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Introduction

N = 2 compactifications of M-theory on eight-manifolds M

General compactifications of M-theory on eight-manifolds provide a rich class of geometries which
are of physical interest due to their relation to F-theory. Such compactifications are of warped
product type:

M=NxM
where (M, g) is an oriented Riemannian eight-manifold while N is an AdS3 space with
cosmological constant A = —8k2, the case kK = 0 being the Minkowski case. The warp factor is a

smooth function A : M — R. The understanding of such backgrounds was quite limited before
our work. The notable exception is the class of compactifications down to 3-dimensional
Minkowski space, which were studied intensively starting with the work of the Becker sisters.
Supersymmetry generators satisfy:

Dp=0, n=e23GO& . GETN.S), &er(M,S)

i=1

where:

s=dmK, K={£eTl(M,S) D¢ = Q¢ =0}
Given a frame (&1, ..., &s) of K, the stabilizer group H,, of &i(p) is:
Hp = Stabspin(t,M,gp)(61(P), - - -, &s(P)) = {h € Spin(T,M, gp)| h&i(p) = &i(p) , Vi=1...s} .
The stabilizer stratification of M is the stratification whose strata are the subsets of M on which

the isomorphism type of H, is fixed.

For the case s = 2 (A = 2 compactifications of M-theory down to AdS3), we described in
previous work the stabilizer stratification of M using a certain semi-algebraic body, thus giving a
complete description of the "stratified G-structure” of such backgrounds.
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Introduction

Differential forms induced by two Majorana spinors & and &»

For 98 a symmetric bilinear pairing of type +1, we can construct the following
differential bilinear forms in &:

b = B, (V&) bs=B(E,v(v)€) , Vi=B(&,va€)e”, Vs = B(E1,7a62)e
1 ar...a 1 ag...a
Vo= E@(g"’731-~-a45i)e B C E@(&,%l...a‘;@)e 1o
1 1
Z; = a%(ﬁi;’Yal...a5fi)eal"‘a5 , I3 = a:@(fh’yal_,,35£2)eal“‘a5
1 1
kK = 5@(5177312252)63152 , V= 553(517"/al.,.a3fz)eal"'33
1 1
A= av@(ﬁh’Yal...aﬁéz)eal"‘aﬁ , 0= ﬂgg(fl,'yal___a7§2)e31"'a7

We also define:

. def. 1 | def. 1
T Y ar%(fie'Yal...a3"/(1/)£/')eal B, p3 = 2y = aﬁ(flﬁ721.‘.33“/(1/)52)8‘31 B
def.
W E — %0 = B(&, vav(V)E)e’

and: L 1
def. i def. i
Ve (V) s E 5 (%1% ¢2)

2) structures in N 2 compactifications of M-theory
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Introduction

The distributions D and Dy

Consider the cosmooth generalized distributions:

DY kerVy nker Vo nkerVs C TM , Do "L DnkerW C D . 1)

We showed in a previous paper that the rank stratifications of M induced by D and Dy have the
same open stratum, the so-called generic locus of M:

us {p € M| 1kD(p) = 5} = {p € M| tkDy(p) = 4}

while the complement w < m \ U (the non-generic locus) decomposes as:
W=Wr LW UWy=2,UZ;UZ

where:

Wi “E {p € W| 1kD(p) = 8 — k}

2 {p € W] tkDo(p) = 8 — k}
and Z3 = (.

The rank stratifications of M induced by D and Dy give the disjoint union decompositions:

M=UUW,UWIUWy, , M=UUZUZ;U2Z
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Introduction

The G-structure stratification

Theorem. The G-structure stratification coincides with the rank stratification of Dy. For p € M,
the stabilizer group H, is given by:

@ H,~SUR)ifpelh=U
o H, ~SU@B)ifpe 2

@ Hy~Gzifpe 2

@ H,~SU4)ifpe Zp .

The situation is summarized in the following table:

The ranks of D and Dy on various loci and the isomorphism type of H,.
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)-structured foliation F of the generic locus

Conceptual summary of the main result

Hence the internal eight-manifold of an N' = 2 compactification of eleven-dimensional supergravity
down to AdS3 carries a natural stratification whose open stratum, when non-empty, is endowed
with an SU(2) structure. This is the generic locus U mentioned above and it is the /argest stratum
when it is non-empty (which is the generic case).

We show that the generic stratum U/ admits a codimension three foliation F which integrates the
distribution D|y, and whose five-dimensional leaves support this SU(2) structure. We give explicit
formulas for the defining forms of this structure in terms of the two Majorana spinors &1, &2
defined on M which correspond to the supersymmetry generators.

Remark. We never appeal to any auxiliary 9-manifold. As we showed in previous work, using an
auxiliary 9-manifold M does not simplify the problem but moves the complication somewhere else.

@ SU(2) structures on D|yy C TU can be parameterized as explained by Conti and Salamon
using three 2-forms and one 1-form obeying certain algebraic conditions. Namely, they are
characterized by quadruplets (o, w1, ws, w3), where a« € (U, D*) is a nowhere-vanishing
1-form along D and w; € T'(U, /\2D*) are nowhere-vanishing 2-forms along D satisfying:

wiAw;j=0jv, aAv#0 . (2)
for some nowhere-vanishing v € I' (U, /\4D*).

@ Using the method of spinor rotations, we will express ¢ and w1, w2, w3 through forms
constructed as bilinears in the two spinors &1, &2 given on the eight-manifold M.
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)-structured foliation F of the generic locus

Parameterising the SU(2) structure

Recall that V4 def. HAZEADES Q'(M). Let v be the normalized volume form of (M, g). One

can show that V. A V_ A V3 does not vanish anywhere on the generic locus . Let:
def. 1 5y
vV = —————————— vel(U,N"D
L Vs AV A V| Vi AV AV U, )
be the normalized volume form of (D|y, g|p) with respect to the orientation of D induced from
that of TM. We introduce the following D-longitudinal 2-forms:

Uy L voavs, U viavs, s=VoAy,
and the following sign factors:

def. def.

€4 +1 , e- =e€3 -1

With these notations, we have:
(U, Us) = (=1) e esdet G™° , vre {+,-,3} ,

where G'!* is the 2x2 matrix obtained by deleting row r and column s of the Gram matrix G of
Vi, V_, V5.
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The SU(2)-structured foliation F of the generic locus

Parameterising the SU(2) structure

Theorem 1. The 3-forms ¢4 3|y (recall ¢+ def- 1(¢1 £ ¢2) ) admit unique decompositions:

bilu=¢T +X_ Aws—XsAw_ —X_AXsAa

b lu=dt+X  Aws —Xs Awy + Xy AXs A

b3lu =T +X_ Aws + Xy Aw— +X_ AXp Aa

with the following properties:

Q (X4, X_, X3) is the frame of the distribution Dt |t C TU which is contragradient to the
frame (V4, V_, V3):

(Xr, Vs) = 8,5, Vr,s € {+,—,3}
Q ¢i,3 € [ (U, A*D*) are D-longitudinal 3-forms defined on U.
© a €T (U, D) is a D-longitudinal 1-form defined on U which satisfies:
llexl| = [[Va AV A VA
Q wrzel(U, A2Dy) satisfy the relations:

(wryws) =2(Ur, Us) , wr Aws = (U,, Us)v , where v def. 2vg 3)
Moreover, we have:
Do = 'D‘u Nkera C TU
Remark. The decomposition of ¢4 3 given in Theorem 1 determine w 3 and « in terms of
¢+ 3, which are constructed as spinor bilinears. One can give explicit formulas for w4 3 and « in
terms of repeated contractions of ¢+ 3 with X4 3 (see Theorem 2 below).
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The SU(2)-structured foliation F of the generic locus

Parameterising the SU(2) structure

Let:
a . * ~ . [e4 *
v L avy eI'(Z/l,/\ADg), where & < T T eru,p”)
a

be the normalized volume form induced on Dy from D.

Theorem 2. Let & and wy, w_, w3 be defined by the expansions of the previous theorem. Then:

(a) The following relations hold:

a = —w_av,$3 = —tvavzb— = tv_avzdt |

a=y, Jp=—w_Jo=—yds

where the 2-forms J4 3 are defined through:

def.

Ji = w_d3 =m0
def.

Jo =Ty d3 =~y d4
def.

=" =~y 9

(b) The 2-forms w4 3 coincide with the components of J4 3 which are orthogonal to the

one-form a:
wr=Jr — & A (tady) , Vre{+, -3} .

2) structures in 2 compactifications of M-theory
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)-structured foliation F of the generic locus

Parameterising the SU(2) structure

Theorem 3. Let:

wr E YT agws € TU,APDY) |
s=+,—,3

. def. -
where a; are any real numbers such that the 3x3 matrix A “= (ars)r,s=+,—,3 satisfies:

ATA =I5

with T the positive symmetric 3x3 real matrix with entries:

T %€ (Up, Us) = eres(det G)(G 1) is

where det G = ||V A V_ A V3||? and (G~ 1) is given by:

- —1)"** det G
(G 1)rs: ()T , Vre {‘l”*,?’}

Then w, satisfy the Conti-Salamon relations for an SU(2) structure defined on the rank five
distribution D|:

Wy Aws =0V, <wr:ws> =205 (4)
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The SU(2)-structured foliation F of the generic locus

Parameterising the SU(2) structure

Proposition. One can choose A such that T = A7!(A™1)" is the Cholesky decomposition of T (in
which case A is uniquely determined by T and hence by V., V_, V3). In this case, we have:

! detG 1 B 1
e [lee|[ '\ det Glasjaz) T /det Gl23|23) TIVZ A V5]
2y = 1 det Gy _ (Vi A V3, Vo A V3)

ol /G det Gaarzg Tl [IVAI[ V- A Va]
oy = 1 [detCsza _ [V A Vi
lleel| Gs3 [lee| V5]
a1 = 1 G _ (Vy, V3)
el Vw — Tlall T1Vall
s = L Gy (V- V)
llall VGss Il [ V5]
333:i G _ [1Vall
lle|| VG3z ||
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About the proof

Directly studying the Fierz identities is hopeless

Let &1, &> be two everywhere-orthonormal global sections of S. Define:
Ej S By =7(Ei) , Vije{L2} .
where:

1
En = E(1+V1+Y1+Z1+b1l/)

- 1
Exp = E(1+V2+Y2+Zz+bzl/)

Ey= —(Va+K+V+Ys+Z3+ A+ 0O+ byv)

1
—
16
The Fierz identities are equivalent with:

EjEqy = SEy , i,j k.1 €{1,2}

@ Problem. Expanding these leads to extremely complicated relations. Hence studying the
Fierz identities is hopeless in 8 dimensions with two Majorana spinors (not Majorana-Weyl !).

@ Crucial idea: the method of parameterized spinors: we can reduce these Fierz identities to
the Fierz identities for a single spinor, which we already studied.

@ To extract the essential information, we only need the method of spinor rotations, which is a
particular case of the method of parameterized spinors. | will briefly sketch this.
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About the proof

The method of spinor rotations

We can expand an arbitrary norm one element £ of K as:

u

c=cos (3 )atsn(5)e wem (5)

Using &(u), we construct the inhomogeneous differential form :

E(u) def. E'g(u),g(u) ( E(u) is periodic in u with period 27)
and find: 1
E(u) = 16 L+ V() + Y(w) + Z(u) + b(u)r]
where:
b(u) def- B(&(u),&(u)) = by + b_cosu + bgsinu
V(u) def- B(&(u), va€(u))e’ = V4o + V_cosu+ Vssinu
1
Y(u) < 21 PEW), Yoy &)™ = Yo 4 Yo cosu+ Yssinu
1
Z(u) < a:%(f(u),'yal_,,asﬁ(u))eal‘“as =Z,+Z_cosu+ Zysinu
P(u) def- xZ(u) = ¢y + d_cosu+ ¢3sinu
and:

of. 1 ef. 1 ef. 1 ef. 1
by < SbrEb), Vi def SViEVe), Ve def £V, Ze def s@x2),

1 of. 1 ap...a
¢+ = xZy = §(¢1 t¢2) , &L wz= ;33(51’%1“..;3“/(”)52)8 1
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About the proof

The Fierz identities for £(u) imply the main result

The Fierz identities for a single Majorana spinor on M were studied (in particular, by us) and can
be characterized using a Gg structure defined on a codimension one distribution. We can apply
these conclusions to the single spinor £(u) for any u € R. This implies that the following relations
hold globally on U for any u € R:

V@I =1—bw)? >0, |[Ye(u)|f = guib(u)f
W) =0, yZ(u) = Y(u) — b(u) * Y(u) (©)
(ex (1)) A (1pd()) A $(u) = 6(A A V(1) p A V(W) vy , YA, p € Q'U)

Using Fourier expansion in u € R, relations (6) imply all of the Fierz identities which are relevant
to the problem, thus allowing us to avoid working directly with the Fierz identities for £; and &>.
Performing this Fourier expansion leads to a system of relations which can be analyzed (using a
few tricks !), thus leading to the theorems stated above.
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