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Introduction

We study the quantization of general B-type Landau-Ginzburg models
(including their coupling to topological D-branes).

Definition

A Landau-Ginzburg pair is a pair (X, W), where:

@ X is a non-compact Kahlerian manifold (called target space), whose
canonical line bundle is holomorphically trivial.

o W : X — C is a non-constant holomorphic function, called superpotential.

The critical set of (X, W) is the set of critical points of the superpotential:

Zw = {p € X|(8W)(p) = 0} .

The signature of (X, W) is the mod 2 reduction of the complex dimension of X:

(X, W) < d mod?2 € Z,

Classical oriented open-closed B-type topological Landau-Ginzburg models are
classical field theories defined on compact oriented surfaces with corners and
parameterized by Landau-Ginzburg pairs (X, W). It is expected that such
models admit a non-anomalous quantization.
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Classical LG models

The bulk action is: B
Seutk = S+ Sw +5

where:
« i H 1o i j L *Ppi
/d%\/é G3(870a0/05) — 106/ s/ — 38"l Dol
_5 e ol DtV — FFJ) + 72 Rugrht ”"Xl]

is the action of the B-twisted sigma model and Sy = Sp + S is the
potential-dependent term, with:

S = 5 [ PavE[DEWNT - @W)F]
r
s = L[ aW)E + L pawpl
1 5 U\/E(, ) +4_5 i0j papl/a
r

Here: ) i
=i [ dove=rau(Gid) =i [ d(G's) -
> N

is a correction needed to solve the so-called “Warner problem”.
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Classical LG models

The fields involved are:
@ Grassmann even fields:
o the scalar field ¢ : ¥ — X
e the Riemannian metric g on ¥, which is treated as a background field.
o the auxiliary fields F € oo (¢*(TcX))
@ Grassmann odd fields:
o 17, X € Foo(¢*(TX)) , 0 €Tac(¢*(T*X)), p € Too(¢"(TX)®T*E)
Here T X is the real tangent bundle of X and TeX =TXQC=TX & TX its
complexification, while TX and TX are the holomorphic and antiholomorphic
tangent bundles of X. 7TX is the real tangent bundle of ¥. We wrote the
Lagrange density in local holomorphic coordinates z = (zi, . . ., z4) defined on
U cC X.
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Classical LG models

Consider a complex superbundle E = ES¢ El on X and a superconnection 3
on E. The bundle End(E) is Z,-graded:

End(E) :=  End(E%)® End(E")
End'(E) := Hom(E® E')@® Hom(E', E%) .

In a local frame of E compatible with the grading, B corresponds to a matrix:

where v and u are smooth sections of Hom(Ei, EG) and Hom(Eﬁ7 Ei), while
the diagonal entries A and A are connection one-forms on E? and Ei,
such that A®) € QO (End(E?)) and A) € QOV(End(EY)).

We 'define’ the naive partition function on an oriented Riemann surface (X, g)
with corners by:

z = [ DDIFDEIDIDIe 4t ..U

where h is the number of holes and the factors U, have complicated expressions
depending on the superconnection BB and the fields as well as on “boundary
condition changing operators” inserted at the corners of each hole.

(ul Uy = e*Sboundary)
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The monoidal functor formalism

A non-anomalous quantum oriented 2-dimensional open-closed TFT can be
described axiomatically (CIL 2001) as a strongly monoidal functor from the
symmetric monoidal category Cob, of oriented cobordisms with corners to the
symmetric monoidal category vectg of finite-dimensional Z,-graded vector
spaces over C:

Z : (Cobg, U, 0) — (vecte, ®c, C)

The objects of Cob, are finite disjoint unions of oriented circles and oriented
segments. The morphisms are compact oriented smooth surfaces with corners
(corresponding to the worldsheets of open and closed strings). The corners
coincide with the boundary points of the segments.

\'.\\‘“——-,.,_,_//( 7 ~ B
S N N = L

The labels associated to the ends of the intervals indicate the corresponding
boundary conditions (or the corresponding D-branes).
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TFT data

Theorem (CIL 2001)

Any (non-anomalous) oriented 2-dimensional open-closed TFT can be described
equivalently by an algebraic structure known as a TFT datum.

Definition
A pre-TFT datum is an ordered triple (H, 7, e) consisting of:

@ H = bulk algebra, a finite-dimensional supercommutative Z»-graded C-algebra
with unit 17; (the space of ‘on-shell states’ of the closed topological string)

@ T = category of topological D-branes, a Hom-finite Z-graded C-linear category,
with composition of morphisms denoted by o and units:

1, € Homy(a,a) , Va € ObT

The objects of T are the topological D-branes while Hom(a, b) is the space of
‘on-shell states’ of the open topological string stretching from a to b.
@ e = (e3)acob7, a family of C-linear bulk-boundary maps e, : H — Hom7(a, a)
such that the following conditions are satisfied:
e For any a € ObT, the map e, is a unital morphism of Z2-graded C-algebras

from H to (Endy(a), o), where Endy(a) = Hom17 (a, a).
e For any a, b € ObT, any Zp-homogeneous h € H and any Z;-homogeneous
t € Homy(a, b), we have:

ep(h) o t = (—1)de8hdeets o o (h).
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TFT data

Definition

A Calabi-Yau supercategory of parity p € Z» is a pair (T, tr), where:
@ 7 is a Z»-graded and C-linear Hom-finite category
@ tr = (tr.).cobt is a family of C-linear maps of Z»-degree v

tr, : Homy(a,a) — C

such that the following conditions are satisfied:

e For any two objects a, b € ObT, the C-bilinear pairing
(-,)a,b : Hom7(a, b) x Homy(b,a) - C
defined through:
(t1, t2)a p = trp(t1 0 tp), Vi1 € Homy(a, b), Vto € Homy (b, a)

is non-degenerate.

e For any two objects a, b € Ob7 and any Zj-homogeneous elements
t; € Homy(a, b) and t, € Homy (b, a), we have:

(t1, t2)ap = (—1)de80dER(t) 1)), ,
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TFT data

Definition
A TFT datum of parity i € Z, is a system (H, T, e, Tr, tr), where:
Q (H,T,e)is apre-TFT datum
@ Tr:H — Cis an even C-linear map (called the bulk trace)
@ tr = (tra)acobt is a family of C-linear maps tr, : Hom7(a,a) — C of
Z»-degree  (called boundary traces)
such that the following conditions are satisfied:

o (H,Tr) is a supercommutative Frobenius superalgebra, meaning that the
pairing induced by Tr on H is non-degenerate (i.e. the condition
Tr(hh") = 0 for all h" € H implies h = 0)

e (7,tr) is a Calabi-Yau supercategory of parity f.

@ The so-called topological Cardy constraint holds for all a,b € ObT.
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Topological Cardy constraint

The topological Cardy constraint has the form:

‘Tr(fa(ta)fb(tb)) = Str(d)ab(ta, tb)) , Vt, € HomT(a, a) , Vit € HomT(b, b) ‘

where:

@ "str” is the supertrace on the Z,-graded vector space Endc(Homt(a, b))

e f,: Homv(a,a) = H is the boundary-bulk map of a, defined as the

adjoint of the bulk-boundary map e, : H — Homy(a, a) with respect to
Tr and tr:

Tr(hfa(ta)) = tra(ea(h) o ta), Vh € H, Vt, € Homy(a, a)

@ ®.p(ta, tp) : Homy(a, b) — Homy(a, b) is the C-linear map defined
through:

®p(ta, tp)(t) = tpotot,, Vt € Homy(a, b) , Vt, € Homr(a, a), Vt, € Homy (b, b) .
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Quantum B-type topological LG models

In our work, we made a mathematically rigorous proposal for the TFT datum
associated to a general Landau-Ginzburg pair; this proposal is inspired by path
integral arguments.

For any Landau-Ginzburg pair (X, W), we proved that our proposal satisfies all
axioms of a TFT datum.

This amounts to a rigorous construction of the non-anomalous quantum
oriented open-closed B-type Landau-Ginzburg topological field theory in such
extreme generality.

Remark

According to our proposal, the TFT datum of the quantum B-type LG model
associated to an LG pair (X, W) is not only C-linear but also partially
O(X)-linear, where O(X) is the unital commutative ring of complex-valued
holomorphic functions defined on X. Namely:

e H is an O(X)-module (which is finite-dimensional over C C O(X)).
e T is an O(X)-linear Z»-graded category (which is Hom-finite over C).
@ The maps e, and f, are O(X)-linear.

o However, the bulk and boundary traces Tr and tr, are only C-linear.
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Stein manifolds

Definition

Let X be a complex manifold of dimension d > 0. We say that X is Stein if it
admits a holomorphic embedding as a closed complex submanifold of C" for
some N > 1.

Remarks
@ There exist numerous equivalent definitions of Stein manifolds.
o Any Stein manifold is Kahlerian.

@ The analyticization of any non-singular complex affine variety is Stein, but
the vast majority of Stein manifolds are not of that type.

V.

e C? is a Stein manifold.

o Every domain of holomorphy in C¢ is a Stein manifold.
@ Every closed complex submanifold of a Stein manifold is a Stein manifold.
@ Any non-singular analytic complete intersection in C" is a Stein manifold.

@ Any (non-singular) connected open Riemann surface without border is a
Stein manifold.
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For every coherent analytic sheaf F on a Stein manifold X, the sheaf
cohomology H'(X, F) vanishes for all i > 0.

Since Stein manifolds are Kahlerian, we can consider B-type Landau-Ginzburg
models with Stein manifold target X, provided that Kx ~ Ox. In this case, our
model for the TFT datum simplifies.
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The bulk algebra in the Stein case

Let (X, W) be a Landau-Ginzburg pair and:

o Ox be the sheaf of complex-valued holomorphic functions on X.

e O(X) oo I'(X, Ox) be the ring of complex-valued holomorphic functions

which are globally-defined on X.

o Ly def. —1(OW)1: TX — Ox the morphism of sheaves of Ox-modules
given by left contraction with the holomorphic 1-form —ioW.

Definition

The critical sheaf Jy < im(ew : TX — Ox).

The Jacobi sheaf Jacy < Ox/Jw.
@ The Jacobi algebra Jac(X, W) def I'(X, Jacw), which is a unital and
commutative O(X)-algebra.

def.

@ The critical ideal J(X, W) =" Jw(X) = ww(T'(X, TX)) C O(X).
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The bulk algebra in the Stein case

Theorem

Let (X, W) be a Landau-Ginzburg pair such that X is a Stein manifold of
complex dimension d and suppose that Zw is compact. Then the following
statements hold:

@ The critical locus Zw is necessarily finite.

@ The bulk algebra is concentrated in even degree and can be identified with

the Jacobi algebra:
H =0(X) JaC()(7 W) .

Moreover, we have an isomorphism of O(X)-algebras:
Jac(X, W) ~ O(X)/J(X, W) .

@ If X is holomorphically parallelizable (i.e. if TX is holomorphically trivial),
then:
IX, W) = (n(W),...,ua(W)) ,

where 1, ..., uq is any global holomorphic frame of TX.
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The bulk algebra in the Stein case

Let (X, W) be a Stein LG pair with finite critical set Zw. For any p € Zy, let:

M) X
(W, ..., DaWp)

denote the analytic Milnor algebra of the analytic function germ Wp of W at
p- The map germ, : O(X) — Ox,p induces a morphism of O(X)-algebras:

Ap = Jac(X, W) — M(W,) .

Proposition
The map:
AL @pezy Ny : Jac(X, W) = @pez, M(W,)

is an isomorphism of O(X)-algebras.

This allows us to identify the bulk algebra with the direct sum of analytic
Milnor algebras of W at its critical points.
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The topological D-brane category in the Stein case

Let (X, W) be a Landau-Ginzburg pair.

Definition
The holomorphic dg category of holomorphic factorizations of (X, W) is the
Z»-graded O(X)-linear dg category F(X, W) defined as follows:

@ The objects are the holomorphic factorizations of W.
e Homp(x,w)(a1, a2) = (X, Hom(E, E>)), endowed with the Z»-grading:
Homgx,w)(a1, a2) = [(X, Hom"(E1, E2)) , V& € Z»
and with the differentials 9., ., determined uniquely by the condition:
0o ,0(F)=Drof —(=1)"fo Dy, Vf € I'(X, Hom"(Ey, E2)) , Vk € Zo .

@ The composition of morphisms is the obvious one.

Let HF(X, W) aef- H(F(X, W)) be the total cohomology category of the dg

category F(X, W).
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The topological D-brane category in the Stein case

Definition

A projective analytic factorization of W is a pair (P, D), where P is a
finitely-generated projective O(X)-supermodule and D € Endé(x)(P) is an odd
endomorphism of P such that D? = Widp.

Definition
The dg category PF(X, W) of projective analytic factorizations of W is the
Z»-graded O(X)-linear dg category defined as follows:

@ The objects are the projective analytic factorizations of W.

o Hompg(x.w)((P1, D1), (P2, D2)) € Homox)(P1, P2), endowed with the

obvious Z,-grading and with the O(X)-linear odd differential
0 := 0(p,,py),(P,D,) determined uniquely by the condition:

Af)=Dyof —(—1)*FoDif

for all Z-homogeneous module morphisms f € Homgx)(P1, P2).

@ The composition of morphisms is the obvious one.

Let HPF(X, W) aef- H(PF(X, W)) be the total cohomology category of the dg

category PF(X, W).
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The topological D-brane category in the Stein case

For any unital commutative ring R, let MF(R, W) denote category of finite
rank matrix factorizations of W over R and HMF(R, W) denote its total
cohomology category (which is Z>-graded and R-linear).

Theorem
Let (X, W) be a Landau-Ginzburg pair such that X is a Stein manifold. Then:
@ There exists a natural equivalence of O(X)-linear and Z,-graded dg
categories:
F()(7 W) ~o(X) PF(X, W) °
@ If the critical locus Zy is finite, then the topological D-brane category T
is given by:
© Multiplication with elements of the critical ideal J(X, W) acts trivially on
HF(X, W), so T can be viewed as a Z,-graded Jac(X, W)-linear category.
© The even subcategory T9 has a natural triangulated structure.
© There exists a natural O(X)-linear dg functor
= F(X, W) = &pez, MF(Ox,p, W,) which induces a full and faithful
Jac(X, W)-linear functor =, : HF(X, W) = @pez, HMF(Ox ,, W,).
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The remaining objects of the TFT datum in the Stein case

The remaining objects of the TFT datum are as follows, where d = dim¢ X:

@ The bulk trace is given by:

Tr(f) = ) ApRes,

pEZw

7oy
detﬁp(a W)

)

@ The boundary trace of the D-brane (holomorphic factorization) a = (E, D)
is given by the sum of generalized Kapustin-Li traces:

str (detﬁp (8@,;)?,,) Qp

d(d—1)
(-1) =
tra(s) = —— A, Res =
(s) d! D_ ApRes, dety (OW})

pPEZyw

Here Q is a holomorphic volume form on X, A, are normalization
constants and Res;, denotes the Grothendieck residue on Ox .
@ The bulk-boundary and boundary-bulk maps of a = (E, D) are given by:

(d—1) N
dd—1 @ fidg, ,Vf € H = Jac(X, W)
PEZy
-d
f(s) = €D str (detq, (9D5)3,) , Vs € Endr(a) = I(X, End(E))

PEZw

el(f) = id(—l)
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Topologically non-trivial elementary holomorphic factorizations

By the Oka-Grauert principle, a holomorphic vector bundle V on a Stein
manifold X is holomorphically trivial iff it is topologically trivial.

Definition
Let (X, W) be an LG pair where X is a Stein manifold. A holomorphic
factorization (E, D) of W is called elementary if tk E® = 1k E* = 1. It is called

topologically trivial if E is trivial as a Z,-graded holomorphic vector bundle, i.e.
if both E® and E! are trivial.

Construction. Let X be a CY Stein manifold with H*(X,Z) # 0. Given a
non-trivial holomorphic line bundle L on X and non-trivial holomorphic sections
v €T(X,L) and u € T(X,L™"), the Zr-graded holomorphic vector bundle

E def. Ox @ L admits the odd global holomorphic section D def. { 3 g }
Then u® v € H°(L ® L) identifies with a non-trivial holomorphic function W
through any isomorphism L ® L™ ~ Ox and (E, D) is a topologically
non-trivial elementary holomorphic factorization of W.

Remark

The assignment L — c1(L) gives an isomorphism Pican(X) ~ H?*(X,Z). When
X is the analyticization of a complex algebraic variety Xaig, the natural map
Picalg(Xaig) — Pican(X) need not be isomorphism.
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Domains of holomorphy

Theorem (Cartan-Thullen)

The following statements are equivalent for a domain U C C9:
e U is Stein

e U is a domain of holomorphy.

Let X = U C CY be a domain of holomorphy. Then U is holomorphically
parallelizable (and hence Calabi-Yau). Moreover, TU admits global
holomorphic frames given by u; = 0;, where 0; := 8‘2,- and {zl, ceey zd} is a
system of globally-defined complex coordinates on U. Assume that W € O(U)

has isolated critical points. Then:

H =1 ~ow) Jac(U, W) = O(U) /(B W, ..., 0 W)

Let us further assume that U is contractible. Then any finitely-generated
projective O(U)-module is free and projective analytic factorizations coincide
with analytic matrix factorizations. Thus 7 ~ HMF(U, W).
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Non-compact Riemann surfaces

Let X be a smooth, connected and non-compact Riemann surface without
boundary. Every such surface is Stein by a result of Behnke and Stein.
Moreover, any holomorphic vector bundle on X is holomorphically trivial
(Grauert and R&hrl). In particular, X is holomorphically parallelizable and
hence Calabi-Yau.

Proposition
Let W € O(X) be a non-constant holomorphic function. Then:
H = HO(X, W) ~ox) Jac(X, W) = O(X)/(v(W)) ,

where v is any non-trivial globally-defined holomorphic vector field on X.
Moreover, there exist equivalences of O(X)-linear Z,-graded categories:

T = HF(X, W) ~ HMF(X, W) .

Notice that X need not be affine algebraic; in particular, it can have infinite
genus and an infinite number of ends.
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Analytic complete intersections

Proposition

Let X C C" be an analytic complete intersection of dimension d, defined by
the regular sequence of holomorphic functions fi,...,fy_q € O(CV). Then X
is Stein and holomorphically parallelizable (in particular, Calabi-Yau)

Since O(X) =~ O(CM)/(f, ..., fu—a), any W € O(X) is the restriction of some
W € O(CY). We have Zyy N X C Zw, but the inclusion can be strict.

Proposition

Let X C CN be a non-singular analytic hypersurface defined by the equation
f = 0. Then the holomorphic vector fields (vij)1<i<j<n defined on X through:

vi = (0f)dk — (0if)dx (k=1,...,N)
generate each fiber of TX. For any W € O(C"), the the critical locus Zy of
w W)|x is defined by:
f=0, OWOf —oWoif =0 (1<i<j<N) .

If W has isolated critical points on X, then we have Jac(X, W) = O(C")/I,
where the ideal | C O(CV) is generated by f and by the holomorphic functions
OWO;if —OWOif withl <i<j<N.
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Example

Consider the non-singular hypersurface X C C* defined by the equation
f(x1,%,x3) = x1€2 + x€ + x3e = 0. Let W € O(C?) be the holomorphic

function given by W(x1, %, x3) = x{"™" + xax3 (where n > 1) and let

w < W|x € O(X). The critical locus of W coincides with the origin of C3,

which lies on X. Thus Zw contains the point (0,0,0) € X. We have:
Oif =€+ Xg)(i‘x1 s Ohf = €8 + x1 e s Kf = el + xe*

and the vector fields of the proposition are:

voz = (0,0sf, —0xf) = (0, €™ + 2™, —™ — x1€™?)
viz = (03,0, —01F) = (ex1 + x0e%,0, —e? — x3eX1)
Vi = (82f, —81)‘-7 O) = (ex3 + XleX27 _eX2 - X3eX17 0)

The defining equations of Zy take the form:

x1€2 4+ x2e° + x3e™ =0
(n+ 1)x7 (e + x2e™®) — x2(e? + x3e) =0
x3(€ 4+ x2€™) — (€ + x1€™) =0
(n+ 1)x{(e*® 4+ x1€™) — x3(e™ + x3€M) =0 .
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Example

The bulk algebra H is isomorphic with Jac(X, W) = O(C?)//, where the ideal
I C O(C?) is generated by f and the four holomorphic functions appearing in
the left hand side of the previous system. For generic n > 1, the transcendental
system above admits solutions different from x; = x2 = x3 =0, so W = W)|x
has critical points on X which differ from the origin.

] |

1 (0.512, —0.505,1.957) , (2.048, —2.114,2.017) ,

(0.450 + 0.9851, —0.241 — 0.6131, —0.848 + 0.7471) , ...

2 | (=0.435, —0.109, 2.314) , (—0.385,0.315,0.207) , (0.604, —0.553, L.960) ,
(—0.338 — 0.5991, 0.056 + 0.3701, 0.050 + 0.6781) , ...

3 (0.658, —0.583, 1.963) ,

(0.112 — 0.2981, —0.075 + 0.1221, —0.089 + 0.1211) , ...

Figure: Some non-zero critical points of W on X for small n (4 significant digits).

For any k € {0,...,n+ 1}, an example of holomorphic (in fact, algebraic)
factorization (E, Di) of W on C? is given by E° = E' = OF with:
n+1—k n+1—k
Dk:{o bk],whereak:[xi x ]andbk:[xi A }
ax O X —X3 Xy —X2

This induces a holomorphic factorization (E|x, Di|x) of, W.
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Complements of affine hyperplane arrangements

Let A be a d-dimensional central complex affine hyperplane arrangement. Let
an : C?Y — C be defining linear functional of the hyperplane H € A. Let

x < cd \ (UneaH). Then X is a holomorphically parallelizable (and hence
Calabi-Yau) Stein manifold. Moreover, X is the analytic space associated to a
non-singular complex affine variety which can be realized as the hypersurface in
C?*! given by the equation:

Xd+1 H OzH(X1, N 7Xd) =1
He A

The Orlik-Solomon algebra. Fix a total ordering of A and let E be the
exterior Z-algebra on the degree one generators (ey)nca and O be the degree
—1 differential on E which is determined uniquely by the condition d(en) =1
for all H € A. For any non-empty subset S of A, let es be the corresponding
Grassmann monomial with respect to the total order chosen on A. We say that
S is dependent if NpecsH # () and the defining linear functionals ay of the
hyperplanes H € S are linearly dependent. Let / be the homogeneous ideal of
E generated by the elements d(es) with dependent S. The Orlik-Solomon

algebra of A is the Z-graded quotient algebra A def. E/I.
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Complements of affine hyperplane arrangements

Theorem (Brieskorn)

The cohomology ring H(X,Z) is isomorphic with A as a graded Z-algebra. In
particular, each cohomology group H*(X,7Z) is a free Z-module of finite rank.

The intersection poset L of A is the bounded lattice formed by those subspaces

F of CY (called flats) which arise as finite intersections of hyperplanes from A,

ordered by reverse inclusion. Let Px(t) aef- 27:0 rkHV/ (X, Z) ¢/ be the Poincaré

polynomial of X.
Proposition (Dimca)

Let i be the Mébbius function of the locally-finite poset L. Then ‘
pi(CY, F) # 0 for all flats F € L and the sign of uu (CY, F) equals (—1)=°d™cF,
Moreover, we have:

Px(t) = Z |HL((Cd, F)|tcodimcF = ZHL(Cd: F)(_t)codimCF )

FeL FeL

In particular, H2(X ,Z) is non-trivial iff A contains two distinct hyperplanes.

One has tkH/(X,Z) > 0 for all j = 0,...,rkA and tkH/(X,Z) = 0 for

J > rkA, where rkA def- codimc [NHeaH] is the rank of A. Hence rkA > 2
implies H*(X,Z) # 0.
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Complements of affine hyperplane arrangements

Let A be the hyperplane arrangement defined in C3 by the six linear functionals
X,y,2,X—y,x —zand y — z and let X = C*\ (UnyecaH). Then

Px(t) = 1+ 6t + 11> + 6¢>. In particular, we have H*(X,Z) = Z'".

Let A be the Boolean arrangement, defined in C? by x1 - ... - xg = 0. Then

X = (C*)? I =0 and A is the Grassmann Z-algebra E on d generators. Thus

d 2 dd=1) . 2miby
Px(t) = (t+1)° and H(X,Z) ~Z~ 2 . Write xx = rce“™'’* with r, > 0 and

real 0 and let T¢ < {x € (C*) |l = oo = oz = 1 =2 (SY)9. Then the
X Xy
P> |xql

retraction of X onto T9. Thus H?(T% Z) ~ H?(X,Z). Moreover, X is the
analytic space associated to the affine variety:

map 7 : X — T9 given by n(xi,...,xq) = is a homotopy

Xalg — Spec(C[xa, . . . ,Xd,Xl_l, e 7xd_l] = Spec((C[xl, cooyXdm)/(xa .o Xay1—1

We have Picaig(X) = 0 (since C[x1, . .., X4, % ... x; '] is a UFD) while
d(d—1)

Pican(X) ~Z" 2 .

Calin Lazaroiu, NIPNE-HH, Bucharest Open-closed B-type LG models 30/35

\



An explicit example of topologically non-trivial holomorphic factorization

Let X ~ (C*)? be the complement of the 2-dimensional Boolean hyperplane

arrangement, which embeds in C3 as the affine hypersurface x1xox3 = 1. We

have Picaig(X) = 0 but Pican(X) ~ H*(X,Z) ~ Z. Write X = C?/Z?, where
77 acts by:

(m,m)(21,22) = (21 + m, 2+ m) , Y(z,2)€C, ¥(m,m) €L

Consider the lattice A ;== Z @ iZ C C and the elliptic curve Xy = C/A of

modulus 7 = i. The maps T : C2 — C given by cpi(zl,22) = z1 + iz induce
homotopy retractions cpi : X — Xo and isomorphisms
= : NS(Xo) — H?(X,Z) which differ by sign, where

NS(X0) “€" Pican(X0)/Picoy(Xo) = Picaig(Xo)/Picd,(Xo) ~ H?(Xo, Z) is the
Neron—Severi group. Let pp € Xp be the mod A image of the point
zo = ! € C and consider the holomorphic line bundle £ = Ox,(po) on Xo.

The class of £ modulo Pic2, (X;) generates NS(Xp) and each of the

holomorphic line bundles Ly <" (©*)*(L) generates Pican(X). We have

L_ = LII. Up to multiplication by a non-zero complex number, there exists a
unique holomorphic section of Ox,(po) which vanishes at po. A convenient
choice sp € I'(Ox,(po)) is described by the Riemann-Jacobi theta function
(traditionally denoted by g or ¥3) at modulus 7 = i:

2 .
_ _ E : —mn°+2mwinz
’19(2) = 1900(Z)|7—:i = e .
ne7Z
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An explicit example of topologically non-trivial holomorphic factorization

This satisfies:

Wz+1)=0(z) , Hzxi)=e"T"%9(z)
and vanishes on the lattice % + A. The ¢*-pullbacks of sy give global
holomorphic sections s+ € H"(L+), which are described by the Z2-quasiperiodic
holomorphic functions fi. € O(C?) defined through

fi(z1, 22) oot Wz £izn) =), e~ +2rin@Ein) The tensor product

st ®s_ € HY(Ly ® L_) =~ O(X) corresponds to the holomorphic function

£ def. Ff € O((CQ), which satisfies:

f(zi+1,2)=1f(z,) , f(zr,2+1)= e27r+4“2f(21,zz) .
The isomorphism L ® L_ ~ Ox is realized on Z?-factors of automorphy by the
holomorphic function S : C2 — C* given by S(z1, z) def- e72”22, which satisfies
% = e¥™*72  The section sy ® s- € H'(L,; ® L_) corresponds through
this isomorphism to a holomorphic function W € H°(Ox) = O(X) whose lift to
C? is the Z>2-periodic function:

Y ef. _2mz2 . .
W(z1, ) def S(z1, 2)f(z1,22) = e 2 29(z +iz)¥(z1 —iz) .
This gives a topologically non-trivial elementary holomorphic factorization

(E,D) of W, where E=0Ox ® Ly and D = [ 50 56 }
-+
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Complements of anticanonical divisors

Proposition

Let Y be a non-singular complex projective Fano variety and D be a smooth
anticanonical divisor on Y. Then the complement X := Y \ D is a
non-compact Stein Calabi-Yau manifold.

The Stein manifolds produced by this proposition are analytifications of
non-singular affine varieties.

Let P9 be the d-dimensional projective space with d > 2. In this case, we have
Kpa = Opa(—d — 1). Let D be an irreducible smooth hypersurface of degree

d +1 in PY. Notice that D defines an anticanonical divisor in P4 (which is a
Fano manifold). The complement X = P?\ D is a Stein Calabi-Yau manifold.
In this example, we have Hy(X,Z) = Z4+1. By the universal coefficient
theorem, the torsion part of H?(X,Z) is isomorphic with

Ext!(Hi(X,Z),Z) = Ext’(Zd41,2Z) ~ Zg1. Thus X admits non-trivial
holomorphic line bundles and hence topologically non-trivial elementary
holomorphic factorizations.
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Total space of a holomorphic vector bundle

Let Y be a Stein manifold and 7 : E — Y be a holomorphic vector bundle.
Then the total space X of E is Stein . The complex tangent bundle 7X of X

is an extension:
0= 7T E=TX—=7"TY =0 ,

hence the Chern polynomial ¢;(7X) equals 7 (¢:(E)) - 7*(c:(TY)). The
projection 7 is a homotopy equivalence since each fiber of E is contractible to
a point; hence 7* : H(Y,Z) — H(X, Z) is an isomorphism of groups. In
particular, the first Chern class of X vanishes iff c1(E) + c1(Y) =0 (i.e.
c1(E) = c1(Ky)), in which case X is a Stein Calabi-Yau manifold.

A particular case of this construction is obtained by taking E to be the
canonical line bundle Ky of Y. In this case, the first Chern class of X vanishes
automatically. For example, let Y C P be the complement of an algebraic
hypersurface Z C P". Then the total space X of Ky is Stein and Calabi-Yau.
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Example

Consider the (non-anticanonical) surface S = {[x,y, z] € P?|x* 4+ y*+2z* = 0}.
Proposition (Forster)

The complement Y et p2 \ S is Stein but not Calabi-Yau. Moreover, we have
H*(Y,Z) ~ Z» and c1(Y) = ~y, where v is the generator of H*(Y,Z).

Thus Ky is non-trivial with ¢;(Ky) = —v. Let X be the total space of Ky.
Then X is Stein and Calabi-Yau. Moreover, the pull-back L of Ky to X has
non-trivial first Chern class. Hence the Z,-graded holomorphic vector bundle
E = Ox @ L supports topologically non-trivial holomorphic factorizations of
some non-zero function W € O(X).
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