t+im)=J"f(t))
where S = R +i(0,7) C S.cC
Approximation Theorem
Q@ Hynig weak*-closed in H™>
© V weak*-dense in Hy g
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The affine group of the real line G = R x R}

e X =R, Z=R~R*
oG:_{x'—>b+aX]a€RX,b€R}2{<g |3€RX7bER}

b
a—l
eg=Re+Rh h= (1/2 0 ) e= (8 é) [h.e]=e

0 1/2
o U: G = U(L(X)), (Upaf)(x) :=a"Y2f(a7 (x — b))
o J: [2(X) = L2(X), JF:=F
satisfies JU(p 2) = U(p,2)J for all (b,a) € G

[ 8U(h) == db‘ U(b 1) %
The Fourier transform

F: L2(X) — L2(E), (FF)(&) =
moves U from L?(X) to L?(Z)...

1 [eibx
@ﬂ{e f(x)dx
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The affine group of the real line G =R xRY  (2)
Recall: X =R, ==R

o U:=FUF1: G- ULAE)), (Upayp)€) = a2ebp(a)
‘ U(b 1) = mult(i)  (multiplication oper. in L%(2))

— A2 = e’”dU( ) = mult(e=™¢)
1.

L2(Z) = L2(3), (Jo)(€) = o(=E)

= {p € 12(2) | AV?p = Jy}

= |V={pecl?Z)] e ™) = p(=£) a.e.} standard subsp. in L%(Z)

., VN iv = {0} and V+1V dense in L?(Z)
5 V+1V—>V+1V (Sga)() = e p(— {) R R
— S anti-lin., closed, densely defined, 52 = id, V = Ker(S — id)

e V:= F~1V standard subsp. in L2(X)
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Beyond exponential growth: analytic vectors for
1-parameter groups

e U= (U; = e'"),cr continuous 1-parameter unitary group on H
e For every t > 0 we define the Hilbert space

H(U) = D(e4) ND(e ™) = D) (= H)
U_it Uit

e The space of analytic vectors for U is the countable inductive limit of
Hilbert spaces H*(U) := U HY(U) = limH¥ (V).
>0 e
e The space of hyperfunction vectors for U is the anti-dual space
H = (W)

and it has the Fréchet topology of a projective limit of Hilbert spaces.
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The affine group of the real line G =R x RY (3)

Recall:

o G;:{be+ax\aeR:,b6R}:{(g b ) | a € RY, beR}

og—Re+Rh [h,e] = e

e = =R, =i :=4(0,00), }(Z) = L*(Z4) @ [*(=-)

— U=UtoU_

Ux: G = U(L2(ZL)), (U b, a)ap)(f) = a~12eib8p(at) irreducible repres.
We denote H := L*(=) ~ ~ -

h U+ = (U:)_(pc th — (—i(_),et))tER' U;r = (Ue—;pc be — U(—Z,l))bGR R

o [he]=e = Uh restricts to a cont. 1-param. group on H¥(UJ)

Let v e H¥(UT) = H“’(A;r) NH(UL). If there exists t > 7/2 satisfying
> v € D(eFitduh)y
> (Vr e (0,t)) eirdUhy e 3w (U+)

then v = 0.

~» The 1-parameter group LA/;r has no nonzero entire vectors in the
Fréchet space H~“(UZ), hence it does not have polynomial growth.
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Applications to semisimple Lie groups

Let (U, #) be a unitary representation of a Lie group G with G < G¢.
Question: If 0 # v € H¥, how large is the domain in G¢ of the analytic
extension of the orbit map U": G — H, UY(g) := Ugv?

Theorem

Let G be a semisimple Lie group with trivial fixed point space H® = {0}.
If x € g is hyperbolic, i.e., ad x is diagonalizable, and 0 # v € H” is such
that v € D(etPV(X)) and eV y € H¥ for |t| < 1, then all eigenvalues
of ad x belong to the interval [—7/2,7/2].
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Applications to semisimple Lie groups (2)
For a unitary representation (U, H) of a Lie group G, 0 # v € H“ and
x € g, we define the analyticity radius

r(x) :=sup{r > 0: v € D(e*rPUX)) (v|t]| < r) V)Y e 3w},

We also consider ry(x) := sup{r,(x): 0 # v € H¥} € (0, oq].

@ The function ry: g — (0, 00] is Ad(G)-invariant and
ru(Ax) = | A" try(x) for A # 0.

@ For h,x € g with [h,x] = x # 0, we have ry(x) = cc.

@ Suppose that G is semisimple and H¢ = {0}. Then we have:
(i) ry(x) = oo if x is nilpotent or if x is elliptic and U is irreducible.
(ii) ry(h) < m if 0 # h is hyperbolic. Equality holds if G is linear a
U is irreducible.
(iii) If x = xp + xe is semisimple, where xj, is hyperbolic, x. elliptic and
[Xn, xe] = 0, G is linear, and the representation U is irreducible, then
ru(x) > ru(xn).

nd
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