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G/(R) - real Jacobi group of degree n; G/, Mathematics, Math Phys,
Theoretical Phys, applications in Quantum Optics, squeezed states,
teleportation...

X7— Siegel-Jacobi upper half space; D7— S-J ball; X/ extended S-J u h s.
S. B, The real Jacobi group revisited, SIGMA 15 (2019) 096, 50 pages;
arXiv:1903.1072 [math.DG], v1, 93 pages; v2, 54 pages:

Technique to calculate equations of classical and quantum motion on a
homogenous manifold M = G/H attached to a linear Hamiltonian in the
generators of the group G, + determination of the Berry phase (Gheorghe
Cezar ). CS manifolds, i.e. Kihler manifolds for which the generators of
group G admits a realisation as first order holomorphic differential
operators with polynomial coefficients

Question: how can we distinguish between the different invariant metrics
obtained on X7 and X{?

Answer: we underline the differences between equations of motion on X{
and f)NCf Technique: find the equations of motion on odd dimensional
manifolds My, 1 with almost cosymplectic structure (ACOS) in the
meaning of Paulette Libermann. This talk is based on JGP 2023, S. B.
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Mathematical background
Balanced metric

e Donaldson 2001; Arezzo & Loi 2004
w: G-invariant Kahler two-form on homogeneous manifold M = G/H

. — 7 O2f
WM(Z) = '22,5:1 haB(Z)dZa A dzﬂv haﬂ_ = hﬁa = hBaa ha,@ = 025,023
A Kihlerian metric: dw = 0 ¢» %22 = 5725 the balanced hermitian

metric corresponds to the Ka potential 7(z,z) = In K(z,Z) = (ez, ez),

e, € 9 - Perelomov's CS vectors, z € M.

e Berezin quantization of Kahler manifolds 1973-1975: C”, classical
bounded domains (=Hermitian symmetric spaces);

Loi & Mossa: Berezin quantization on homogeneous bounded domains , ...
homogeneous Kahler manifolds 2015

e c-function: Rawnsley, Cahen, Gutt; globalization of Berezin's
construction to non-homogeneous Kahler manifolds;

J.-H. Yang

S. Berceanu, SIGMA, 2016
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Mathematical background

Geometric structures on odd dimensional manifolds

COS C GTACOS > TACS

N
ACOS
U
CH cC C c ACM < SAC D N=SAS
N
ACOK

COS: cosymplectic; ACOS: almost cosymplectic, GTACOS:
generalized transitive almost cosymplectic, TACS: transitive almost
contact structure, CH: contact Hamiltonian, C: contact, ACM:
almost contact metric, SAC: (strict) almost

contact, N: normal, SAS: Sasakian, ACOK: almost coKahler.
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Mathematical background

SH: symplectic Hamiltonian

(M, Q), dimM =2n, n € N, Q - closed non-degenerate two-form, Q" # 0.

If H: M — R is a Hamiltonian function, then the Hamiltonian vector field
Xy, grad H, is the solution of the equation:
p(Xn) =dH, where b:TM — T*M, b(X)=X.Q.

X € DL vector field, w-differential form, the interior product X _w = ixw
(interior multiplication, contraction)

Darboux coordinates (q',p;), i=1,...,n, Q=dq' Adpj;,
X, — OH O _ 0H 0
— 9pi 0q' aq’ Ip;’

Hamilton equations of motion:
¢’ =90 ={d',H}p, pi=—90=1{piHlp,

Poisson bracket {f,g}p = Q(Xf, Xg) = gf, g — , f,g € C*(M).
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Mathematical background

ACOS, COS: almost cosymplectic, cosymplectic

Paulette : ACOS: — (M, 0,Q), 6 € D', Q — 2-form, rank() = 2n,

0 AQ"£0.

Reeb vector R € D1~ solution of the equation: RUQ =0, R.0 = 1.
Albert terminology : Paulette’'s ACOS is called almost contact manifold.
Albert proved: the application b : TM — TM* X — X* = X_.Q + (X.6)0
is a vector bundle isomorphism.

COS : Paulette ACOS : - (M, 0,9Q), +df =0, dQ=0.

the isomorphism b for the manifold (M,7n,Q), (z,9",pi,), i =1,...,n, Q,
n=dz. b(grad H) = d H, Xy = grad H — R(H)R, gradient vector field
grad H, the Hamiltonian vector field Xy,

En = Xy + R, evolution vector field
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Mathematical background

TACS transitive almost contact structure

Albert; Cantrijn ...: TACS - an
Q@ ACOS (M,0,9Q)

Q dQ =0,
© around every point of M there is a neighbourhood where there are
local Darboux coordinates (x,q',...,q", p1,...,pn) such that

0=dxk+epjdqg’, i=1,...,n e€eR.
Albert: To a function f € C*°(M) — X¢ Hamiltonian vector field

X0 = ef, XeuQ =df — (RF)0.
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Mathematical background

GTACS- generalized transitive almost contact

structure

GTACOS = ACOS (M,0,Q) s.t. dQ =0
S.B. 2023
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Mathematical background
CH - Contact Hamiltonian system

Leo, Lainz; Leon, Valczar : (M,n) — ACOS, (M,n,dn), n Adn" # 0.
Gray: contact structure for a manifold (M, n)

n=dx—pidg’, dnp=dq' Adp;.

Reeb vector: Ruodn=0, Rum=1 R= %

Hamiltonian vector field :  5(Xy) =dH — (R.H + H)n

The vector field Xy in Darboux coordinates

6] OH 6]
X = 3P Bq (E)q’ + Ipi +
o) oH o)
grad H = ap aq’ (qu )TP, -

Xy =gradH — (H+ R(H))R

Ignore the “green parts” — Xy eqgs on the symplectic manifold (M, Q).

X —= X = XJdn+(XJn)

X = A,(,;?, +B,8 . +cai,—>><b =qa;dg' +Bidpi+~ydk, i=1,...,n,
b : —B; +P:(PJA C), Bi=A, ~=C-pA,

= bil . Ai=8i, Bi=-ai— 'an C = pifi +7.

Jacobi bracket : {f, g}, ={g,f}p+ C%ge — Bi fe,

Euler's operator: f. :=f — p,gf

el
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Mathematical background

SAC - strict almost contact; C -contact struct; ACM

- almost contact metric

Sasaki, Boyer, Galicki: The manifold M,,+1 has a SAC structure (,&,7)
if 3 ®— (1,1)-tensor field, £ € D! contravariant vector field (Reeb vector
field, or characteristic vector field), n € D1 — covariant vector field s. t.
nai =1, X =-X+n(X)E.

Boyer: (Mapt+1,17) C when np € Dy, n Adn” # 0.

Sasaki: (®,&,7n) - SAC =

®E =0, n®=0, Rank(®))=2n, &n'e M(n1R).

3 g, positive Riemannian metrics. t. n = g&, ®igdb=g—-n'®7n.

If (x) & :=g® — the two-form ® is antisymmetric.

Sasaki: (M,n) - C = ACM (M, ®.&,1n,g) s. t. (),
dn(X,Y) = g(X,(Y)),
and

dn=3 Y7 ®ydx Add =301 i jeon Sy d X Ad X, Sy=0m;—dm:.
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Mathematical background

N=SAS — normal, Sasakian

Blair: h = (1, 1)-tensor field. Nijenhuis torsion [h, h] of h is the tensor field
of type (1,2)

[h, K(X,Y) = K3[X, Y] + [hX, hY] — h[hX, Y] — h[X,hY], X,Y € D.
SAS structure is Normal if the @ is integrable on the cone C(M).

Define (1,2)-tensor N! := [®, ®] +2dn ® £.

Boyer, Galicki: An almost contact structure (£,7,®) on M is normal if
and only if N1 = 0.

A normal contact metric structure (M, &, n, ®, g) is called a Sasakian
structure.
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Preparation
: J
Jacobi group G;

e Jacobi group: GJ(R) = H,(R) x Sp(n, R), H,(R)- Heisenberg
Siegel-Jacobi upper half plane: X7 = C" x X,,, X, = Sp(n,R)/U(n)
Siegel upper half plane:

Xn={V € M,(C)|lV=S+iR,V =VLS Re M,(R),R >0}

e complex version:

G/} = H, x Sp(n, R)¢, Sp(n,R)¢c = Sp(n,C) N U(n, n)
Siegel-Jacobi ball: D = C" x D,,, D, = Sp(n, R)c/U(n)
Siegel ball: D, = {W € M,(C)|W = Wt 1,—- WW > 0}

e Partial Cayley transform & : X — D/ &(V,u) = (W, 2)

W = (V—il,)(V+il,)},
z = 2i(V+il,) tu,
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Preparation

Jacobi group G/(R) a la Berndt & Schimdt

G{(R) - subgroup of Sp(2,R): 4 x 4 real matrices g = ((\, i1, ) , M),
(>‘7N7 K) € HI(R)' M e SL(25R)

a 0 b ¢

Al pu kK _(a b _
c 0 d —p ’M_<c d>,det/\/l—1,
0 00 1

-1
_ a b
Y;:(qu):XMlz()\,,u)<c d> = (Ad — pc, —Ab + pa)

is related to the Heisenberg group Hj.

100 u 1 0 0 —u
A1 pok 1| A1 —pu -k
moe=1001 2|8 | 0 0 1 2
0 0 0 1 0O 0 O 1

g{(R) := (P,Q,R,F,G,H)p, h = (P,Q,R)y, sl(2,R) = (F, G, H).
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Preparation

The Heisenberg subgroup of Sp(2, R)

The composition law of the 3-dimensional Heisenberg group H;(R)
Ny &)X s k) = A+ N+ s w4+ K 4 2" = N ).

The Lie algebra of H; in the space M(4,R)

0 00 O 0 0 01 0 00O

100 O 0 010 0 001
P= 0 00 -1 Q= 0 00O  R= 00000 |’

000 O 0 00O 0 00O
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Preparation
Proposition

a) Kahler two-form on D7, invariant to the action of G§ = SU(1,1) x C
7iwa(W z)=%2 k A/\f{ P i=1—|w|?, A(w,z) :=dz+7dw.
FC:(w,z) = (w,n),FC: z—n—wn, FC1: n= £z

FC: A(w,z) »dn—wd7.

b) Partial Cayley transform

o (w,z) = (v,u) & W—v—jri z=2i5, v,ueC, Sv>0,
o1 v:li‘f—x, u=q%-, w,zeC, |w|<1
A(ﬁ,z‘/'—ﬁ):vﬂlﬁ( u),B(v,u) :=du—rdv, r: 55

Berndt—K'éhIerstwo—form inv. action G/(R Jo =SL(2,R) x
—iwys(v,u) = —G )zdv/\dv—i—l(v V)B/\B(*)
FCi: (v,u) = (v,n),FCy: 2iu=(v+i)n—(v —|)n,FCf1:n:”g:€V+ir.
c) D{ > (v,u) = (x,y,p,q) €X{, n =g +ip,

Cosu=pv+gq, pgeR, Covi=x+iy, x,yeR, y>0,

r=p, B(v,u)=du—pdv, B(v,u)=B(x,y,p,q) = Fdt=
vdp+dg=(x+iy)dp+dq, F:=pv+q.
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Preparation

Proposition- continuation

d) The two-parameter balanced metric on the I)C{ associated to the
Kahler two-form (%),

dst(X Y,p,q)= d”dy +2(Sdp? +dg* +2xdpdq),
S—X +y?, a.—k/2, v i=v)

gx 0 0 0
o 0 g, 0 0 &= 5 gyg/:%;
! 0 0 & 8pg gpq:7§7 Ep =7y 8aq= %
0 0 &g 8qq
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Preparation

Proposition -end

Three parameter left invariant metric to the action of Gf(R) on X7 in
S-coordinates (x, y, g, p, K)

dsg (x Y,P,q,K)= )%(dx +dy?) + <35+5q2> dp2+<;+5p2> dg?+5dx
r2(s
&x O 0 0 0 . X

0 8yy 0 0 0 8xx = = gyy:}ﬁ,

0 0 g &g 8 | 8pa=7 y opq,  8px=94q,8qx=—0p,
0 0 gqp gqq gqﬁ gpp:'yg + 5q2’ g‘?q:% + 5p27g/£n:5-
0 0 8kp Brqg 8kk

X{ does not admit an ACOS (®,&,7),
n=2MX=Vo(dr—pdg+qdp), >0, &=Ker(n).

—0 q> dpdg + 26(qdpdk — pdqdk).

‘<\><
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Results

Equations of motion on ACOS manifolds

(M2p41,0,2) - ACOS manifold,
0 =ajdq + b;dp;+ ck, a;,b-eR i—1 n, c#0,
- H smooth Hamiltonian. Xy = A; -2~ a7 + B2 o + Cam
b(Xy)=dH — (RJH | H)9, R=12
A= St ), Bi= =38 + aiR(H), C=1(-a;5% + bi5H — H),
gradH =
(55 - bzR(H))gf,,- + (=5 + aiR(H)) g3 + (—ai§h + bi 55 + R(H))R.
; 0 0 1 0 0
dqg'=— iR, dr= bi— +aj—+R),
grad g op; 8q —a;R, gradk= c( 8q +a (9p,'+
0 0 0 0
X,i=— bi—q)R, X, = i+pi)R, X.= i3 ; K—).
q 8P:+( q ) Pi — aq (a +p) eb +a apl Ok
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Results

GTACOS on X/

Endow X{ with a GTACOS struct (M, 6,9Q), i.e. an ACOS structure s. t.
dQ=0.

Lemma

(w,z) = (x,¥,q,p),y >0in wa(W,Z) =
wx{(x,y,p,q):)%dx/\dy+2udq/\dp

(f)NC{, 0,w), parametrized in (x,y, p, q, k) is ACOS

0 =X =b(dr—pdg+qdp), >0, w = wyy.

dw =0, 0/\w2:2k’;—‘2/gdx/\dy/\dq/\dp/\d/<,

aa=b =0, ay=—-Vép, by=Vdq, c=+05, n=2,

' =k, p=-1, =g, p=p, n=2

In Darboux coordinates ACOS (¥{,0,w) . +dw =0, (¥{,0,w) isa
GTACOS .

v
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Results

Equations of motion on X/ as GTACOS

Egs of motion on the 5-dimensional X1

. y?0H . y2 OH
E T Y=o
) 1 OH oH . 1 0H OH
ng(aip_q%)’ :_Z(Tq+p%)’

1, 0OH OH

zy(paTg + qafq)

— H.
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Results

X! as CH ans ACM

Proposition

Letno:\/gdn+}5/dx+1/(—pdq+qdp) s. th.

dno = wys = % dx Ady+2vdgAd. (X{,m) is a contact manifold.

a) For ny and 8 there is no ® s. th. (56{,43,5,770, gjq), €= %% is an

ACM.

b) The C (X{,m0) can be endowed with an ACM structure

(f)Cf, b, &, no,gjiq). The six components @, D, D, Py, Py, Pggq of
can be expressed as function of the four remaining independent variables
Dyq, Dyp, Pgp, Ppg, while the rest of the components of & are obtained
with ... The fundamental quadratic form associated to the metric tensor

g’ ... must be positive definite.
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Results

X{ with C structure

(X{,m0) is a contact Hamiltonian system.
The equations of motion:

SO _on
~ k Oy’ Y= Tk ox ’
1 OH 18j

1= P~ (55

The Jacobi bracket: {f, g} ={f,g}p + fe% — g

of 38’ 8g of 1 10f 83’ ag of 1 (0f 6g 83’ of

_ 1y*+1 __ Og of 1
{fvg}P ~ k y2 \Ox 9y Ox Oy 2v10q Op dq Op q Oy
- 1 0of _ ,0f
the Euler operator: fo = f + 30y ap |
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Results

If in the equations of motion on X{ expressed in the S-variables

(x,y,p, q, k) on the generalized transitive almost cosymplectic manifold
(X{,0,w) (respectively, on the contact manifold (X{,n0)) we ignore the
“red” (respectively “green”) parts we get the equations of motion on DCf

In (X7y7p7q)
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Results

Linear Hamiltonian in the generators of G/(R)

Int. J. Geom. Methods Mod. Phys. (2013) S. B. considered a linear
Hermitian Hamiltonian H in the generators of the Jacobi group GlJ

(x) H=¢€a+ Ga +eKo+e Ky +e K., € =€, &=e.
Notation: €, :=a-+ib, e :=m—in, g :=2c, a,b,c,mneR.

The energy function 3 associated to the linear Hamiltonian in (7, v) splits
into the sum of two independent functions

H(n,v) =H(n) + H(v),(>*) v=x+iy, y >0, n=qg+ip, where

H(q, p) = v[(m+ ¢)a* + (c — m)p* + 2ngp + 2(aq + bp)],

5(x,y) = k{i[(m +O)(x2 + y2) — 2(mx + cy)] + 3¢ — m}.
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Results
Continuation

We particularize eqs GTACOS to the linear Ham.
H=H(p, q)+3H(x,y)+h(x),

Proposition

The eqs of motion on the extended Siegel-Jacobi upper half-plane
organized as GTACOS g(x{ ,0,w) corresponding to the energy function H

=(c+m)(—*+y*)+mx—c+m, y=-2c+m)y’+2ny,

Oh Oh
c']=4(m+c)q—np—af%0?, p:qn+(c—m)p+b—2£()—
1
= (c + m)qa® + (—c + m)p? + (m — n)pq + nq + bp— —=h

Vi
Remark: If in eqs mot. on DNCf generated by the linear Hamiltonian we
ignore the “red parts” = matrix Riccati equation in (x,y) and the linear

system of differential equations in (p, q) generated by the linear

Hamiltonian () on X7 found in 2013 are reobta/ned
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Some references
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